Complex Numbers and ODE
Lecture 2

e Basic functions of complex variable

e De Moivre's theorem



The Complex Plane — Recap of Lecture 1

z=a+ib, i*=-1, a,b real

a=Rez , b=Imz

& Argand diagram representation

Im z
b ””””””” :/’/j? z p =m0dé)= |Z |
o B=arg(z)
2 Rez
-b 2

z=a+ib= pe’? = p(cosh + isinh)

& C = set of complex nos with 4+, X operations



Elementary functions of complex variable

e Polynomials. Rational functions.

e Exponential

—> Trigonometric fctns. Hyperbolic fctns.

e Logarithm

—> Complex powers



e.g.

FUNCTIONS OF COMPLEX 2z =z + 1y

f.C—>C
f:z—w= f(2)

Polynomials

e defined via algebraic rule for complex multiplication

e.g: f(2)=2%= (z+iy)(x +iy) = 2% — y? + 2ixy

Rational functions = quotients of polynomials

e also defined via algebraic operations on C:

1 1+ 2* 1+ =z

— 1
A+z)?+y?  (A+z)?+y°



Exponential

e defined by power series expansion

e we will define other functions (trig., etc.) in terms of exponential

Functions of complex numbers

@® The complex exponential

. . . 2 n
Functions defined by power series : et = 1+x+ L+ .+ A+
2 4 n Xln
cosx=1-> 4+ —...+ (=D o o
. X3 XS n X2n+l
sinX =x - +5—..+ (-1 o

Define the complex exponential

o __ o’ o"
c = 1"‘(< 7"‘ ...T T!+

. . a=a+ib
Special case o =10

= cos@ +1s1nf@



e’ =(1-L+% — )+

2!

= c0s0O +1sinf

Used in:

z=|z|(cos@+1sinf) =| z| e’ =re

i0

z" = z|(cos@—1sinB) =| z| e =re

—10



e’ =(1-L+%L - ) (O-L+L-.)

= c0s0O +1sinf

Usedin: | z=|z|(cos@+1sin@)=|z]|e” = re”

Multiplication

0, . i, _ 0, i6, _ i(6,+6,) _ o

215, =he et =rnneter=rrne Y =Nt (cos((91 +0,)+isin(6, +02))
Division

z, e noe Yoo i n e 1 .

L _h — = 1 _ = L oo — 11 ,i6=6) _ 1 (cos(91—92)+zsm(91—92))
z, KLe? 1 er r, r,



e’ =(1-L+L - (O-L+Z-.)

= c0s0O +1sinf

Can invert the relation :

1
cosf=—(ec” +e™)
2
, 1
sin@ =—(e"” —e™)
2i




The complex exponential function | €” = 1+ +
General case ao=z=a+1ib, a,b real
22 Z4 Z3
e :(1_?!+Z!+m)+l(z_§+m)

=Ccosz+1sinz

Similarly one has

1o -
cosz=—(e" +e
2
: 1 1z
sinz=—(e" —¢
21

)

-1z

Hence

1
cos(ib) = E(G_b +¢e”)=coshb

1
sin(1b) = ?(e‘b —e”)=1sinhb
i

o

2

2
—+ .

n
a_'—l_ ece

n:



e For complex z

cosh z = ! (ez + e_z)

sinh z = % (ez — e_z)

hyperbolic functions

> Verify that

2

cos” z -+ sin?

z=1

cosh? 2z — sinh? z = 1



An application of complex exponential:

Complex exponential and trig identities

1(a+b) — ezaezb

cos(a+b)+isin(a+b)=¢
=(cosa+isina)(cosb+isinb)

= (cosacosb—sinasinb) + i(cosasinb+sinacosb)

Equating real and imaginary parts

cos(a+b)=cosacosb—sinasinb

sin(a+b) =sinacosb+cosasinb




de Moivre’s theorem and trigonometric identities

n __in@

z" =(re”) = r"e™ =r"(cos nb + isin no)

For r=1

()" = (cosO+1sin)" = cos nd + 1sin no.

De Moivre

e.g. n=2:

cos20 =cos* 0 —sin” 0
sin20 =2cos@sin @



Uses of de Moivre and complex exponentials

Ex.1 Find (1+1)°

. Taking powers is much simpler in polar form so we write

(1+1)= \Eemm

.Hence

(141" = (J(2) ™) = 16> = 16



e Ex. 2: Prove the trigonometric identity

sin® 6 = [3sin § — sin 36] /4

sin® f = [(ew = e_w) /(22)}3
_ —(1/(8Z)) [€3z’9 3e 2@'9 —10 + 3€z9€ 210 —3’&9}

— — [(e?’w — e_?’w) 3 (e — e~ )} /(81)
= —|[sin 360 — 3sinf]/4

e Similarly to higher powers, e.g.:

cos* 0 = [cos 40 + 4 cos 20 + 3]/8



e Complex trigonometric functions can be expressed in terms of
real trigonometric and hyperbolic functions

Forthe case z=a+1ib |
cosz:E(e +e ")

sinz=—(e“ —¢e ™"~
2i( )

cosz = cos(a +1b)
1
— E(G(Za—b) + e(—1a+b))

1 . :
= E(e_b(cos a +1sina) + e’ (cosa —1sina))

ie. cosz = cosacoshh —sinasinh b.

and analogously

sinz = sinacosh b+ 1cosasinh b.

e Homework: Determine Re and Im of cosi, sinz.




Solution of equations by complex function methods

e Solve the equation

Re z

Z Xtiy X o I
e =e =e (cosy tisiny)= .|z

i TU(1+2n) 3T e

= - = e
x=0 iTT®
= y=(2n+1)mt
—TT®
Thus z=irt(2n+1) , ninteger
°

Homework

e Solve the equation ¢ = —2.

e Solve the equations

sinz =2, coshz=0 .




The complex logarithm In z

Inz

e" =z =|z|e®=e""le

10 _In|z|+:10

C

— |Inz=In|z|+1arg(z)
”

Need to know 6 including 27rn phase ambiguity in z

Inz =1In|z| + 40+ 2mn) , n integer

e different n = different “branches” of the logarithm
e n = (0: “principal” branch
e In 2 is our first example of “multi-valued” functions



Note

& 1712: exchange of letters between Bernoulli and Leibniz
on the meaning of In(—1). Neither one got it right.
[Bernoulli: It is 0; Leibniz: No, it must be < 0.]

{ Sorted out by Euler, 1749: In(—1) = iw. (for n = 0)

In(—1) =Ine”™ =Inl+i(r + 27n) = im + 2mwin , n integer

Homework

Find Re and Im of In z (n = 0 branch) for

a) z =1 b) z=1+1 c)z=1—1



Remark

O eln? always equals z, while In e* does not always equal z.

Verify:

2= a4 ib = ret?

Then Inz =1Inr +12(0 + 2m™n n integer.
; g
So elnz _ eln r+i(0+2mn) _ Tei@ 627T’n73 _ 7“67;'9 — 5
1

On the other hand e* = 2T = gd¢®

So Ine* =1ne® +i(b+ 2mn) = a + ib+2win = z 4+ 2win which may be # z.
N——

z



Complex powers

f(z) = 2%, when both z and « are complex,
can now be defined using the complex logarithm:

Zoz _ eozln,z

Because In z is multi-valued, so is z¢.

Example

Show that 7' is real and the principal-branch value is

it =1/+/e" [Euler, 1746]

) t1ln1

PP — e _ ez'[ln 1+i(m/2427mn)]

6—71'/2—27?71

e Homework: by similar method, find all the values of (1 + 4)°.



Overview of elementary functions on C

e Complex polynomials and rational functions
defined by algebraic operations in C

e Complex exponential: ¢* = e*™"¥ = e®(cosy + i sin y)

—— complex trigon. and hyperb. fctns in terms of exp.
e.g. sinz = (e — e %) /(2i)
sinh z = (e —e™%)/2

e Complex logarithm In z: e"? = 2
= Inz=Inl|z|+i@+2n7), n=0,%1,...  (+ multi-valued)

aln z

— complex powers: z% = ¢ (o« complex)



