2nd-order linear ODEs with constant coefficients:

agf// + alf’ + aof — h(x)

> We have seen methods to find the complementary function CF
by solving the auxiliary equation.

> Next: methods to find the particular integral PI.



Second order linear equation with constant coefficients

The particular integral :

Lf:azccl;—{+a1%+aof=h(x)
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Exponential h(x) Lf =a, ﬂ+ a, %4— a,f = h(x).
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Ex 4

fH3f+2f =, f(0)=1,

/(0)=1

The CFis f,=Ae™ + Be™

Pl... try f, =Pxe™”

d d d
e =(—+2)(—+1DPxe " =(—+2)Pe”
(dx )(dx ) (dx )

=Pe~,

P=1 and f =xe™

Full solution : f = f, + f, =xe™* +4e™* + Be™

_ ) _
Initial conditions = f: xe - +2e"




Solutions with combinations of driving functions

2

Lf =a, fll—f+a1%+aof:h(x)+hz(x)

&f o df & d
Lf, =a, dx1+alal+aofl=h1(x) Lf,=a, dxf22+a1£+aof2=h2(x)

2

Since the equation is linear a solution to the original equation is given by

f=h+1



Homework
(Maths Collection Paper 2009)

e Find the general solution of the following equation:

A’y dy
g g 6 _ —2x .
dr? dx y=c
CF: Auxiliary equation m* —m —-6=0 = m, =3, m_ = —2.

So CF = Ae3* + Be 2%,

PI: Trial function yo = Cxe™** = gy, = Ce ** — 2Cxe **
yy = —4Ce " + 4Cxe .

Soy) —yh — 6yg = —HCe ™ =% = (C=-1/5
= PI=—(1/5)ze %,

1
Therefore y(z) = CF + PI = Ae’ + Be " — . re 2t
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2
Sinusoidal h Lf =a, ﬂ+ a, %+ a,f = h(x).

h=Hcosx so Lf=a,f +a f +a,f =Hcosx
Lg(x)=a,g"tag+ta,g = He"
Re(Lg) = L[Re(g)] = Re(He™) = HRe(e™) = H cos x

::> f = me(g) is the solution to the real equation

H

Solution: g=Pe" Lg=(-a,+ia +a,)Pe" = P= . :
—a, +1a, +a,

f=Fe— T

(ao _ az) + ial

(a,—a,)cosx+a,sinx

=H
2 2
(ao _az) +a1




Ex 5

Pl

CF

f7+3f"+2f =cosx.

g"+3g'+2g =¢".

1

g=Pe" where P=— —.
—1+31+2

ix

C
1+ 31

Ji =Je(

) =75 (cosx +3sin x).

fo=Ae " + Be ™"

General
solution

f=Ae ™+ Be™* +1(cosx+3sinx)




f"+3f +2f =cosx.

f=Ae™ + Be ™ +-(cos x+3sin x)

x(0)=4, x'(0)=1 E> 4=’ o2

*ﬁ-"=l\l-1-ll-aee



Ex 5

Pl

CF

F74+3f +2f =cosx. | Whatifcos(x)—sin(x)?

1
—1+3i+2

ix

g=Pe" where P=

= 3m(

) =75 (sin x —3cos x).

eix
1+31

fo=Ae™™ + Be™"™

General
solution

/

Ae™™ + Be™™™




ex6  f +3f +2f =3cosx+4sinx.
=5cos(x+¢) =5Re(e')
where ¢ = arctan(—4/3)

Proof:

cos(x +@) = cos x cos ¢ —sin xsin ¢

: A B .
Acosx+Bsinx=~A4"+B*( cosx + sin x)

VA* + B’ A+ B’
=+ A* + B® cos(x +¢),

cosp=ANA + B>, sing=—BNA+B

and

tan¢ =—B/A




Ex6  f +3f +2f =3cosx+4sinx.
=5cos(x+¢) =5Re(e')

where ¢ = arctan(—4/3)

g"+3g'+2g =5¢'"

Trial solution : g = Pe'*"?
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P = — = -,
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ei()c+¢)

=5NR
/ e(1+3i

) =<[cos(x+¢)+3sin(x+¢)].



Ex 7 "+ f=cosx |= g"tg=¢e"

d d - - .
CF. (—+1)(—-1)g=¢" =Ce"™, f=Acos(x)+Bsin(x
(A Dg=e ) & (x)+Bsin(x)

P.I (%+i)(%—i)g =e".

Try g=Pxe"
o d d o d | |
Then e" =(—+1)(——1)Pxe” =(—+1)Pe"™ =2iPe"
( % ) ™ )Pxe™ =( ™ )
= P=1 = | f=Re(*)=ixsinx
2i 2i




Ex 8 7+ f=e"(Bcosx+4sinx) | =5Re(e™ )

where ¢ = arctan(—4/3)

Trial function

g=P oli~Dx+io

5 5
i-1)*+1 1-2i

(i—1)x+i¢

1-21

PI | f; =5%e( )=¢ “[cos(x+¢)—2sin(x+¢)].




Recap

2nd-order linear ODEs with constant coefficients:
arf" + a1 f' +aof = h(w)

e General solution = PI 4+ CF

o CF = C1U1 + CoU9,
11 and us linearly independent solutions
of the homogeneous equation

> Complementary function CF' by solving auziliary equation

> Particular integral PI by trial function with functional form
of the inhomogeneous term

& Next: physical application to
forced, damped oscillator



