
Effects of boundaries on wave propagation

♦ Inhomogeneous string
(see last lecture)

♦ Pointlike mass at the boundary

♦ Characteristic impedance
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REMARKS

• mass M at x = 0 ⇒ boundary condition ∂y2/∂x− ∂y1/∂x 6= 0:

∂y2
∂x

−
∂y1
∂x

=
M

T

∂2y1
∂t2

=
M

T

∂2y2
∂t2

at x = 0

• mass M at the boundary produces phase shifts φr, φt of the reflected
and transmitted waves relative to the incident wave:

r = |r|eiφr ; t = |t|eiφt

• in the special case ρ2 = 0 (i.e., terminating mass M)

k2 = 0, and r → 1 for M → 0

r → − 1 for M → ∞
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♦ The amount of reflection and transmission that occurs when a
traveling wave encounters a boundary is specified entirely in terms of the

characteristic impedances presented to the wave by the boundary.

• purely “resistive” impedances

Z1 =
Tk1
ω

; Z2 =
Tk2
ω

• impedance of mass

Zm = iωM
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Summary

• Wave motion across a boundary or discontinuity can be analyzed in

terms of reflected and transmitted waves.

• Nature of discontinuity ⇒ specific form of boundary conditions
Examples:

— discontinuity in linear mass density

— discontinuity due to pointlike mass

• Transport of energy across boundary describable by

reflection and transmission coefficients

• Useful parameterisation of boundary effects via

characteristic impedances

Z =
driving force

velocity of displacement


