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1. Introduction

In the first set of notes, we demonstrated that if a particle is magnetized, its motion
can be split into a fast gyration and the motion of its guiding center. The fast gyration
around the guiding center is ignorable if we choose the right coordinates. In particular,
we choose to describe the particle motion using its position r, its parallel velocity v and
the magnetic moment of the particle pu.

In this set of notes, we will learn how to derive the kinetic theory for guiding cen-
ters, known as drift kinetics. We will follow the pioneering derivation of drift kinetics in
(Hazeltine 1973).

We consider a system is of size L with a characteristic frequency

Uts

~ — 1.1
w L ? ( )
where vy is the thermal speed of species s. We assume that
w
Pox = % €1 g~pe <l (1.2)

Here ps = v45/Qs and Qg = ZseB/my are the characteristic gyroradius and gyrofrequency
of species s, my; and Zse are the mass and charge of species s (Z5; = —1 for electrons),
and e is the proton charge. We assume that the thermal energy of the particles is similar
for all species, that is,

mgvi, ~ T (1.3)

for all s. Here T is the characteristic temperature of the plasma.
The electric field is ordered as in the first set of notes:
e In the high flow regime, the parallel electric field is

T
Ey~—r

and the perpendicular electric field is

1 T
i (1.5)

EJ_ ~ UtsB ~

e In the low flow regime or drift ordering, the electric field is of order

T
E~—. 1.6
oL (1.6)
We proceed to derive the drift kinetic equation in both the high flow and the low flow
regimes.



2 Feliz 1. Parra

2. High flow drift kinetics

We describe the plasma using the distribution functions f,(r,v,¢). The probability
of finding a particle of species s at time ¢ in a differential phase space volume d®r d3v
centered around the phase space position (r,v) is fs(r,v,t) d*r dv. Ignoring collisions,
the time evolution of the distribution functions fs(r, v,t) is well described by the Vlasov
equation

8 S ZS
/ +v-Vf, + e(E-i—VXB)-vaS:O. (2.1)
ot —_——— TN
Nfs’Uts/L
~svea/L ~foptons /L

There are terms of very different size in the equation. The reason for these different sizes
is the existence of the two very different time scales: the Larmor gyration time Q;*,
and the longer time scale L/v;s. In magnetized plasmas, the most interesting time scale
is L/vs, and it corresponds to the motion of the guiding center. We will manipulate
equation (2.1) to extract the effects of the guiding center motion on the distribution
function.

To obtain the guiding center motion, we first change to a convenient set of phase space
coordinates and then we expand in ps. < 1. Once we have a kinetic equation for guiding
centers, we will take moments of it to obtain fluid equations valid for a magnetized
plasma.

2.1. Change of phase space coordinates

In the previous set of notes, we could separate the guiding center motion from the fast
gyration by choosing an appropriate set of phase space coordinates. To develop the kinetic
theory for guiding centers, we use the same convenient coordinates: the parallel velocity

v =v-b(r,1), (2.2)
the magnetic moment
2 _ 2 . B )12
po i voveP - [vob(ro) )
2B(r,t) 2B(r,t)
and the gyrophase
_ P t
(p = —arctan ((v ve) ?2(r7 )> ) (24)
(V - VE) : el(ra t)

where the unit vectors €; and €5 form an orthonormal basis with b such that €1 Xéy = b.
Note that we use the E x B drift

1 .

ve(r,t) = mE(r, t) x b(r,t). (2.5)

To change phase space coordinates from {r,v} to {r,v, i, ¢}, we use the chain rule.
The derivatives in (2.1) become

of|  9fs vy afs | 9fs
6t r,v 8t | 1P 6t r,v 6UH r,iu,e,t at r,v alu r,vH,gp,t
dp|  Ofs
— 2.
- 8t r,v 690 r,UH,/L,t’ ( 6)
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Ofs Ofs
vfs v,it — vfs|'uH NTRCR + VUH|v,t 67 + V,u|v,t a
H r,pu,e,t r,vH,Lp,t
Ofs
+ Veolv,e 87 (2.7)
r,'uH,,u.,t
and
O, O fs Ofs
vas|r,t = Vv"U\||r,2S 87]0 + vv”|r,t ai + VU‘P|r,t 7f (28)
UH r,u,p,t H v ,e,t r,o|,M,t
With these results, equation (2.1) becomes an equation for f,(r, v, u, ¢, t),
Ofs | . . Ofs .0fs . Ofs
-V ] = O, 2.9
9 +r f‘+vllav”+u0u+<p&p (2.9)
where we have used the operator
. 0 Z
Q= 87? +v-VQlv:+ me(E+v><B)-VUQ|r,t. (2.10)

We had to calculate the coefficients ¥, v and ¢ in the first set of notes about particle
motion in magnetized plasmas. The coefficient fi is obtained in a very similar way. The
final result is

I":v”f)—i—vE—i—WJ_, (2.11)
. b - A . )
v = EJr(vaJrvE)Vb -w, +w, -Vb-w, +w, -Vb-vg
Zgse |~ 1 - ob N N
+ . b+Q78b X <6t+(’l)|b+VE) Vb> -E, (2.12)

0B A 1 .
ﬂ:—% |:+(U|b+VE)'VB:| —%WJ_-VB—EWJ_-(UHVb-‘rVVE)-WJ_

ot
vl ob A ~ 1 [Ovg ~
-3 E—i—(vub-i-VE)'Vb W1— g W‘F(Uub“FVE)'VVE wi, (2.13)
¢ = Qs+ O(vis/L), (2.14)

where
w, = +/2uB(r,t)[cospé;(r,t) — sinpés(r,t)]. (2.15)
Importantly, the volume in velocity space is not a trivial function of {t,r,v),u, ¢}.
The infinitesimal element of volume in velocity space is given by

] ov

d3v = |det (> ‘ doy dpde, 2.16
vy o) )| (216)

where the determinant of the Jacobian of the transformation (v, 1, ) — v is

ov 1
det ( ) = =-B. 2.17
vy, ) ) Vv - (Vop X Vop) (247
Then,

d3v = B(r,1t) dv dpdep, (2.18)

and the probability of finding a particle of species s at a time ¢, within a volume
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d3r around the point r, within the range dv|| of the parallel velocity v, within the
range dp of the magnetic moment p, and within the range dy of the gyrophase ¢ is
B(r,t) fs(r, vy, i, ) d®r doj dpde.

The determinant of the Jacobian is also needed to obtain a useful relation: the conserva-
tion of phase space volume. In the usual coordinates X = (X, X1, Xo, X3, X4, X5, Xg) =
(t,r,v) (note that we have added the time to the coordinates), the conservation of phase
space volume is

V-i4V, v=0 (2.19)
This is a divergence in the 7-dimensional space X, and it can be written in Einstein’s
index notation as
avi
0X;
where V. = (Vo, V1, Vo, V3, V3, V5, Vs) = (1,1,v). To change to other coordinates Q =
(Qo, Q1,Q2,Q3,Q4,Q5,Q6) = (t,r,v), 1, p), we use the formula for the coordinate trans-
formation of a divergence (see Appendix A),

0, (2.20)

0 oX 0Q;
— ; = 2.21
o o (5) Vx| =© 221
where 0X/9Q is the Jacobian of the transformation Q — X. In this case,
0X o(t,r,v) ) ( ov )
det | == )| =det | &=——""—— ) =det | ———— | = —B. 2.22
<5Q> (3(1‘/,1“,147/% ®) vy, 1y #) (2.22)
Note also that
0 0Qs . oo
Thus, equation (2.21) gives
0B . 0 . 0 . 0 .

This expression is the conservation of phase space volume in the coordinates {r, v, 1, ©}.
Using this expression, we can rewrite equation (2.9) in conservative form,

0 . 0 .. 9 . 9 ..

This form is useful when we want to take moments of the Vlasov equation to obtain fluid
equations, as we will see in subsection 2.3.

2.2. Ezpansion in pse < 1

Equation (2.9) can be written as

Qs 0Js + L[fs] =0, (2.26)
890 ~—~—
~—— ~fsvis/L
~fspsitves/L
where the linear operator L is
of . . of .of . of
== . —_— - — Q) =—. 2.2
L[f] 5 T T vf+””av“+”au+(<p S)aso (2.27)
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Here it will be useful to split the distribution function into its gyrophase independent
piece, (fs),, where

1 2

(9)e g(r, vy, 11, 0, 1) d (2.28)

:%O

is the gyroaverage, and its gyrophase dependent piece,

fs = fs - <fs>4p' (229)
Using this separation, equation (2.26) becomes
ofs .
Q.50 + L) + LI =0, (230)

This equation, in turn, can be split into its gyrophase independent and dependent pieces,

(L[(fs)e])e + <£[fs]>ga =0 (2.31)
~(fs)evts /L ~foves /L
and
8~S - = —_—~
0% o Lf] = £ 2.32)
=~ 1 Nfsvts/L N<fs>kpvts/L
~fspsx 'Uts/L

where we have used the fact that f; is periodic in ¢ to find (8]2/8@}9@ =0.

We use equation (2.32) to obtain the gyrophase dependent piece fs as a functional of
(fs)- Equation (2.32) can be solved by expanding fs as a power series in ps,, that is,

fo=Ffoa+Ffez+..., (2.33)

where fs, ~ p(fs)e- Note that f; < (fs),. Using the expansion (2.33), equation (2.32)
gives

q 0 _ i < AL <0

gt = LN = —F Vi) = g g (234)
to lowest order, and
0f2 5
Qs——= = —-L[fs 2.
S = Ll (235)
to next order. Continuing the expansion, we can calculate fs’n+1 from fsyn,
afs n+1 rs
Qs—= = —L|fsnl 2.
St = —L[fo] (236)

—_~—

We calculate f,; as an example. Integrating (2.34) only requires writing £[(f.),] as a
Fourier series of sines and cosines of ¢, and then integrating. This is what we show in
Appendix B, although done in a more elegant manner. The final answer is

for=—F1-V{fo)p - ﬁ"lagjﬁw - ﬁlagjwv

(2.37)
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where
- 1 (%~ .., 1.
rl—Q—s/ r(¢') de :ﬁszWL’ (2.38)
~ 1 <P':’ / /
Ul = g/ 0 (¢) de
1 |{db . A A
= o at-i—(mb-l—VE)'Vb'i‘Vb'VE] (b xwy)
[wl(b xwi)4 (bxwi)w,.]: Vb, (2.39)
b - -
BQ uVB + Y| (8 (UHb JrVE) : Vb)
ovg . .
+W+(U\|b+VE)'VVE ~(b><WL)
wi(bxwy)+(bxw,)w.]: (v||V15+VvE). (2.40)

 4BQ,

In these expressions, the indefinite integrals [* Q, (') d¢’ are chosen such that (@7;71» =
0. Note that we are using the double contraction of two matrices, M : N. This operation
gives a scalar, and in Einstein’s index notation, it corresponds to

The tensor w, (bxw )+ (bxw_)w, is just a convenient way to write the second order
harmonics in ¢. Using (2.15), we obtain

w1 (bxw)+(bxw,)w, = 2uB[sin 20 &,61+cos 20(6185 48261 ) —sin 2¢ é28,]. (2.42)
In the orthonormal basis {&;,&;, b}, the tensor in (2.42) is the matrix

X . sin2p cos2p 0
wi(bxw, )+ (bxwy)w, =2uB| cos2¢ —sin2p 0 |. (2.43)
0 0 0

Since we have calculated f, as a functional of (f,), using (2.32), equation (2.31)
becomes an equation for the gyrophase independent piece (fs),. This is the drift kinetic
equation. We can choose the order of accuracy of the drift kinetic equation by deciding to
what order we calculate f,. If we choose to neglect fs, the drift kinetic equation is missing
terms of order (L[fs1])y ~ (fs)ppssvis/L. The drift kinetic equation to this order is

(€A Do = BB 0,1+ e T2 + (), e <0 ()

We calculated the quantities (f), and (7)), when we derived the guiding center motion.
We can deduce that (i), ~ 0 from the quantities (f),, (), and (1), calculated for
the guiding center motion equations, or it can be directly shown by gyroaveraging (2.13)
and by using V-B = 0 and Faraday’s induction law V x E = —9B /¢ (see Appendix C).



Drift kinetics 7
The final result is that equation (2.44) becomes

A fs)e - Ze (- 1. Db - A fs)e
. — ). E—ub-VB =
5 T b +ve)-V{fie + m \PT o P pb -V Do, 0,
(2.45)
where we have defined the operator
D 0 -
ﬁ = E + (’UHb + VE) -V. (2.46)

Equation (2.45) is the lowest order high flow drift kinetic equation. The coefficients in
the equation are clearly related to the guiding center motion equations.

In this course we do not consider the high flow equation to higher order than this. To
see how to go to next order, we will use the low flow ordering because the next order
terms tend to be more important in the low flow regime.

2.3. Moments of the drift kinetic distribution function

According to (2.37), fs ~ pse(fs), and hence
fs = <fS>LP + fs = <fs><p- (2.47)

This is important for the lowest order moments of the distribution function. For example,
the density and the average flow are

ns—/fsd3v—/o;dv| /Ooodu/o%mprs—Qw/o:odm /OoodpJB(fS)W (2.48)
d

nsus:/fsvd3v:/st(vuf)—l—vE—i—wJ_)de dpde

an

2/B<fs>@('l}”5+VE+WJ_)d'UH dudgp:27r/B(fs>¢v”f)de dp+nsvg.

(2.49)
Thus, the average velocity is, to lowest order in p,, < 1,
ug 2u5|‘]§)+VE, (250)
where
1 3 27
Ug|| = ; fSUH d?v = nf B<f8>¥,UH dUH du. (2.51)

As we will see, there are other interesting quantities, such as the parallel and perpendic-
ular pressures,

Ps|| = /fsms(UH — U’SH)2 d3v = 27T/B<f5>¢m5(v‘| — USH)2 de du (2.52)

and

2 2
mg|V] — Ug | msw
Dol = /ﬂ% A3y ~ /fSSTJ- d3v = 27T/BQ<fS>¢ms,ude dp.  (2.53)
The factor of 2 dividing ms|v, — u,y|? in the perpendicular pressure is due to the fact
that there are two spatial dimension perpendicular to the magnetic field.

Taking moments of (2.45), we can obtain fluid equations that relate the different mo-
ments of f;. To take moments, we need to write equation (2.45) in what is known as
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“conservative form”. Gyroaveraging equation (2.24), we obtain

0B

i A (Bliys) =0, (2.54)

+ V- (B(f),) + 9,

where we have used that (/1), ~ 0 (see Appendix C). With (2.44) and (2.54), we obtain

0 . 0 .
5 Bfs)e) + V- (Blf)o(fs)e) + 37”(B<7f||>¢<fs><p) =0. (2.55)

A more explicit version of the equation is

O (B8 + 7 (Blyb +ve)f,] + 88|{B

Zoloi gy ) E

ms

—ub-VB

<fs>¢} =0.| (256)

We can integrate equation (2.56) over v and yu (the integral over ¢ is just a factor of
27) to find the drift kinetic continuity equation. For the term under the partial derivative
with respect to v, we assume that (fs), vanishes for sufficiently large v) so that

<9 =00
= |B{ =0. 2.
[ g (BwelEe) duy = [Bnaig]) " =0 (257)
Then, the drift kinetic continuity equation is
ong .
ot + V- [ns(uSHbJrvE)] =0. (2.58)

We can also multiply equation (2.56) by msv) and integrate over v| and y to find the
parallel momentum conservation equation. For the term under the partial derivative with
respect to v), we integrate by parts and we assume that v (f,), vanishes for sufficiently
large v} so that

oo 6 o0
/ v 8”H( (0)(fs)) dvy = —/ B(i))e(fs)e dvy. (2.59)
Then, the parallel momentum conservation equation becomes

0 . R
a(nsmsusn) +V- [b /(fs)g,msvﬁ Bo+ nsmsus|vE] +psib-VInB

.1 db .
b+ ﬁsb X (at (uS”b—i—vE) Vb)

This equation can be rewritten using (2.52) to obtain f(fs>¢,msvﬁ d®v = py + nsmsuiu.
Moreover, employing (2.58), b- VIn B = —V - b (deduced from V - B = 0) and

—Zseng E=0. (2.60)

1

B

~

db .
b x <at (u5||b+vE) Vb>

equation (2.60) can be manipulated to become the final drift kinetic parallel momentum

E=— (agf + (ug b + vE) -VvE> -b, (2.61)
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equation,

0 R R A R
NgMg ﬁ(usnb +VE') -+ (usHb +VE) . v(“sHb +VE) -b

=-b- VpSH + (ps1L — ps”)v b + ZsenSEH. (2.62)

Note that the magnetic bottling force appears as a term proportional to the perpendicular
pressure ps1, and that part of (9)), becomes part of the inertial term. We will discuss
the parallel momentum equation further when we formulate kinetic MHD.

3. Low flow drift kinetics
In the low flow regime, the electric field is ordered as (1.6), and the E x B drift is of
order
VE ~ Psslts K Vgs. (3.1)

Using Faraday’s induction law, we find

8B Vts Vts
— = E~psw—B<K —B, 2
g = VX Erpe BT (3:2)
that is, the time derivative of the magnetic field is much smaller than the other time
derivatives in the problem. As a result, the time derivatives of quantities related to B,
such as B, b, é; and &5, are small,
9 b 0&;  0é Vis Ut
ot ot ot ot "D ST
Using (1.6), (3.1) and (3.3) in (2.45), and neglecting the terms of order (fs),ps«vts/L,
we obtain

(3.3)

fs)e

8’0”

% +U|‘E)'V<fs>¢ + (ZSEB‘E,UB ’ VB)

> o = 0. (3.4)

This equation does not include the perpendicular component of the gradient V(f), be-
cause particles only move along magnetic field lines to lowest order. In reality, particles
drift slowly across magnetic field lines. This small perpendicular drift is important be-
cause it is the only drift in this direction, and it is the only mechanism by which different
magnetic field lines communicate. Thus, we need to obtain the drift kinetic equation to
next order in pgy.

To obtain the next order drift kinetic equation, we use the lowest order approximation

to fs, fs = f&l, in (2.31) to find
(L[(fs)e])e + <£[fs,1]>np =0. (3.5)

In this equation, we are missing terms of order (£[fsa])y ~ (fs)pp2.vis/ L. We proceed
to evaluate the two terms in (3.5).

3.1. Buvaluation of (L[(fs)s])e

Using the formulas for (), and (9)), that we obtained in the notes for particle motion,
Appendix C (equation (C10) in particular), and equations (1.6), (3.1) and (3.3), we find

(el e = B2 1 Vg 0, Pede iy, K,

(3.6)
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FIGURE 1. Definition of the curvature of a magnetic field line, and its relation to the local
centrifugal force. The curvature x of a magnetic field line at a point A is a vector whose
magnitude is the inverse of the radius of the circle that best fits the line at point A (radius of
curvature R.), and whose direction is the direction that points from point A to the center of
said circle. The direction and magnitude of the curvature is given by the infinitesimal change in
direction of the unit vector b along the curve. In the sketch, the angle df between b at point A
and b+db at an infinitesimal distance ds away from A is related to the angular separation in the
circle that best fits the curve at point A. Using this relation, we find that the curvature vector
isk = df)/ds =b- Vb. Note that according to the definition of curvature, the centrifugal force

felt in a frame moving with the particle along the line is F¢y = —(msvﬁ/RC)(n/|n|) = —msvﬁkz.
where
(£)p = vb+ v, (3.7)
: Zse (v Vg » 2 92
(i) = =2 (b+ glb x &) \E— b VB + 0202 /1), (38)
Eyp - R
() = Eh . v x b. (3.9)
B
Here
k=b-Vb (3.10)

is the curvature of the magnetic field line (see figure 1).

3.2. Bvaluation of (E[fs,1]>¢

The function f, ; is given in equation (2.37) for the high flow ordering. Using (1.6), (3.1)
and (3.3), and neglecting terms of order p2, (fs),, the function f;; is of the form (2.37),
but )1 and ji; become

P 1 . ) .
’lN)HJ = Q—‘Lb -Vb - (b X WJ_) + TQS[WJ_(b X WJ_) + (b X WJ_)WJ_] : Vb, (311)
i 1 N
i = —B—QS(WB +vjb-Vb) - (b xw,)
v A~ ~ N
- 43228 wi(bxwi)+(bxwi)wi]: Vb. (3.12)

Using the low flow fs,l, we can directly calculate (L] f&l]}@. It is a tedious operation,
but there are some useful tricks that make it bearable. We start by realizing that in
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Einstein’s index notation,

<£[fs,1]>tp:<;'vf~5»1> <U|aafsl> +<ﬁ8§;1> _|_< a({];;l> E<élaaféj> ;
® ® ¥ g

(3.13)

where Q = (Q17Q25Q33Q43Q57Q6) = (I',’UH,[L, QD) Before continuing, we use the gy-
rophase dependent piece of (2.24) to write

0 ~ 0 9~ 9, ~
BQ,)=V-(B B Byl —(Bp) =0. 14
50, (BQ:) =V (BD)+ 5 (B + 5o (BR) + 5 (B =0, (314)
Using this result, equation (3.13) becomes
. 1 0O ~ .
(€lfae = g3 (B{@d))- (3.15)
Note that equation (2.37) can be written as
r 2 a<fs>tp
1= —Q; 1
fs,l Qz,l an ) (3 6)
where Q1 = (Q1,1,Q21,Q3.1, Qu1, 5.1, Q6.1) = (T1, 9,1, fl1, P1), and
0Qi1  *
== ().. 1
0, %% =4, (3.17)
Using (3.16) and (3.17), equation (3.15) becomes
~ 1 9 ~ 8Qz 1 a<f8>tp
_ 1 . 1
<‘c[f5,1]>§0 Ban ( <QJ1 50 >¢ aQJ (3 8)

Finally, integrating by parts in ¢, we find that

~ 0 ~ 0
<Q]1 Q”> - <Q11 Q“> , (3.19)
ot dp
® ©
leading to the expression

- 1 0 BQ, [/~ 0 ~ 0Q;, Ol fs
<£[fs,1}>¢=BaQi( : <QZ1 Qﬂ_QJl Q¢1> gézi@)
(]

9%
0 because 9G.00; — 9Q,00;

~ 8@]1 32<f€> DKa<fs>
i — 2
<Q 1 R A
where we have defined the coefficients
2ok _ 1 0 [ BQ [~ 5@;1 e 9Qi
i = B30, | 2 Qin Qj1 E : (3.21)
7]

Using expression (3.20), and after many tedious vector manipulations (see Appendix D),
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Large gyration
radius due to

B energy gained Positive ion

@ fromF

\ Small gyration radius due

to energy lost to F

FIGURE 2. The curvature drift is the result of the centrifugal force (see figure 1) accelerating
and decelerating the particle in its gyration, and consequently changing the radius of gyration.

we find
; Nfs)e | . O(fs)
DK DK DK ®
(Llfsalde =117 - V(fs)p + U1 v + 7 o’ (3.22)
where the coefficients are
iP5 = b + v + vy, (3.23)
oPK = g“(b x k)-VB—T,b-VB—ub- Vug, (3.24)
DK — b, 4 b VB (3.25)
It v b - Vi + p o0, :
Here
’UH N :U’ N
vV, = Q—Sb X K, Vyp= Q—Sb x VB (3.26)

are the curvature and VB drifts. They will be very important for low flow plasmas. The
Baios parallel drift, vp = (msp/Zse)b-V xb, and the correction to the magnetic moment
1y = — (v /9 ) -V xb hardly ever matter. We give them here for completeness.

3.3. Low flow drift kinetic equation
Summing (3.6) and (3.22), we find the first order, low flow, drift kinetic equation

<fs><p + T DK V<f5> <f5> + ﬂDKM =0, (327)
i oy O
where
tPK = (&), + iPK = (v +vp)b+ Vi + Vv, + vy, (3.28)
. ' ' R Ze _ Zse

oPK = (i) +0PK =B [mSE—le)m} Q'L(bx K) <m§ )
- UHB -Vup, (3.29)
APE — () 4 iPK — —yb.va, — Zser ub - VB oy (3.30)

£ 1 I 1 Mg 67}H ’ '

As explained at the beginning of this section, equation (3.27) is missing terms of order

<fs>wpg*vtS/L'
Equation (3.27) contains two new perpendicular drifts, the curvature and VB drifts,
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Large gyration
radius due to

B weaker B Positive ion

VB

\ Small gyration radius due

to stronger B

FIGURE 3. The VB drift is the result of the radius of gyration changing because of the
magnetic field magnitude variations along the path of the particle.

the Banos parallel drift vp, and the correction to the magnetic moment fi;. The correc-
tions vp and fi; are rarely useful, and we discuss them in Appendix E. The curvature
and VB drifts, v, and vyp, are important in the low flow regime because they are
comparable to the small E x B drift.

The curvature drift is the result of the parallel motion of the particle. The particle
follows the magnetic field line, even if it is curved. When the magnetic field line curves,
the particle’s trajectory does as well, and that implies that a force is being applied, in this
case by the magnetic field. The magnetic field requires a perpendicular velocity to exert a
force. The curvature drift is the perpendicular velocity that gives the necessary magnetic
force, that is, Zsev,, x B is the force that turns the particle when the magnetic field turns.
A different way to understand the force is to move with the particle along the magnetic
field line. In this frame, the particle is feeling the centrifugal force shown in figure 1. This
force accelerates and decelerates the particle in its gyration, and consequently, it changes
the radius of gyration. The net result of these changes in the radius of gyration is the
curvature drift, as shown in figure 2.

The VB drift is the result of the radius of gyration changing along the path of the
particle. Due to the gradient in the magnitude of the magnetic field, the magnetic force is
smaller in one half of the orbit than in the other half. The region with smaller magnetic
field will have a larger radius of gyration, whereas the region with larger magnetic field
will have a smaller radius of gyration. The net result of these changes in the radius of
gyration is the VB drift, as shown in figure 3.

3.4. Conservative low flow drift kinetic equation

Equation (3.27) can be written in conservative form. According to (3.6) and (3.20), the

coefficients 7K dﬁ)K and PK are

. : . . 1 0 [BQ /[~ 0Qi1 ~ 0Q;
QP = (Qi)y + QI = (Qi)y + Bog, | 2 <Qj,1 gp’l — Qi §;1> - (3.31)
%)

Since 92/0Q;0Q; is symmetric, we find

o pry 07 BQ [~ 9Qix  ~ 0Qj B
an (B i,1 ) - anan 2 <Q.7;1 680 Ql,l a(p - 07 (332)
%)
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and hence

9B 8 9B 8
=+

DK .
Equation (2.54) implies B/dt + d(B(Q;),)/0Q; = 0, leading to
OB

ot
With equations (3.34) and (3.27), we obtain

O

. 0 . o .
— 4+ V- (BifP) 4 aT”(B”fK) + —(BpPK) =o.

0 0

op

31)”

BN + T (B + 5 (BIPR(1)0) + - (BEP(f),) = 0.
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Appendix A. Change of coordinates of a divergence

In this appendix, we prove that a change from coordinates X to coordinates Q changes
expression (2.20) to (2.21). We consider a general n-dimensional space (in the main
text, the space has seven dimensions: time, three spatial dimensions and three velocity

dimensions).
Using the chain rule in (2.20), we find
v,  0Q; 9V;
= =0. Al
0X; 0X;0Q; (A1)

To show that this equation gives (2.21), we need to prove

ANCER

The left side of this expression can be written as

o () 2 o (B () (59)

We proceed to evaluate these two terms.
To evaluate the derivative of the determinant of the Jacobian, we make it explicit that
the Jacobian is composed of n row vectors,

0X 0X 00X 0X 0X
det (6Q> - det (an’ 0Q2" " Q1 aQn) ' (A9

Considering the determinant as a linear function of each of the rows of the matrix within
the determinant, the derivative of the determinant can be written as a sum of n terms,

0 [dt<ax>}_det( 22X 0X X ax)
9Q; Q)] 9Q;0Q1" 0Q2" "7 0Qn—1" 0Qn

4 det ( 0X 0%°X oX 09X )
an ’ aQ]aQZ Y aanl ’ aQn
0X 90X oX 0*X
+ det , ey , A5
(a0, a0 a00,) A9
We define the family of linear operators

Li(@) = loman, = det 0X 00X 0X 0X 0X 00X

F T 0Q1 Qx0T 9Qu1 9Qn
(A6)

to rewrite (A5) as

3 1 (50)] == (5000 ) 2 (5090) = (30.0a)
aQ Q '\0Q;0Q;” *\0Q;0Q,) T T\ 0Q,;0Q,

0? 0?X
— L (=22 ) =1, AT
(ag,00,) = 3,00, A7)
The operator Ly(a) satisfies
X X, 0X
L = = A
(5,) =tz =4+ (5q) o A

because for k = p, we obtain the determinant of the Jacobian, and for k # p, we repeat
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one of the rows of the matrix within the determinant, and the result is zero. Since
the vectors {0X/0Q1,0X/0Qa,...,0X/0Q,} form a basis of the n-dimensional space,
condition (A 8) is sufficient to determine the operators Lj(a). Based on (A 8), we find
that

IQk
Lk( ) lkmam—d t(@Q) (9Xm A (Ag)
because
DXy 00, Okp- (A10)
Then,
_ 0Qk
lkm = det (8Q) (A11)
Substituting (A 11) into (A7), we find
0 oX X\ 0Qr 0*X,,
= — _—. A12
7, [ (39)] = (50) 7%= 700, (A12)
We proceed to calculate the term
0 [0Q;
5o (%) . (A13)

Differentiating (A 10) with respect to Qk, we find

0 (8@;.3) 0Xm n 0Qr 0°X
an an aAXm anan
Multiplying by 0Q,/0X;, and using (A 10) again, we find

9 (0Qr) _  0Qy 0Q, O’Xp
0@k ( ) T 0X,, 0X; 0Q,0Qr (A15)

Using equations (A 12) and (A 15), equation (A 3) becomes

9 [d t( ) 8Q3:| — det (8X> (an PXm 0Q;  0Qy 9Q, X, ) .
0Q; 0Q — '\ 8q) \ox,, 00,00, 0X; ~ 9X,, 0X,; 00,0Q:) ~
(A16)

—0. (A 14)

proving (A 2).
Using (A1) and (A 2), we recover (2.21).

Appendix B. Derivation of the gyrophase dependent piece f;,l
Integrating equation (2.34), we obtain (2.37) with

f—/ d(p, UH1—7/ UH d@? /Ll 7/ d@a (B]-)

where the indefinite integrals are taken such that (¥1), = 0, (7),1), = 0 and (fi1), = 0.
We proceed to find the indefinite integrals.
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To obtain the functions r1, 0); and fi;, we need the functions ;, ZH and ﬁ, given by

r=w,, (B2)
~ db - L )
w) = E—F(’U”b—I—VE)~Vb+Vb~VE 'WJ_+(WJ_WJ_—<WJ_WJ_>4P):Vb, (B3)
~ db . -\ 0 )
p=-3 uV B+ <8t+(v|b+vE)~Vb> +%+(1}”b+vE)~VvE SW
1 .
_E(WLWJ__<WJ_WJ_><P) ZV(’UHb—}-VE). (B4)

Before integrating over ¢, we rewrite w w, — (W, W, ), in a convenient form. We first
note that using (2.15), we can write

W W, = 2uB[cos? p &€ — sin @ cos p(€18y + €28;) + sin?  626,)] (B5)
and
(bxwy)(bxw,y)=2uBsin® ¢é1&; + sin @ cos p(é18; + €261) + cos? p &282]. (B6)

In the basis {é1, €, 13}, the tensors w | w | and (B X WJ_)(B X w ) are the matrices

cos? —sinpcose 0
wiw, =2uB | —sinpcosy sin? o 0 (B7)
0 0 0
and
. . sin? © sinipcose 0
(bxw,)(bxw,)=2uB | sinpcosp cos’p 0 (B8)
0 0 0
Summing (B5) and (B6), we obtain
R R 100
WJ_WJ_"’(bXWJ_)(bXWJ_):2NB(é1é1 -‘régég):?/LB 01 0
0 0 0
= 2uB(I — bb). (B9)
Using this result and the fact that
(wiw.), = uB(I—bb), (B10)
we find
1 . R
<WLWL>¢:i[wlwlﬁ—(bXWL)(bXWl)] (B].].)
and

1 . .
WLWL7<WLWL>@ = i[WLWLf(bXWL)(bXWL)]
= puB[cos2p é1€; —sin2p(€1€2 + €261) — cos 2 €26,

cos2p —sin2p 0
=uB| —sin2p —cos2p 0 |. (B12)
0 0 0
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The form (B 12) is useful because it is easy to integrate. Using (2.15), we find

%(BXWL):WL (B13)
and
8WL ~
5o = bxwL (B14)
Using these two expressions, we find
9 R X X X
%[WL(bXWL)—F(bXWL)WL] =2[w,w, —(bxw,)(bxw,). (B15)
Employing (B 12), (B13) and (B15), we find
/WJ_dSO:BXWJ_ (B16)
and
1 N .
/(WLWL —(wiwi),)de = E[WL(b xwy)+ (bxwy)w,y], (B17)

and we can integrate (B2), (B3) and (B4) in ¢ to obtain (2.38), (2.39) and (2.40).

Appendix C. Derivation of (1),
In this appendix, we derive (1), from (2.13). From (2.13), we obtain

. 0B . v .1
</$>¢ = —% |:8t + ('U”b +VE) . VB] — %<WJ_WJ_>¢ : Vb — §<WJ_WJ_><P : VVE. (C 1)

Using (B10),1: Vb=V -band I: Vvg = V - vg, equation (C1) becomes

. OB . . . .
() = —% [& + (yyb+vE) - VB] —ouV-b—u(V-vg —b-Vvg-b). (C2)

Using V - B = 0 to write

BV-b=-b-VB, (C3)
we rewrite equation (C2) as
0B . .
<ﬂ>¢:_% <8t+VE'VB>—M(V'VE—b-VVE-b). (04)

To simplify equation (C4) further, we use that
E+vp xB=Eb. (C5)
Taking the curl of this equation, we obtain
VxE+V x (vg x B) =V x (Eb). (C6)
Using Faraday’s induction law V x E = —9B/dt, and
Vx(vgxB)=B -Vvg—(V:-vg)B—-vg- VB, (C7)

equation (C6) becomes

B R
B-VVE—(V~VE)B=%+VE~VB+VX(E”b). (08)
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Projecting this equation on b, and using that (9B/dt)-b = dB/dt and that VB-b = VB,
we finally get

.\ R 1 Ey~ R
b-VVE~b—V~VE=<6B+vE VB)—FB|b~V><b. (C9)
Using this expression, equation (C4) becomes
E
(i) = ““b v x b. (C10)

Since the parallel electric field is ordered as in (1.4), (f), ~ ps«ptves/L and the con-
tribution of (1), to equation (2.45) is as small as other terms that we have neglected.
Then, for equation (2.45), we can use

(f)e ~ 0. (C11)

Appendix D. Derivation of (£[fs1]), in the low flow regime
Equation (3.20) gives

(Clfusl)p = 1P - TS, + oI e o pre i (1)

where we have defined the coefficients

N N . N S O

£ B VX 2 de X T + v 2\ Op & Op o
ﬂ BQ /- @ 8“1 (D2)
op\ 2 i ) 8@ ’

1[ BQ v OF o (B dv i
T R T R A O (B /. 000 O
v = B -V ( 3 <I‘1 D U||1 9 >¢> + o ( 5 <ﬂ1 D U)|1 95 >

©
(
.DK __ l ) BQS aul 81‘1 i BQg ~ % - 817H,1
=73 v 2 Bgo gy O +8UH 2\ 0o i e /,
' (

We use ©; in (2.38), 9 in (3.11) and ji; in (3.12) to calculate tPX  oPX and fi
Il 1
Employing

<[WL(B xwi)+(bxw)w.]: Vb ;p{[wL(B xwi)+(bxwi)w.]: Vb}>

1<3(?p{[WL(bXWL) (BXWL)WL]:VI’)}2> =0,

we obtain
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BQ, <,1 ‘?)‘;> = —BQ, <f18‘“> = DB (b - Vb +uVB)  (DS8)
@ @

and

v [ s
BQS<;11;"1> =—Bﬂs<ﬁ|,1a‘“> - M b vE) VB (DY)
v/, v/, Zgse

Substituting these results into equations (D 2), (D3) and (D 4), we get

2
(UTIEN ~ ~ ~
iPK = Lpx (b.Vb)+ LbxvB+ 2

a o Ze[va b x (b-Vb)], (D 10)
v MgV N . .
o = —=bx (b-VB)|- VB+ —=V . [b x (b- Vb)], (D11)
vﬁu R . . u? PO N N
ﬂlDKz—Q—V-[bx(b-Vb)]—Q—[be—bx(b-Vb)]-VB. (D12)
Finally, using
Vxb=bb-Vxb+bx[(Vxb)xbl=bb-Vxb+bx(b-Vb) (D 13)
and
Vi bx(b-Vb)]=V-(Vxb—bb-Vxb)=-V-(bb-V xb)
—B-V(;E»fo))—;(B-V><B)(B~VB)B-V(B-VXB), (D 14)
we find
DK _ g s 6. vb) 4 A8 M EE T % b
il _stx(b Vb)+stva+ Zsebb V x b, (D 15)
@ff:—g'z‘“[ x (b-Vb) —bb-V x b]- VB giub V(b-Vxb), (DI6)
2
o _ "Mty oL SN (b -
= b-v{5b Vxb Qs(b V x b)(b- VB). (D 17)

Substituting these values into (D 1), we obtain (3.22).

Appendix E. The Banos parallel drift and the correction to the
magnetic moment

The Banios parallel drift
mst .

vB:Eb~V><b (El)
and the correction to the magnetic moment
V|- .
ﬁlz—(!'ub-be (E2)
S

originate from b-Vxb # 0. The quantity b-V xbis proportional to the current density
parallel to the magnetic field,

1 N N
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at the particle’s position

o

FIGURE 4. Sketch of the magnetic field direction at the position of the particle and at the
position of the guiding center.

where pg is the vacuum permeability. For non-zero parallel current, the circulation of B
over any curve around the magnetic field line will be non-zero, and in particular, this
implies that there is a small magnetic field component along the gyromotion that changes
the direction b by an amount

 hopdy
B

sb %B.VXB (E4)

S

(see figure 4). This magnetic field along the gyromotion means that the direction of the
magnetic field at the real position of the particle is different from the direction of the
magnetic field at the guiding center. This difference is important because the parallel and
perpendicular velocities should be defined with respect to the direction of the magnetic
field at the guiding center. According to figure 4, the component of the velocity parallel
to the magnetic field at the guiding center is

A~ A~ 2 A A~
T ~ w - [b at particle’s position — éb] = v + O (?_;J-b .V X b) (E5)

and the component of the velocity perpendicular to the magnetic field at the guiding
center is

_ _ . vjwL
wy ~|w—-7bl=w, -0 )

B-fo)). (E6)

S

From W, , we obtain 7 = w3 /2B. The exact definitions of v and i are

_ Mft s .

’U||=UH+’UB=UH+Z7;b-V><b (E7)
and

_ _ VK »

u:uﬂh:u—g b-V x b. (E8)

Equation (3.27) is more intuitive in the new coordinates 7 and 7. We transform (3.27)
to these new coordinates to demonstrate it. We use the chain rule and (1.6), (3.1) and
(3.3) to write

Ofde|  _ 0L Ty |, OE| e
at LT at o,k 3t v, 0 aUH r,m,t at | ,u alu vt
_ 8<fs><p 2 Uts
== +0 (P2 F)e)  (E)

U,
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_ /fs _ ([
v<f8>4P|UH,/,L,t = V<fS>SO|EH TR + V’UH|’UH NN <8’U|>(P + V/”’|”H:/»’fyt <8ﬁ>w
r, .t I‘,ﬁH,t
_ o O(fs)e - (fs)e
= V<f5><p|'uu Lt + V’UB|'UH st 6@” - + VMl'”H BTN 8ﬁ - 5 (E 10)
ofe| | Ol oE| UL,
W e il 01 Lge Ol OB lemys
I eme Ol O lemyu
and
M| | O, or| O,
8:” r,v”,t 8“ r,v”,t 65“ r,u,t a'u r,U“,t aﬁ r,U“,t
a<fs>tp Vts
- +O sx 7 \Js . E12
o) s (b (fide) . (B12)

Substituting these expressions into (3.27), we find the equation

for (fs)o(r, V), i, ). Here,
I"DKQEHB—FVE-FVK—FVVB, (E14)
ﬁfK:i)quLvHB-VUBZ <B+glf)><l<;)'<iiEMVB)- (E15)

To prove that the coefficient in front of 0(f), /0% vanishes to the relevant order, we have
used
DK - Zser : /!
(PE 4 uyb -V, + b-E—ub-VB) 2L =o. (E16)
ms 32)“



