SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS

e more than 1 unknown function: y;(z),y2(x), ..., yn(x)

e set of ODEs that couple y1,...,y,

> physical applications: systems with more than 1 degree of freedom.
dynamics couples differential equations for different variables.

Example. System of first-order differential equations:

yi — Fl(xay17y27°"7yn)

yé — FQ(xaylay%"'ayn)

y;;, — Fn(xayhy%---;yn)



An nth-order differential equation

y(n) — G(SE7 y? y/7 y//7 © e 7y(n_1)>

can be thought of as a system of n first-order equations.

e Set new variables y; = y; yo = ¢/5 ... Yy, = y(*~V
e Then the system of first-order equations

yizyz

97/1—1 — Yn
y;»b — G(xaylay% JRI 7yn)

Is equivalent to the starting nth-order equation.



& Systems of linear ODEs with constant coefficients can be solved
by a generalization of the method seen for single ODE:

General solution = PI + CF

> Complementary function CF by solving
system of auziliary equations

> Particular integral PI from a

set of trial functions
with functional form as the inhomogeneous terms



Example (from June 2007 Prelims Paper)

The variables ¢)(z) and ¢(z) obey the
simultaneous differential equations

d
3—¢+5¢:22
dz
d
3 W 55 -0
dz

Find the general solution for .

e Differentiating 2nd equation wrt z gives

2 do _ d*p 5

0=3 —+5 —~—=3 — +—(22—5
dz? + dz dz? +3 (22 ¥)
2y 25 10
le. — — — = —— 2
dz? 9 9

e Solve this 2nd-order linear ODE with constant coefficients:



CF: Auxiliary equation m* —25/9 =0 = m. = +5/3.
So CF = Ae®/3 + Be /3.

PI: Trial function ¢g = Ciz + Cy =
—(25/9)C1z — (25/9)Cy = —10/9z
= (1 =2/5,Cy=0 = PI=2z/5.

General solution for 1 :

2
W(2) = CF + Pl = A %3 4 B e™5/3 4 =7



Systems of linear equations with constant coefficients and driving terms

Ex 1 Known variables
%+d_y+y: : ‘/7 on RHS
dr dr
dy 21 <
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Complementary = 0
function : y 0

Set oz Re
y

(In this case we will find o 1s real so X,Y will be taken real too)

Xe%

. o, X,Y complex nos to be determined
eO(t

deat de(xt o
d + dr + e
LXeO”_ t X (0 :> o o+l X—O
Yeor | Lo y) (0) 3 T-aY |
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a o—+1
3 7T—«

=a(T—a)—3a+1)=0=a=3,a=1

The allowed values of o determine the allowed values of X/Y":
a=3=3X+4Y =0=Y =-3X/4
a=1= X+2Y=0=Y =-X/2

Hence CF is

() =% (Lapa) e 2 (i)

X,, X, constants



Particular Integral

To find Pl we use trial functions

X
Polynomial part : L(y]

X +Y +Y1+7Y, -
3(X,+ X )-Y +7(Y,+Yr) |
Y;ZI X +Y, =-1

3X,+7Y,=0; 3X,+7Y,=0




Particular Integral

dx dy
-— +—+tYy
dt dt
y
dy
3x ——+7
TR

X
Exponential part : L[ ):

- (e

2X+2+D)Y=0 = X=-3Y
3 X+(2+7)YY =1 = (—3+5Y=1

The full solution ;




Initial conditions

The full solution :

The constants must be fixed by initial conditions e.g. {

{22

-3
2

s
3

it

£(0)=—%
$(0)=3

3X, +X, =2
_%Xa _%Xb :_2 =

X,=2-3X,=-2

X

a




Number of integration constants.

Usually, but not always, equals the sum of the order of the simultaneous equations

...an example that breaks this rule ...

dx dy
—+—+y=t
dr dt
: : "
42 42 3 integration constants”
—f+—f+3x+7y=e2’
dt~ dt
2 2 d .,
i %+d_y+ =t |- d_;c+d_-;;+3x+7y:em = %—3)6—7)/:1—6
de\ dt dt dt dt
E+d_y+ =t i i 1
a0 ‘ e di KXJ_( t J
d % -
dy g 3 ——+7
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Actually only 2 integration constants needed!



An alternative method of solution
dy dx dy

dx
— 4=+ y=t =—=(—-—-y

dr dr dt dr

dy 2t
—-3x-Ty=1-¢
dt 4

dt\ dt

2
d(dy 3x=Ty=1- e) = a7y —3( )— —



An alternative method of solution

dx dy dx  dy
TR ="y
dy_ Y Tp=]—e
2
alay ~3x-Ty=1-¢" | = dg/—3(t——— Py)—7=-=-2¢"
dt dt dt dt dt

(Only 2 integration constants needed)



Ex 2 LCR circuits

The dynamics of a linear electrical circuit is governed by a system of linear
equations with constant coefficients. These may be solved by the general matrix
technique. In many cases they may be more easily solved by judicious addition
and subtraction.

Ex 1
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Q, ,d _
Using Kirchoff’s laws : Rl +E+LE =&

JAENY Y s

dr C
Differentiate to eliminate Q
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