Lecture 2
Normal Modes

{» Coupled pendula (recap):

e 2 linear ODEs in z(t),y(t) — 2 normal frequencies wy, ws
at which system can oscillate as a whole.

= x + y and x — y oscillate independently at frequencies w; and wo
(normal modes)

e any generic motion of the system is linear superposition of normal
modes : GS = ¢y NM1 + ¢, NM2



Coupled pendula

Normal modes (Matrix method) [ 1]-(}Jacostorra)s| ) Jncostorra)
m*':—mg%Jrk(y—x) x+y=2Acos(wt+¢,)
mjﬁz—mg%—k(y—x) x—y=2AZCOS(a)2t+¢2)

Solution Il - Decoupling method :  (simpler in this case)

m(x+y)= —m%(x+y)

QI:_wlzq]’ CI1:(X+Y), 601225 q1=Alcos(a)lt+¢1)

\ centre of mass motion
. . g normal coordinates
m(xX —y)= (—m7 —2k)(x—y)
k

qzz—wng, qzz(x—y), a)§:§+2— qzzAZCOS(a)2Z+¢2)

[ m . .
relative motion



m()'c'+y)=—m§(x+y) g, = A cos(a)lt+(pl)

§, =-wq, q = (x + y), ] = % centre of mass motion
—> —> <« <«
oo (X _ § 2k
m(¥ —y)=(—m ;- (x—y) g, = A, cos(@,t +¢,)
S 2 _ 2_8 K relative motion
G==020y, ¢ =(x-y), @;="+2—



General solution

(x] — (DAI cos(@,t +¢,) +( 11)142 cos (@1 +9,)

y —
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Constants determined by initial condtions X \/ \/ \f
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(a)

Ex 1 x(0)=y(0)=a x(0)=y(0)=0

A cos(9,)+ A, cos(p,)=a
A, cos(¢,)— A, cos(¢,)=a
Ao, sin(@,)+ A,m,sin(¢,) =0
Ao, sin(¢,)— A0, sin(¢,) =0

=A,=0,A=a,¢6,=0

(xj = acos(a)lt)cj, t>0 18t Normal mode excitation
y



General solution

(x] — (DAI cos(@,t +¢,) +( 11)142 cos (@1 +9,)
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Constants determined by initial condtions \/ \/ \/ \/ ”
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Ex2 x(0)=y0)=0 x(0)=-v, 0)=vVv

b)

A, cos(¢,) + A, cos(9,) =0
A 0050,) =4, cos(6.) =0 = A =0, ¢,=71/2, A=——
Ao, sin(¢,) + A, sin(p,) =-v @,

A, sin(¢,)— A,m,sin(¢,)=v

(x] = lsin(w]t)( IJ, t>0 2"d Normal mode excitation
y) o,
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General solution

(xj — (DAI cos(@,t +¢,) +( 11)142 cos (@1 +9,)

y —

Constants determined by initial conditions
Ex3 x(0)=a y0)=0 x0)=y0)=0

A, cos(¢,) + A, cos(¢,) = a

A cos(¢,)— A, cos(¢,)=0 - B ) g
Alwl Sin(¢l) + Azwz sin(¢2) =0 = ¢1 - ¢2 - Oa Al — AZ = 5
Ao, Sin(¢1 )— A, Sin(¢2) =0

1 1
[x) _ gcos(wlt)[lj + gCOS(wzf)( j both modes excited

Y -1



x\ a 1) a 1
= Ecos(wlt) e Ecos(a)zt) » both modes excited

— W, t+w
where w=——"">2=

and Aw=0, -0,

AW << W
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Note transfer of energy between the two pendula “‘Beats”



Energy of motion PE.V + KE. K (Potential energy+Kinetic energy)

mx = —mg% +k(y—x) = —%—: Conservative force



Energy of motion PE.V+KE. K

oV x> 1.,
mx——mgl +k(y— x)——g V(x,y)—mg§+5kx —kxy+ f(y)
e LA =gy Ly
my mgl k(y x) ay —kx—d—y :>f(y)—m82Z+2ky +C

1 k
V(x,y)zEm(§+;)(x2 +y)—kxy+C

Kzém()'cz +3°)

In normal coordinates:

1 1
q, = ﬁ(x +y), q,= ﬁ(x -y) ...with % q,-q, rotated axis w.r.t. x,y

1
\/’(% +q,), y= \/’(% q,)



Energy of motion PE.V+KE. K

oV x> 1.,
mx——mgl +k(y—x)= e V(x,y)—mg§+5kx —kxy+ f(y)
y __ v df IS
my— mgl k(y x) ay —kx—d—y :>f(y)—m82Z+2ky +C

1 k
V(x,y)zEm(§+;)(x2 +y)—kxy+C

Kzém()'cz +3°)

In normal coordinates:

|oe

ol ]

V=

m +lm(£+%)
[T T )

1
mw1 % +— > mwz%

N»—l\)lr—*

1 1
q, = ﬁ(ﬁy), q, = ﬁ(x—y)

g+ (- ) K= m(d: +42)
\/’% q4,), y= \/’% q, 5 1 2




1 1 1 1
E = (Emwqu +5mqf)+(5mw§q§ +qu§j
= FE +E,

Total energy = sum of energies of the normal modes



