Lecture 4
Waves

> Phase velocity and group velocity. Dispersion.

> Energy and transport of energy by a wave



Information transmission

Plane wave does not convey information - must be modulated

6.g. _[mf\f

y= Asin(kx—a)t), ‘kx—a)t‘ <wl/2

=0, ‘kx—a)t‘>a)T/2

To construct this modulated wave need a wave packet made up of an
infinite number of frequencies - Fourier series (2nd year topic)

N
y(x,t) = ZD” cos(knx - a)nt)
n=1

Rate if information transfer : velocity of envelope ... “GROUP VELOCITY”

(0]

c.f. speed of individual waves of definite frequency ... “PHASE VELOCITY” [V:k_j



Group and phase velocity y(x,t)=2Dncos(knx—a)nt)

Group velocity, g....... g=—

Phase Velocity, V..... eg.v= h (Since many frequencies need not be the same
t, as the group velocity)



Dispersion: variation of wave speed with frequency
(or wave number)

N
y(x,t)= ZD” cos(knx — a)nt)
n=1

Non-dispersive medium

V,=V
N
_ _ 0w o
y(x,t)= Dncoskn(x—vt)=y(x—vt) = 0 =kv = PR
n=1
l.e. g=V e.g Light through glass prism
Different colours = different angles, because the

refractive index u (= ¢/v) depends on colour (o),
/ 1.e.v depends on w.

Dispersive medium

V. #V

n

le.g#Vv




® Simple example : superposition of two waves

Y, = Asin[(k + 5k)x — (a) + Ea))t]

y, = Asin[(k — 5k)x — (a) — 60))4

|.o
0.5
= ooE

) 200 400 600
x
1.0
05
S oof—
-05f—
-10C
) 200 400 500
x

y=y+y,= 2Acos(5k.x — 5a).t)sin(kx — a)t)
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Phase velocity v =

Group velocity g = 56—(;; (velocity of envelope)




e Superposition of travelling waves y; (z,t) and ys(x,1):

y1 = Asin|(k + 0k)x — (w + dw)t] , yo = Asin|(k — d0k)z — (w — dw)t]

e Using sina + sin 8 = 2sin|[(a + B)/2] cos|(a — £) /2], the resultant wave is

Yy =1y1 +y2 = 2Asin(kx — wt) cos(dk x — dw t)

& 1st factor sin varies with frequency w and wave number k£,
I.e., close to the original waves y; and s,
and corresponding speed v = w/k (phase velocity).

& 2nd factor cos varies much more slowly,
with frequency dw and wave number 0k
= amplitude modulation, moving at speed v, = dw/dk (group velocity).

The modulating envelope encloses a group of short waves.

_dw

For 0w, 0k — 0, vg—%



1 2
1 |
To construct a finite pulse need a superposition of an /\ /\

infinite number of waves of different frequencies \/ \/ "“

— -

If distribution is peaked around @, k

. w do
Phase velocity v = E Group velocity g = T (velocity of envelope)
. . . . . . do o
In a non-dispersive medium pulse maintains its shape  —-=--=constant
3 : i 4

! ! !

In a dispersive medium pulse spreads out

~ NN
... but mean position moves with group velocity \/ \/ \/ -

NB. g<c




There are many equivalent expressions for the group velocity:

_do

&7k

W= Vvk g=v+kﬂ

dk

B AaVV

k=2m/A E=V=A
G P

v=clu g_u[Hudlj

1 c
g_V[l ler] ).«,:)u_
1444 v

distinction between g and v arises
because of dispersion, i.e., dv/dk nonzero



e \Waves travelling through a dispersive medium:

, dw  d(vk) dv
group velocity v, = T v+ k%
= v+ 2_7Td_’U _)\_2 — ) — )\dv
T a2 T T
EXAMPLE

e Suppose the dispersion relation v = v(\) is given by

v = c® + )\2w3

dv  Iw?
Then 2v dv = 2\ d)\ w§ e, =0
en 2v dv wy 5, tl.e ) .
d )\2 2 2 2 2
S0 vg:v—)\ﬁzv— :O, 1.€. vg:v—v UC :% — ng’u:c2

product of phase and group velocities equals ¢



Example: waves in deep water

C
v VA, ie. wv=-—  with C constant

Vk
Since v = w/k, then w/k = C/Vk

= w=0Vk
dw C
Therefore = — = ——
TR T ok
1
= —
2

e group velocity is half the phase velocity:

component wave crests run rapidly through the group,
first growing in amplitude and then disappearing



Energy of vibrating string .t

y= Asin(kx — a)t)

ax
l String

Kinetic Energy

2
: 1 dy 1
KE of section = — pdx| —= | = —pA*w* cos’ [ kx — wt)d
of section 2/o x(at] 2p COS ( ) X

x+IA
1 1
KE = EpAz(UzJ. cos’ (kx'— C()t)dx' = EpAza) X — (integer [ wavelengths)



Energy of vibrating string -1

y= Asin(kx — a)t)

Kinetic Energy

dy

2
1 1
KE of section = 5p5x(—] — 5/)/126,)2 cos> (kx — a)t)5x

ot

1 x+IA 1 lﬂ,
KE =—pA’w’ cos’ (kx'— a)t)dx' =—pA’w® X
2 ) 2 2

Potential Energy

PE in stretched string element = T (31 — 3x) =T0x 1+(
x+IA
1
PEZETAZk2 j cos’ (kx'— a)t)dx'

X

v=w/k=\T/p =Tk’=pw’ = PE=KE!

KE/IA= ipAzco2

2
1
5_y —1 |==TA4%*? cos’ (kx — a)t)3x
Ox 2

PE /I = LTAzk2
4k

(Example of virial theorem)
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e For y(x,t) = f(x — ct), c = +/T/p, one has

@__Cf/ : ay_f/

ot oxr




Energy flow

1
Total energy per wavelength, E/A= KE+PE= 5 pA’w’

Distance travelled = vt

1
Energy flow/unit time = (5 pA’w’ ] vt/ t

1

:Epa)zsz
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_Epr /k v I
1 2 42
=5Tk A'v Tk = pw’

= —TwkA*




