Revision Lectures

Trinity Term 2012
Lecturer: F Hautmann
CP3

e Complex Numbers and Ordinary Differential Equations

Lecture times:
Monday week 2 at 11 am
Tuesday week 2 at 11 am
Venue: Martin Wood Lecture Theatre

e Slides will be posted on lecture webpage: http://

www-thphys.physics.ox.ac.uk/people/FrancescoHautmann /Cp4rev/



I. Complex numbers

Basic algebra and geometry of the complex plane

Elementary functions of complex variable

De Moivre's theorem and applications

Curves in the complex plane

Roots of complex numbers and polynomials



1. THE COMPLEX PLANE

{ C = set of complex nos with +, X operations

z=a+ib, ©©=-1

a=Rez , b=Imz
Im z
bl o7 p =modg)= |z
p 0=arg(z)
“ e |
d  Rez
fb 2

z=a-+1ib= pe” = p(cosf + isinb)
= p(cos @ — isin0)



2. Elementary functions on C

e Complex polynomials and rational functions
defined by algebraic operations in C

e Complex exponential: ¢* = e*™"¥ = e®(cosy + i sin y)

—— complex trigon. and hyperb. fctns in terms of exp.
e.g. sinz = (e — e %) /(2i)
sinh z = (e —e™%)/2

e Complex logarithm In z: e"? = 2
= Inz=Inl|z|+i@+2n7), n=0,%1,...  (+ multi-valued)

aln z

— complex powers: z% = ¢ (o« complex)



3. DE MOIVRE'S THEOREM

de Moivre’'s theorem and trigonometric identities

in@

z" = (re®)" = r"e" = r"(cos n + isin no)

For r=1

()" = (cosO+1sinO)" = cos nb + 1sin no.

De Moivre

e.g.n=2:

cos260 = cos* 0 —sin’ 0
sin 260 =2 cosBO sin 6



June 2006

3. Express tan 360 in terms of tan6.

De Moivre = cos 36 + isin 36 = (cos 6 + isin 0)°

— cos® 0 + 3icos”Osin® — 3cosfsin® O — isin° 0
sin30 3cos? 0sinf — sin> 6 B 3tanf — tan> 0

Then : tan 30 = — —
ci s tat cos30  cos36 — 3cosfsin® b 1 —3tan26

June 2008
1. Prove that

1
sin® ) = ?(Sin 50 — 5sin 30 + 10sin )

7:9 —_— _7:9 5 . . . . . .
sin® 0 = (6 2.6 ) — [ — 5% 1+ 10e" — 10e7% 4 573 — 75 /(i 2°)
(/

= [sin 50 — 5sin 30 + 10sin 0]/2°



June 2008

9.a) Prove the identity

~ sin(Nx/2)

sin(xz/2)

cos((N —1)x/2) .

@) o0

cos(nz) = Re Z e’ = Re (Z ent Z L

— Re

n=0
(1 o ezNa:) i
n=0

e!NT/2[ 2 sin(

——

)

eiNa: ZZO:O etnx

1 — tNx
— Re c

1 — e

e*/2[—21sin(x/2)
sin(Nx/2)

" sin(z/2)

Nz/2)] _ sin(Nx/2)
] sin(z/2)

cos((N — 1)x/2)

Re 67L(N—1)al:/2



The complex logarithm In z

Inz

e" =z =|z|e®=e""le

10 _In|z|+:10

C

— |Inz=In|z|+1arg(z)
”

Need to know 6 including 27rn phase ambiguity in z

Inz =1In|z| + 40+ 2mn) , n integer

e different n = different “branches” of the logarithm
e n = (0: “principal” branch
e In >z — example of “multi-valued” function



Note: It follows that the formula
In(2z122) = Inz; 4+ In 29

s valid, once the branch of In z; and In 25 is chosen, only for a given
choice of the branch for In(z12;). In general,

In(z122) =Inz; +1Inzy + 2mik forsomek € Z

June 2011 . 1. Prove the above formula.

Proof. Let In z; = w1, Inz2 = w2, and In(z122) = ws. Then

w 1
eW3d — en(Z122) — 22y = eWl W2 6w1+w2

which means ws = w1 + w2 + 2wtk forsomek € 7 ,

thatis, In(z1z2) =1Inz; + In 22 4 27ik .



Example: evaluation of In(—1)

In(—1) =Ine”™ =Inl+i(r + 27n) = i7 + 2mwin , n integer
In(—1) = 4w for n = 0 (principal branch)

Note: with 2z = —1, 2o = —1, the formula
In(2z122) = Inz; + In 29

is satisfied, once the principal branch value In(—1) = &
is taken, only for the branch in which

In(—1)*>=1In1=2mi .



June 2007

Find all possible values of In(z) — In(—2)
where z I1s a complex number.

7 = |z]e?
Inz=1Inl|z|+if+2mn) , n integer
In(—z)=In|z|+i(r+60+2mm) , m integer

= In(z) —In(—2) = —im 4+ 2i(n —m)m = 1(2k — 1)7



4. CURVES IN THE COMPLEX PLANE

e |locus of points satisfying constraint in complex variable z

& Curves can be defined

> either directly by constraint in complex variable z

ex.: |z|=R

> or by parametric form y(t) = x(t) + y(t)
ex.: x(t) = Rcost

y(t) = Rsint, 0<t<2m



September 2009
Sketch the loci in the complex plane representing the conditions

Re(z7") =1 and Im(z7') =1.

Im z

1/2

Re z
—1/2+




September 2011
Draw the set of points in the complex plane such that

|z — 3i| + |z + 3i| = 10 .

Imz

3i

-3i+




June 2007

Sketch the curve in the complex plane
z=ae® . —6<t<6

where a and b are real constants given by a = 1.1, b = 7/3.

Im z

/\/\\ : 1.1 -

1.1




5. ROOTS OF COMPLEX NUMBERS
Def.:

e A number u is said to be an n-th root of complex number 2

If ™ = 2z, and we write u = 1/n

Th.:

e Every complex number has exactly n distinct n-th roots.

Let z = r(cosf + isinf); u = p(cosa + isina). Then
r(cosf +isinf) = p"(cosa + isina)” = p"(cos na + isin na)
= p'=r , na=0+27k (k integer)

Thus p=rY" | a=0/n+2rk/n .

n distinct values for k£ from 0 ton — 1. (z # 0)

2 2
So u = /" =pl/n [cos(g—l—ik> —I—isin<€—|—ik>] , k=0,1,...

n n n n



Roots of polynomials

— -1
P(z)=acz"+a, z'" +-+a,.

P(z=z)=0 =z, 1saroot

Characterising a polynomial by its roots

az'+a z'"'++a,=a(z—z)z—-z,)(z—z)

=a,(z"-z""Y Z,++(=D"'T] 2)).
j=1 j=1

Comparing coefficients of z"1and z°

=Xz =l
J

an an J




June 2011 2. Determine the real numbers x and y which satisfy

100
z:e“rk/3 —x+ 1y .
k=0

Observe that e!™k/3 = ¢2i7k/6 3re the sixth roots of unity for k =0,1,....,5

5%
— Z ez'Trk/B —0
k=0

The same applies for subsequent sets of 6 values of k.
Thus the first 6 X 16 = 96 terms of the sum give zero, and
the last five must equal minus the root with &k = 5, so that

100 100
Zemk/:%: Z emk/S:_em5/3:em2/3:_l+i@ N x:_l | y:ﬁ
2 2 2 2
k=0 k=96
100 o oo o0
Alternatively : Z etmk/3 — Z eimk/3 _ Z eiThk/3 — (1 — 673”101/3) Z cimk/3
k=0 k=0 k=101 k=0

eim101/3 200 | imk/3

1 — ei57r/3 ei57r/6 SlIl(57T/6) in2/3 1 iy
— - p— - — - — = (4
1 — eim/3 e!™/6 sin(7/6) 2

| %



June 2008

9.b) Find all the solutions of the equation

(z—l—Z) _
2z — 1

and solve 2* — 1022 4+5=0.

(Z i Z) = —1=¢""2N" N integer
z—1

o U jin/mt2Nw/m) N0 1
Z — 1
el(m/mTANT/n) 4 1 cos[n(1+2N)/(2n)] m(1 + 2N)

Then : 2z =1

— cotg

eilr/n+2N=/n) —1 ' § sin[m(1 + 2N)/(2n)] on

Forn=5: (z+4i)° = —(2—i)° = 2(2*—102°+5) = 0. Then the 4roots of z*—10z°+5 = 0

are cot b cot on cot 7—7T cot 9—7T
& 70798 10 B 10 O g



10. (a) State de Moivre’s theorem.
(b) Use de Moivre’s theorem to show that

cos 60 = 4 cos® 20 — 3 cos 26.

Hence find all the solutions to the cubic equation

V3

453 — 3p = 2=,
T T 2

(z—%l)”_i
2—1/)

for n an integer. Hence solve the equation

(¢} Solve the equation

224322+ 3241 =0.

September 2010




a) De Moivre : (cosf + isinf)" = e = cosnb + isinnb
b) cos66 + isin 60 = €' = (e*?)* = (cos 20 + i sin 20)°

= c0s 660 = cos® 20 — 3 cos20sin? 20 = 4 cos® 260 — 3 cos 26

4333—333:?

Then : = cos20 = cos60 = \f
60 = 7w/6 = x = cos20 = cos(w/18)
60 = 117 /6 = x = cos 260 = cos(117/18)

60 = 137/6 = x = cos 260 = cos(137/18)

1\" 1 :

z—1 z—1
i(m/(2n)+2N7/n) 1 1 AN 4 1 AN
Then z = 6. + = .CO.S[M + )/(4n)] = —i cotg m(l+ )
ei(m/(2n)+2Nn/n) — 1 4 sin[r(1+4N)/(4n)] 4n

Forn=3: (z+1)°=i(2 —1)° = 2° 4 3iz° + 32+ i = 0. Then the 3roots

of 2°+3iz°+324+i=0 are —icotg% —zcotg?—;r —zcotg%



September 2003

2. Solve the equation

4+ +1=0.
-1+3i
u=z, u+u+1=0, u=—0bH?— ="M =0,1
7= u1/3 — ei(27l'/9+n7[/3+2m7f/3), n = 0,1, m = 0,1,2
(x+)°
. 6 4 2 (x+y) 1
2b. Solve the equation z° —15z" +15z2"—-1=0 . I
(x+y)? 1 3
(x+y)* 1 4
6 (x+y) 1 5 10
(z+i) =2°+6iz> —15z* =20iz> +157° + 6iz — 1
\6 A 6 4 2 <Z+i)6 6
(z+i) +(z—i)" =2(z"-15z* +1527 -1)=0 = —=ut=-l=e

(z—1)
u:ei(ﬂ'/6+2ﬂ'n/6), I’l=0,1,2,3,4,5

i(1+u)

(1-u)

z—i=u(z+i) = z=




