
S1 REVISION LECTURE

FUNCTIONS OF A COMPLEX VARIABLE



Complex differentiation

⊲ holomorphic functions = differentiable in an open set

⊲ Cauchy-Riemann equations: ∂f = 0 (∂ ≡ ∂/∂z)

⊲ f = u+ iv holomorphic ⇒ u, v harmonic: ∆u = 0 , ∆v = 0

⊲ f holomorphic, f ′ 6= 0 ⇒ mapping z 7→ w = f(z) is conformal
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(a) u(x, y) = e−x cos y + xy

∆u =
∂2u

∂x2
+

∂2u

∂y2
= +e−x cos y − e−x cos y = 0

(b) f(z) = u(x, y) + iv(x, y) , u(x, y) = e−x cos y + xy

Cauchy-Riemann equations ∂f = 0 : (∂ ≡ ∂/∂z = [(∂/∂x+ i∂/∂y)/2])

i)
∂v

∂y
=

∂u

∂x
=⇒ ∂v

∂y
= −e−x cos y + y

=⇒ v(x, y) = −e−x sin y + y2/2 + φ(x)

ii)
∂v

∂x
= −∂u

∂y
=⇒ e−x sin y +

∂φ

∂x
= e−x sin y − x , i.e. , φ = −x2/2 + C

=⇒ v(x, y) = −e−x sin y + y2/2− x2/2 + C

Thus f(z) = u+ iv = e−x(cos y − i sin y) + xy + i(y2 − x2)/2 + iC

= e−z − iz2/2 + iC

f(z) real-valued at z = 0 ⇒ C = 0. So f(z) = e−z − iz2/2.



(c) The family of curves orthogonal to the curves u(x, y) = const.

is given by v(x, y) = const., i.e.

(y2 − x2)/2− e−x sin y = const.

f

x

y

u = const. 

v = const. 

v

u

z w

(d) u(x, y) = e−x cos y + xy harmonic ⇒
⇒ mean value of u on the circle = value of u at the centre of the circle

i.e.,
1

2π

∫

C1

u = u(0, 0)

1
C

u(0, 0) = 1 ⇒
∫

C1

u = 2π



Complex integration and power series

• Cauchy theorem

and Cauchy integral formulas

• Power series expansions:

Taylor and Laurent series

• Residue calculus
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2(a) Residue of a simple pole : lim
z→z0

(z − z0)g(z)

2(b) Cauchy integral formula of order 0 : f(z) =
1

2πi

∮

C

f(z′)

z′ − z
dz′

2(c) • g(z) =
r

z − z0
+ h(z)

where h(z) is holomorphic in the z plane cut along the positive real axis

• Represent h(z) by Cauchy integral formula on contour Γ

h(z) =
1

2πi

∮

Γ

h(z′)

z′ − z
dz′

R

Re z

Im z

Γ

ρ

R
C ρ

L
1

L
2

C



•
∮

Γ

=

∫

CR

+

∫

L1

+

∫

Cρ

+

∫

L2

R

Re z

Im z

Γ

ρ

R
C ρ

L
1

L
2

C

• For R→∞, integral on CR goes to 0 by Jordan lemma because

|zg(z)| → const. =⇒ |zh(z)| → const. =⇒ |zh(z)|/|z − z′| → 0 as |z| → ∞

• Also, for ρ → 0 integral on Cρ goes to 0 by Jordan lemma because

|zh(z)|/|z − z′| → 0

•Then h(z) =

∫

L1

+

∫

L2

=
1

2πi

∫
∞

0

∆(x)

x− z
dx

Therefore g(z) =
r

z − z0
+

1

2πi

∫
∞

0

∆(x)

x− z
dx
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Evaluate the following real integral by complex contour integration methods:
∫ 2π

0

dt
1

2 + cos t

z = eit ; dz = izdt ; cos t =
z + 1/z

2

So I =

∫ 2π

0

dt
1

2 + cos t
=

∮

C1

dz
1

iz

1

2 + (z + 1/z)/2
=

∮

C1

dz
2

i

1

z2 + 4z + 1

3

C
1

zz
+

z
+ = − 2 +

•By residue theorem I = 2πi [Resz=z+ f] =
2π√
3

.
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3(a) i) z2e−z: z = ∞ isolated essential singularity

ii) z2e−1/z: z = 0 isolated essential singularity; z = ∞ pole of order 2

iii) ln(z2 + 4): z = 2i, z = −2i, z = ∞ are branch points of order ∞

3(b) Laurent expansion : z2e−1/z = z2
[

1− 1

z
− 1

2!z2
− 1

3!z3
+ . . .

]

= z2 − z − 1

2
−1

6
︸︷︷︸

residue

1

z
+ . . .

=⇒
∮

C1

dz z2e−1/z = 2πi Resz=0 f = 2πi

(

−1

6

)

= − iπ

3

1
C



z → w = 1/z

⇒
∮

C1

dz z2e−1/z =

∮

−C1

dw

(

−e−w

w4

)

= −2πi Resw=0 [Integrand] = −2πi
1

6
= − iπ

3

3(c) Set branch cuts as in figure.

∮

C1

ln(z2 + 4) dz = 0
1

C
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2.

(a) Show that eln z always equals z, while ln ez does not always equal z.

(b) Take the principal branch of ln z and evaluate the integral

∮

Γ

dz
(ln z)2

z2 + 1
,

where Γ is the closed contour consisting of two semicircles in the upper half plane

with radii r and R (r < 1, R > 1), respectively, and centre at the origin, and

intervals (−R,−r) and (r, R) on the real axis.

(c) Use the result in (b) to prove that

∫
∞

0

dx
lnx

x2 + 1
= 0 ,

∫
∞

0

dx
(lnx)2

x2 + 1
=

π3

8
.



(a)

z = a+ ib = reiθ

Then ln z = ln r + i(θ + 2πn) , n integer.

So eln z = eln r+i(θ+2πn) = reiθ e2πni
︸ ︷︷ ︸

1

= reiθ = z.

On the other hand ez = ea+ib = eaeib

So ln ez = ln ea + i(b+ 2πn) = a+ ib
︸ ︷︷ ︸

z

+2πin = z + 2πin which may be 6= z.



(b)

∮

Γ

dz
(ln z)2

z2 + 1 Im z

Re z

Γ

R
r

ln z = ln |z|+ i(θ + 2nπ), n = 0 branch

R > 1, r < 1: z = i is order-1 pole encircled by Γ

=⇒
∮

Γ

dz
(ln z)2

z2 + 1
= 2πiResi f = 2πi

(iπ/2)2

2i

= −π3

4



(c)

∮

Γ

=

∫
−r

−R

+

∫

Cr

+

∫ R

r

+

∫

CR

Im z

Re z

Γ

R
r

•

∫
−r

−R

dx
(ln |x|+ iπ)2

x2 + 1
=

∫ R

r

dx
(lnx+ iπ)2

x2 + 1

• For r→0, R→∞ integrals on semicircles go to 0 by Jordan lemma.

=⇒ −
π3

4
=

∫
∞

0

dx
(ln x+ iπ)2

x2 + 1
+

∫
∞

0

dx
(lnx)2

x2 + 1

that is −
π3

4
= 2

∫
∞

0

dx
(lnx)2

x2 + 1
+ 2πi

∫
∞

0

dx
ln x

x2 + 1
− π

2

∫
∞

0

dx
1

x2 + 1
︸ ︷︷ ︸

π/2

Equating Re and Im =⇒

∫
∞

0

dx
(lnx)2

x2 + 1
=

π3

8
,

∫
∞

0

dx
ln x

x2 + 1
= 0
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(a) f(z) =
√
z/(1 + z2)

z = 0 branch point of first order; z = ∞ branch point of first order

(b)
∮

Γ

dz f(z)

Principal branch : z1/2 = |z|1/2eiθ/2 , 0 ≤ θ < 2π . Branch cut along R
+.

• Residue theorem applied to contour Γ ⇒

R

Re z

Im z

Γ

ρ

R
C ρ

L
1

L
2

C

⇒
∮

Γ

√
z

z2 + 1
dz = 2πi[Resz=+if+ Resz=−if] = 2π cos(

π

4
) = π

√
2



(c)

Write

∮

Γ

=

∫

CR

+

∫

L1

+

∫

Cρ

+

∫

L2

Let R → ∞ , ρ → 0 .
∫

CR

−→ 0 for R → ∞ ,

∫

Cρ

−→ 0 for ρ → 0 ⇒

⇒
∮

Γ

√
z

z2 + 1
dz =

∫
∞

0

dx
1

x2 + 1

[√
x−

√
x e2πi/2

]

=

∫
∞

0

dx

√
x

x2 + 1
[1− eiπ] = 2

∫
∞

0

dx

√
x

x2 + 1

Using the result in (b) ⇒

⇒
∫

∞

0

dx

√
x

x2 + 1
=

π√
2


