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Problem Set 1

Problem 1

i) Consider the amplitude for propagation of a free particle from point x to point y in quantum
mechanics,

A(t) = 〈y|e−iHt/h̄|x〉 .
Evaluate the amplitude using H = p2/(2m). Discuss the implications of the result in terms
of causality.

ii) Illustrate how the above result changes by using the relativistic expression for energy
E =

√
p2c2 +m2c4 in the amplitude A(t).

iii) Now consider the theory of a quantum field

φ(x) =
∫ d3p

(2π)3
√
2Ep

(
ape

−ipx + a†
p
eipx

)
,

where ap and a†
p
are the annihilation and creation operators. Show that the commutator of

two fields vanishes at space-like separations,

[φ(x), φ(y)] = 0 , (x− y)2 < 0 .

Interpret this result in terms of causality and propagation of particles and antiparticles.

Problem 2

i) Show that Maxwell’s equations of electromagnetism may be obtained as Euler-Lagrange
equations from the Lagrangian

L = −1

4
FµνF

µν − JµA
µ .



ii) Write down the gauge transformations of electromagnetism in this formalism, and dis-
cuss the meaning of the condition ∂µJµ = 0.

iii) Consider the Fourier components Ãµ(k) of the electromagnetic field as functions of the
wave vector k. Decompose Ãµ(k) along a a basis of four polarization vectors, with two of them
being transversal to k. Use the gauge transformations to show that two of these polarizations
are redundant and that only the two transversal polarizations are physical degrees of freedom.

Problem 3

i) Compute the color factor for the diagram

i

a

j

where solid lines are quarks, wavy lines are gluons and dashed lines are colorless particles.
[Answ.: CFNc = (N2

c − 1)/2.]

ii) How does the annihilation cross section σ(e+e− → hadrons) scale with the number of
colors Nc? And the Drell-Yan lepton pair production cross section? And the branching ratio
B(W− → e− ν)?

Problem 4

i) Show that the QCD Lagrangian

L = −1

4
F a
µνF

µνa +
∑

f

ψf (i/D −mf )ψf

is invariant under the nonabelian gauge transformations

ψ → Gψ , Aµ → GAµG
−1 − i

g
(∂µG)G

−1 ,

where G = exp(iαaT a), Aµ ≡ Aa
µT

a, and T a are the color-charge matrices obeying [T a, T b] =
ifabcT c.

ii) Show that for small angles αa ≪ 1 the gauge transformations on Aa
µ have the form

Aa
µ → Aa

µ +
1

g
∂µα

a − fabcαbAc
µ .

iii) Show that the infinitesimal gauge transformations in part ii) can be rewritten compactly
in the form

δAa
µ =

1

g
Dac

µ α
c ,



where Dac
µ is the covariant derivative in the adjoint representation, and identify the expression

for Dac
µ .

Problem 5

The equation for the gluon propagator Dab
νρ(x) is given, upon including the gauge-fixing term

−(2ξ)−1(∂µAa
µ)

2 in the Lagrangian, by

(
∂2gµν − ∂µ∂ν +

1

ξ
∂µ∂ν

)
Dab

νρ(x) = iδµρ δ
4(x)δab .

By Fourier-transforming this equation and applying Green’s function techniques, show that
the gluon propagator in momentum space is given for this class of gauge choices by

D̃ab
µν(k) =

−iδab
k2 + iε

[
gµν − (1− ξ)

kµkν
k2

]
.

Problem 6

Quark-gluon Compton scattering is given, at the lowest order in the QCD coupling g, by the
graphs
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(i) Show that the sum of graphs (a) and (b) dotted into kν gives

M (a)+(b)
µν kν = ig2[T a, T b]u(p′)γµu(p) .

(ii) Evaluate the contribution of graph (c) dotted into kν ,

M (c)
µν kν ,

and show that the sum of all graphs gives Mµνk
ν = 0 provided µ is restricted to physical

polarizations. Contrast this with the abelian case of electrodynamics. Discuss implications of
these results in terms of longitudinal polarization states in the photon and gluon cases.


