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Problem 1

Given the algebra of rotation generators Ji and boost generators Ki,

[Ji, Jj] = iεijkJk , [Ki, Kj] = −iεijkJk , [Ji, Kj] = iεijkKk ,

show that the hermitian generators

Ai =
1

2
(Ji + iKi) , Bi =

1

2
(Ji − iKi)

commute with one another and separately obey the commutation relations of angular momen-
tum

[Ai, Aj ] = iεijkAk , [Bi, Bj ] = iεijkBk , [Ai, Bj] = 0 .

Problem 2

Let ξ be a Weyl spinor. Show that if ξ transforms in the (1
2
, 0) representation of the group of

Lorentz transformations, then εξ∗, where ε =

(

0 1
−1 0

)

, transforms in the (0, 1
2
) represen-

tation. Write down a general expression for a Dirac spinor in terms of two left-handed Weyl
spinors.

Problem 3

Verify the orthonormality and completeness relations for the solutions of the Dirac equation,

ūr(p)us(p) = −v̄r(p)vs(p) = 2mδrs , ūr(p)vs(p) = v̄r(p)us(p) = 0 ,

and
2
∑

r=1

ur(p)ūr(p) = (/p+m) ,
2
∑

r=1

vr(p)v̄r(p) = (/p−m) .



Problem 4

Show that the Dirac hamiltonian H commutes with the total angular momentum operator

[L+ S, H] = 0 ,

where L is the orbital angular momentum

L = x ∧ p

and S is the spin operator

S =
1

2
Σ =

1

2

(

σ 0
0 σ

)

.

Problem 5

Consider plane wave solutions of the Dirac equation

ψ+(x) = N
(

χr
σ·p

E+m
χr

)

e−ipx ≡ ur(p)e
−ipx , ψ−(x) = N

(

σ·p

E+m
χr

χr

)

eipx ≡ vr(p)e
ipx ,

where N =
√
E +m, and the spinors χr for r = 1, 2 are given by

χ1 =
(

1
0

)

, χ2 =
(

0
1

)

.

Take p = (0, 0, pz). Verify that

Szu1 =
1

2
u1 , Szu2 = −1

2
u2 ,

Szv1 =
1

2
v1 , Szv2 = −1

2
v2 ,

where Sz is the z component of the spin operator.

Problem 6

Use the Dirac equation to derive the identity

ū(p′)γνu(p) =
1

2m
ū(p′)(p+ p′)νu(p) +

i

m
ū(p′) Σνρ qρ u(p) ,

where q = p′ − p, Σνρ = (i/4) [γν , γρ].


