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1. Introduction

In these notes, we study the effect on the plasma of close encounters between charged
particles (electrons and ions). These close encounters are the collisions between charge
particles that we have ignored in Collisionless Plasma Physics. We can naively estimate
how close the particles have to be to notice one another. The characteristic potential
energy of a system of two charged particles with charges of the order of the proton
charge e separated by a distance b is e? /4megb, where € is the vacuum permittivity. For
the particles to be affected by their mutual interaction, this potential energy must be
of the order of the typical kinetic energy of the particles, that is, of the order of the
temperature of the plasma T'. Thus, the distance b between two particles that have a

significant collision is

62

= T (1.1)

The naive estimation in (1.1) is incorrect in weakly coupled plasmas. To define weakly

coupled plasmas, we need to define the coupling parameter: the ratio of the characteristic

potential energy between two typical particles in the plasma and the characteristic kinetic

energy of the plasma. The typical distance between two particles is n~/3, where n is

the particle density (number of particles per unit volume). Then, the potential energy
between two typical particles is e2n'/3 /4meg, and the coupling parameter is

2,.1/3
= (1.2)
4megT
By definition, in weakly coupled plasmas, the coupling parameter is small,
'« 1. (1.3)

As a result, particles are rarely within a distance b of each other, that is, the probablity
of finding a particle within a sphere of radius b is very small,

4

gnb?’ ~T3 < 1. (1.4)

Importantly, the electric force on a given particle is dominated by particles that are
at a distance of the order of the Debye length,

EQT
=4/ —=. 1.
Ap V e2n (1.5)

In weakly coupled plasmas, the Debye length is much larger than the impact parameter
b. Indeed, the ratio between the two, also known as plasma parameter, is

Ap 1
b I3/2

A= > 1. (1.6)
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Thus, the electric force on a particle exerted by another particle at a Debye length is
much smaller than the force exerted by another particle at a distance b. Even though the
force due to each individual particle is small, the collective force due to all the particles
within a Debye length is comparable to (and as we will see, larger than) the force exerted
by the small number of particles that on rare occasions happen to be at a distance b.
Indeed, the number of particles within a Debye sphere is very large,

A 4

1
The total potential energy due to all these particles is
4 . €2 dr .1 €? e?

3D dreorn 3 PR Tregh ™ dmegh L (18)
Thus, the collective potential energy due to all the particles within the Debye sphere is
comparable to the potential energy of a particle that is sufficiently close (a distance b)
to modify the kinetic energy significantly. We will show that in fact, the force due to the
particles within the Debye sphere dominates over the close encounters. This is in contrast
to the collisions considered in the kinetic theory of neutral gases. Collisions in neutral
gases are dominated by close encounters, and the collective force of particles far from the
particle of interest is negligible.

Based on these considerations, we derive the collision operator for charged particles,
known as Fokker-Planck collision operator, starting from the Boltzmann operator for
binary collisions derived in the Kinetic Theory (Dellar 2015). As we have indicated above,
the collisional events are not composed of just two particles interacting with each other,
but we can still use a binary collision operator. We can consider the individual interaction
of the particle of interest with every other particle within a Debye length, and then using
the fact that these interactions are small and hence the effects are simply additive, we
can sum over all of them.

2. Boltzmann collision operator

Before we give the Boltzmann collision operator, we discuss binary collisions in detail.

2.1. Binary collisions

In a binary collision between particle 1 of species s and particle 2 of species s’, we need to
determine the final velocities of both particles, viy and vo, from their initial velocities,
vy; and vg; (see figure 1). For simplicity, we only consider particles that interact via
a potential V(r) that only depends on the relative distance r = |r; — ra| between the
position of the two particles. The potential V' (r) vanishes for r — co. The equations of
motion for particles 1 and 2 are

d21‘1 dVv rs —ro

Rt S v 7@ A .t 2.1
mn dt? ! dr |r; — o] (2.1)

d21‘2 dv rs — I

A gy W non 2.2
BT 2 dr |rg — 1] (2:2)

Assuming a potential that only depends on the separation between the particles sim-
plifies the problem considerably. There are three important simplifications:
(a) Conservation of momentum. Adding equations (2.1) and (2.2), we find that
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FIGURE 1. Schematic collision between particles 1 and 2.

the total momentum of both particles is conserved during the collision, that is,
d
E(msvl + mgyva) =0. (2.3)
This property indicates that the center of mass velocity
MmsVi + Mg Vo
v =—— = 2.4
oM — (2.4)

is constant. This is a convenient result because it means that we can write both velocities
v and vy as functions of a constant, voys, and the difference between the two velocities

g=Vy—Va. (2.5)
Indeed,
+
Vi =V —_—
1 cM merms/g’
M
= - 2.6
V2 =Vom ms+ms/g (2.6)

Thus, we just need to determine gy = viy — voy from the initial condition g; = vi; — va;.
To find an equation for g(t), we subtract equation (2.2) divided by ms from equation
(2.1) divided by ms. The result is an equation for the separation between the particles
r = r; — ro: the reduced particle equation

d2 1 dV
Er_ 1 avr @)
dt? fssr dr T
where
mgMmeg
oyt = ———— 2.8
jz e p— (2.8)

is the reduced mass. Once r(¢) is calculated using (2.7), we can find g = dr/d¢ by taking
a time derivative.

(b) Planar motion. The separation between particles r(¢) and the velocity difference
g(t) remain within a plane during the collision. By taking the cross product of (2.7) with
1ss'T, we find that the reduced particle’s angular momentum

L=jssrxg (2.9)

is a constant of the motion, dL/dt = 0. Since L is a constant and L-r = 0, the separation
r and the velocity difference g = dr/dt are in the plane perpendicular to L for all time
t. The effects of the collision are independent of the orientation of the plane L - r = 0
because equation (2.7) is the same independently of the plane in which it is projected.
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FIGURE 2. (a) 3D sketch of the relative position of the final velocity difference g with respect to
the initial velocity difference g;. The angles x and ¢ and the vector € are sketched. (b) Relative
position of the final velocity difference gy with respect to the initial velocity g; in the plane of
the collision. The projection (g; - €)¢ is sketched.

(¢) Elastic collisions. Since we have assumed that the force is derived from a poten-
tial, the collision is elastic, that is, the total kinetic energy is the same before and after the
collision. To show this, we can take the scalar product of (2.7) with pssg = pss (dr/dt)
and use (dV/dr)(r/|r|) = V.V to obtain that the reduced particle’s total energy
1
2
is a constant of the motion, dE/dt = 0. Since V(r) — 0 for r — oo, the magnitudes of
g; and g are the same, and only the direction is different.

The properties described above imply that we just need to determine the change of
direction of the velocity difference g due to a collision. Since the plane of the collision is
mostly irrelevant, the angle x between the initial velocity difference g; and final velocity
difference g is the important parameter. We use an orthonormal basis {X;,¥:,8i/¢:}
aligned with the initial velocity difference g; (see figure 2). Note that %x; and y; are only
determined up to a rotation since we only know that they must be in the plane perpen-
dicular to g;. In the basis {X;,¥;,8:/gi}, the final velocity difference gy is determined by
two angles, x and ¢,

E = —pseg®+V(r) (2.10)

gr = 8i = gisinx(cos pX; + sinpy;) + cos x g;. (2.11)

The angle ¢ determines the plane in which the collision takes place and x gives the
deflection within that plane. Note that we have defined the operator () that relates
quantities before and after the collision. o

Instead of the two angles x and ¢, we can determine the direction of g using the unit
vector € (see figure 2),

X\ 8

. Bfr—8 (X) N . N . ( )
c=—=—>-=cos|Z)(cospX; +sinpy;) —sin (< . 2.12
lgs — &il 2 ( 27 g (2.12)
With this unit vector we can define the operator @ as
gr =g = (I—-2¢ee)- g, (2.13)

The advantage of using the vector € is that it shows that the operator @ is its own
inverse, and hence it gives the conditions before the collision if we know the conditions
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FIGURE 3. Sketch of the volume that a particle of species s’ and velocity within the infinites-
imal volume d3wvy; around vg; must occupy during the time interval At to pass at a distance
€ [p, p+ dp] and at an angle € [¢,  + dy] of a particle of species s with velocity vi;. The time
At is assumed to be sufficiently long that g; At > p. As a result, we can ignore particles that are
a distance ~ p ahead of the particle of species s with velocity vi; even though they interacting
with the particle of species s with velocity vi;.

after,
g =g;=(I—2¢e¢)-gy. (2.14)

Indeed,
gi=(I-2¢¢)- (I-2¢¢)-g = [I—4cc+4(c-¢)ee] - gi = g (2.15)
Once ¢ or the angles x and ¢ are given, we can obtain the final g, and using (2.6),
determine v; ¢ and vay,

2mg (e )
Vif=Vy =V — ——¢(é-g;),
1f 13 14 My + My gi
2ms ..
v = v g, 2.16
Vof = Vo = Va; + e— ¢(c-gi) ( )
The relation (2.16) is its own inverse,
2mgr &(é )
Vi; =V =V _—_ .
13 1f 1f e + Ty gr)
2ms ..
;= = _ . . 2.17
Vo; = Vap = Vo + mermS/C(C gf) (2.17)

We have again used the operator @ that gives the final (initial) velocities for a collision
whose vector ¢ and initial (final) velocities are known.

2.2. Boltzmann collision operator

The collision operator Cy4 gives the rate of change in time of the distribution function
of species s, fs(r,v,t), as a result of collisions with species s’. The kinetic equation for
the distribution function fs(r,v,t) in a collisional plasma is

dfs Zse

ot vV Mg

(E+vxB) Vyfe=> Ciuv. (2.18)

The Boltzmann operator for binary collisions between species s and s’ was derived
using the BBGKY approach in (Dellar 2015). Here we use a heuristic derivation. The
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FIGURE 4. Impact parameter and its relation to the angle x. Two impact parameters, p1 (black)
and p2 (blue), are given with their respective trajectories and angles, x1 and x2. This figure
assumes a repelling force that increases when the particles gets closer.

.
>
g

collision operator is composed of two terms,
Css (r,v,t) d®v d®r = (collisions/time with v;; within volume d*v around v)
—(collisions/time with vy; within volume d®v around v). (2.19)

To estimate the number of collisions per unit time, we use the construction in figure 3.
The impact parameter p is the distance of closest approach between the two particles if
we assume that they do not interact. The impact parameter determines the angle x that
characterizes the collision (see figure 4). The number of collisions

e characterized by the angles € [¢, v + d¢] and € [x, x + dx]

e of a particle of species s with velocity vi;

e in the time interval At

o with particles of species s’ with velocity within the infinitesimal volume d3vy; around
V2;
corresponds to the number

o of particles of species s’ with velocity within the infinitesimal volume d3vs; around
Vi

e that pass at a distance € [p(x) — dp, p(x)] (with dp = |9p/dx|dx) and an angle
€ [p, ¢ + d] of a particle of species s with velocity vy;

e in the time interval At.
The number of particles of species s’ that satisfy these conditions is

(density of particles of species s within the volume d3vsy; around Vi)

x (volume sketched in figure 3) = (fo (r, va;, t) d®vo;)(g; At pdp dy). (2.20)
Dividing by At, multiplying by the number of particles of species s with velocity within
the infinitesimal volume d3vy; around vy;, fs(r,vy;,t) d3vy; d3r, and integrating over all
possible initial velocities of particles of species s’, and over all possible impact parameters

p and angles , we obtain the number of collisions per unit time of particles of species s
with initial velocity within an infinitesimal volume d3v;; around va;,

collisions/time with initial velocity within an infinitesimal volume d3vq; around vy

[e’e) 27
= d3rd3v1i/d3vgi/ dp/ de fs(r, vii,t) for(r, Vai, t)gip.
0 0
(2.21)

Before continuing, it is convenient to define the differential cross section oy (g;, X)-
The differential cross section can be calculated if we know the relation between the



Fokker-Planck collision operator 7

impact parameter p and the angle x, p(x) (see figure 4),

p |9p
;) = — . 2.22
Tss sin ’8)( ( )

For collisions satisfying equations (2.1)-(2.2), the differential cross section can only de-
pend on the magnitude of the initial velocity difference, g;, and the angle x due to the
symmetry of the equations (see (2.7)). With the definition (2.22), equation (2.21) becomes

collisions/time with initial velocity within an infinitesimal volume 3oy, of vy
T 27
= d3r d3uy; / d?’vgi/ dx/ do fo(r,vis,t) for (v, Ve, 1) gioss (9i, X) siny. (2.23)
0 0

Using (2.23), we can obtain the two terms in (2.19). Since the operator @ gives the
initial conditions for some given final conditions, we use it in (2.23) to rewrite the first
term in (2.19) as

collisions/time with v;; within volume d®v of v

T 2m
=d%r dsﬂ/ d3£/ / dX/ do fs(r, v, t) fo (r, v, £)g90ss (9, X) sin X,
0 0
(2.24)

where vo; = v/, and g = g; = g. Using (2.23), the second term in (2.19) simply becomes

collisions/time with vy; within volume d3v of v

T 27
:dgrd%/dgv'/ dx/ do fs(r,v,t) fs (r, v, t)goss (g, x) sin x.
0 0
(2.25)

With these results, equation (2.19) can be rewritten as
™ 27
Cos(r,v,t)dBvd3r = d®r d3y/d3y’/ dx/ dep fs(r, v, t) for (v, v/, t)goss (g, x) sin x
0 0

T 2w
—d3r d®v / d3v'/ dx/ dop fs(r,v,t) fo (v, v/ t)goss (g, ) sin x.
0 0
(2.26)
We can simplify further using the fact that the operator @ is its own inverse. The deter-

minant of the Jacobian of the operator @ is then +1, gi\jing d3vd3v’ = d3vd3v’. Using
this result, equation (2.26) finally becomes

T 27
Css'[fs, for](x, v, 1) =/d3v’/0 dx/o de goss (g, x) Sinx[fs(ryz,t)fsf(n!’?t)

—fo (e, v ) for (1, VY, t)} .
(2.27)

To deduce the Fokker-Planck collision operator, we will not use (2.27). Instead, it
is convenient to use moments of the collision operator. For any function X (r,v,t), we



8 Feliz 1. Parra

calculate the corresponding moment

/X(I‘,V,t) Css/[fSafs'](raV7t) dgv =
27 T
dBo X A3 d dy goss (g, ) sin x fs(v) for (v
/ v (V)/ v/o w/o X 9055 (g5 X) sin x fs(v) fr (v')
27 T
— d3 X d3 ! d d Oss'\9, i s s’ ! ) .
Jaoxe [av [ ap [ axom s @) v) (2.28)

where we have omitted the dependence on r and ¢ in the right side for brevity. Using the
fact that the operator @ is its own inverse (and hence d*v d*v’ = dvd®v’), and the fact
that g = g, the first integral in (2.28) can be written as

/d%X(v)/d%’ /O% dap/oﬂ dx goss (9, x) sin x fs(v) for (¥) =
[avxw [ew [Tap [(axgragosn i), @)

Using (2.29), and changing the dummy integration variables v and v’ to v and v/,
equation (2.28) becomes

/X(I‘,V,t) Css’[fsafs’](rvvvt) dBU =

Jevnw [a ro [ T / "y gose (g ) sinx [X(v) - X(v)].  (2:30)

3. Coulomb collisions

We need to calculate the differential cross section for Coulomb interactions. To do so,
we first calculate the relation between the impact parameter p and the angle x. The
equations of motion are (2.1)-(2.2) with the potential

ZZge?
V(r) = ‘

. 3.1
4megr (3.1)

As we have already explained, the motion throughout the collision is described by
equation (2.7) for the reduced particle. To solve this equation, we recall that the motion
remains within the same plane, and we use the polar coordinates r and 6 in figure 4. We
also use that the reduced particle angular momentum is conserved,

dé
L] = pssrr® 3 = [L(t = =00)| = prasrpg, (3-2)

and that the reduced particle total energy is constant,
1 ar\? 1 40\?  Z.Zye? 1
E = = r\ = - g/2 - 57 =FE(t — E*Q/Z. .
() = Zhss <dt> gt (dt) T ey~ B ) = gpergn (33)
Solving for d8/d¢ from (3.2) and for dr/dt from (3.3), we find an equation for r(6),

de — de/at "~ p r o2

2 2 , 2
dr  dr/dt NN bss P (3.4)

where
/.2
ZsZe

by = ————.
* 47T60Mss’g2
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Due to the symmetry of the problem (see figure 4), the solution from 6§ = 7/2 — x/2 to
6 = m — x is the reflection of the solution from 6 = 0 to § = 7/2 — x/2. The sign of dr/dé
determines whether the equation is for the portion of the orbit in which r decreases as 6
increases (in figure 4, from r = 0o at # = 0 to © = ryin at = 7/2 — x/2) or it is for the
section in which r increases as 6 increases (in figure 4, from r = ryi, at 0 = 7/2 — /2
tor =00 at § =7 — x). We integrate (3.4) from § =0 to 0 = w/2 — x/2,

Tmin m/2—x/2
—/ pdr - / ) (3.6)
o 121 —2bge [T — p2/r? 0

T=7"min
arcsin It bs/p =X (3.7)
VI+0/p? )

The minimum r is given by setting dr/df in (3.4) equal to zero,
P

This integral gives

DO [

=00

Tmin — . (38)
\/ 1 +bgs’/p2 — bss’/p
Using this result in (3.7), we find
m : bss'/p T X
——arcsin | —m——=—— | =<-— %, 3.9
2 <\/1+b55,/p2> 2 2 (39)
and it can be rewritten as
bss'
S L E— 3.10
P = tan(x/2) (3.10)

Using (3.10) in (2.22), we obtain the differential cross section for Coulomb collisions,
also known as Rutherford cross section,

b2,
—2 3.11
4sin?(x/2) (3:11)

Ogg! =

4. Fokker-Planck collision operator

We have argued in the introduction that the interaction of a given charged particle
with other charged particles is dominated by small collisions with all the particles within
the Debye sphere around the particle of interest. For a weakly coupled plasma, particles
in the Debye sphere are mostly at a distance p ~ Ap > bss. As a result, equation (3.10)
implies that

bss’ 2bss’ 1
XzQarctan( ) ~— ~ -1 (4.1)
p p A
Then, we can assume y < 1 and use the approximation
462,
Ogsr = —5 (4.2)
X

for the Rutherford cross section.

The fact that x is small can be used to simplify the operator @ in (2.16). For example,
the final velocity of a particle of species s that started with velocity v after a collision
with a particle of species s’ with velocity v/ becomes

v=v+Av+0O(xv), (4.3)
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where
2

X9 (cospX; +sinegy;) — X—g . (4.4)

mgs
Mg + Mg 2

Av =

We have kept corrections of order x? because we will need them due to several cancella-
tions.

Using equation (4.3) for particles of species s and a similar expression for particles of
species s’, we can expand the Boltzmann operator in (2.27). Performing the expansion
directly is tedious, but there is a shortcut that simplifies the calculation. We will use the
expression for the moments of the Boltzman collision operator given in (2.30). We are

going to look for an approximate operator C’ff,’ that satisfies

/ X (r,v,1) CFR[fu, ful(r, v, 1) dPo ~ / X(r,v,8) Cow [for fol(m,v, ) d%  (45)
for any functions X(r,v,t), fs(r,v,t) and fs(r,v,t). This operator must then satisfy

Cgsl’D[fsafs’} gcss’[f&fs’} (46)
Using (4.3), we obtain

1
X(v) - X(v)=Av-V,X + 5AvAv VoV X + 003 X). (4.7)
Using this approximation in (2.30), we find

/X(r, v, t) Csor [ fs, fo](r, v, 1) B =

/d3v fs(V)/dg'v/ fa () /O% de

n %AvAv Vo VX + O(X4X)> + /
X

Xsmall
/ ngUss/ (ga X) <XAV . V’UX
0

K

dx goss (g, x) sin x (X (v) - X (V)) ] :

small

Ngbis’ X
(4.8)

Note that we have split the integral over y into two intervals: the interval [0, Xsman], with
Xsmall < 1, in which the approximation x < 1 is valid, and the interval [xsman, 7] that
accounts for the collisions with large deflection angles.

Using (4.2) and (4.4), we take the integrals over the angles ¢ and x in the region
[0, Xsmau], ﬁnding

27 Xsmall drm /gb% , Xsmall dX
/ dsa/ dx goss (g, X) XAV = —#g/ — (4.9)
0 0 ms +mg — Jo X

and

2T Xsmall X
/ de / dx goss (9, x) gﬁvAv
0 0

27Tm§/ g3b53/ Xsmall 1
= —5= S (X + V¥ —+0(1) ) dy. 4.10

(M + ma)? (i +y¢y¢)/o x M) dx (4.10)
Both of these integrals diverge due to the lower limit xy = 0. The Coulomb interaction
is long range, and it may seem that as a result, every charged particle interacts with all
the other charged particles in the system. Fortunately, there is a scale, the Debye length,
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Ap, beyond which the Coulomb potential is shielded. To obtain the Boltzmann collision
operator, we had to assume that we can consider the interaction between charged parti-
cles as many uncorrelated binary collisions. Particles beyond the Debye length respond
to the motion of the charged particle of interest in a correlated manner. We can only
use the Boltzmann collision operator for p < Ap. Then, according to equation (4.1), the
Botzmann operator can only be used for collisions that satisfy x 2 Xmin = 2bss'/AD-
For x of order xmin = 2bss'/Ap or smaller, we need to take into account the correlations
between particles. It can be done rigorously using the BBGKY formalism, and the result
is the Balescu-Lenard collision operator (Balescu 1960; Lenard 1960; Hazeltine & Wael-
broeck 2004). The Boltzmann collision operator and the Balescu-Lenard operator can be
combined into a single collision operator (Frieman & Book 1963) that is rarely used.
Using the fact that the Botzmann operator can only be used for collisions that satisfy
X 2 Xmin = 2bss/Ap, the integral [;“"*" x~!dx that appears in (4.9) and (4.10) should

be

Xsmall d .

/ WX (Xma“> —InAgy > 1, (4.11)
Xmin X Xmin

where we have assumed ysman to be larger than ymin = 2bss/Ap. The function In Agy
is the Coulomb logarithm. We have used the notation In Azs even though, as we will see
shortly, the quantity Xsmai/Xmin Will not be the plasma parameter A defined in (1.6).
For In Agy > 1, the collision operator for charged particles is greatly simplified. Using
(4.11) in (4.9) and (4.10), we obtain

2 Xamall drmg gh?., In Ay
/ de / dx goss (9, X) XAV = — = g (4.12)
0 mg + rs

min

and

2m Xsmall X
/ de / dx goss (9, X) g AvAv
0

27Tm§/93b351 ln ASS/ N A A
o~ (s + M )? (XiX; +¥i¥i)- (4.13)
s s

The term due to X € [Xsman, 7] in (4.8) can be neglected as small in 1/InAsy < 1
compared to the terms in (4.12) and (4.13). The contribution from collisions with x <
Xmin = 2bss/Ap, included in the Balescu-Lenard collision operator, turns out to be small
in 1/InAgy < 1 as well. Thus, as long as 1/InAse > 1, we can neglect the collisions
that do not satisfy Xmin S X < Xsmall-

With the results in (4.12) and (4.13), and using X;%; + y:9: = I — gg/g?, equation
(4.8) becomes

/X(r,v,t) Css[fss fs](x, v, 1) B

N%S//d?’vfs(v)/d?’v/fs/(v’)[—Q<1—|— ! >;oVUX

i ms Mg
1 ¢°T—
+—9_88.9,v,x|, (4.14)
ms g
where
21 Z27%e* In Ay
Yoo = e A as (4.15)

(47ep)?
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To write the right side of (4.14) as [ X(r,v,t) CEV[fs, fs/](r,v,t) d®v, we integrate by
parts in velocity space to find

/fs VX = — /Xv <f9( )gg) ER (4.16)

/fg 988 . g v, Xd v*/XVU' v, <fs(v) ﬂggﬂ B (4.17)

g3
With these 1results7 equation (4.14) becomes (4.5) with

27 _
CE¥lfs fo) = 22 {/f )| Lv, . (glggggfs(v)>

This is the Fokker-Planck collision operator.

5. The Coulomb logarithm

The Fokker-Planck collision operator is based on the expansion in 1/In A;e < 1. To
find In Ay, we need equations for Xmin and Xgman. Fortunately, both Xmin and Xsman
appear inside logarithm. As long as In A;y > 1, we do not need to worry about factors
of order unity in Xmin and Xsmall-

(a) For Xmin = 2bss//Ap, we need to evaluate both bser and Ap. Conventionally (Huba
2013), the Debye length is defined to be

—1/2

Z2%,e*ngn
A = Zst S 5.1
D . ; N EOTSN ) ( )
A Lgrr/mgn g

where the summation is done only over species whose thermal vy = /Tsr /mgn is faster
or of the order of the typical velocity difference g ~ \/TS /ms + Ts /mg . The idea is that
species with thermal speeds much slower than g cannot respond in the time scale of the
collision and will not be able to shield the electric field. Note that the formula in (5.1)
is defined such that having more species reduces the Debye length due to additional
shielding.

The impact parameter bss depends on the relative velocity g. Since bss appears within
the logarithm, we can replace g by an approximate average value,

3T, 3Ty
_|_

ms My

g~ (9) = (5.2)

The approximate average value of by calculated using (g) is usually employed (Huba
2013),

ZZge*(ms +mgr)

bssr = (bggr) = . 5.3
< > 1271—60 (msTs’ + ms’Te) ( )
(b) If the plasma is sufficiently hot, the characteristic quantum wavelength,
h
legr = (5.4)

2”58/97
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with i = h/27 and h Planck’s constant, becomes large and one needs to include quantum
effects. In the classical limit, the smallest scattering angle is Xmin = 2bss//Ap. When
quantum effects are included, the particle is a wave that diffracts due to perturbations

to the charge density of characteristic length A\p. The diffraction angle in this case is of

the order of £55 /Ap. When this angle is larger than 2b,. /Ap, quantum effects dominate
small scattering angles. Thus, we take Xy to be

Xmin = Max (

2bss’ 2£ss’ )

Ap " Ap

(5.5)

The angle xmin depends on g, but it appears inside the logarithm. Thus, we can use the
approximation in (5.2) to find

where

Xmin ~ <Xmin> = max (

<555/>

Ap

2bssr) 2(lssr)

o)

A(ms +my)

B 2\/3msms’ (ms,Ts’ + ms’Ts) .

(5.6)

(5.7)

(¢) The limit Xgman was imposed in (4.8) so that the x < 1 approximations were valid.
It is then natural to choose a number of order unity for xsman- Conventionally, xsman = 2.
Thus, conventionally (Huba 2013), we define the Coulomb logarithm to be

In Ay = min <ln (

where Ap, (bss) and (ls4) are defined in (5.1), (5.3) and (5.7), respectively. As an

)‘D) In
<bSS’> '

()

(5.8)

example, we can calculate In A4, for electron-electron, electron-ion and ion-ion collisions.
For electron-electron collisions, since m; > m,, only the electrons are sufficiently fast to
satisfy the condition v, ~ g > vy, giving Ap = y/€oT./e*n.. The impact parameter is
(bee) = €2/127egT,, and the characteristic quantum wavelength is ((e.) = h//6m.T,.

Then,

A { 18 — (1/2) In(n[102°m™3]) + (3/2) In(T[1 keV])
7 16 — (1/2) In(ne[10*m3)) + In(T.[1 keV])

for T, < 20 eV
for T, 2 20 eV

(5.9)

For electron-ion collisions, the electrons are the only species that has a thermal speed
Vie ~ g > Uy, giving Ap = \/€oTe/e?n.. Neglecting m, < m;, we find that the impact
parameter is (b.;) = Ze?/12megT,, and the characteristic quantum wavelength is ({¢;) =

h/2v/3m.T.. Then,

lnAa::{ 18 — (1/2) In(n[10*°m~=3]) — In Z + (3/2) In(T.[1 keV])

16 — (1/2) In(n.[102m~3]) + In(T,[1 keV))

for T, < 4022% eV
for T, > 40Z?% eV

(5.10)

Finally, for ion-ion collisions, both electron and ions satisfy v;s = g, giving the Debye

length A\p = (e2n./eoTe + >

lnAW =
18 —In {

20—1n[

i

AT, +A,T; Ne Ziz//ni//
Z;Z1 (Ai+A;r) T. + Zi”

T,

A; +A,L/

Ty

(% +u

)"

2
Zi,,ni//
Ti//

Z2,€*nn [egTyn)~1/2. Then,

for

)1/2] for

IS

IS

’

A,

.

T,
A,

N

< 702272 keV

> 707273 keV
(5.11)

b
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where the densities n, must be given in 102 m~3, the temperatures Ty in keV, and
As = mg/my, is the mass of species s divided by the mass of the proton.

6. Landau form of the Fokker-Planck collision operator

The Fokker-Planck collision operator can be written in a form that makes the symmetry
between species s and s’ explicit: the Landau form. This form is very convenient to show
that the Fokker-Planck collision operator conserves particles, momentum and energy and
that it has an H-theorem.

To obtain the Landau form, we first need to prove two useful relationships,

2
g°1—gg
VyVeg = —5— (6.1)
g
and
2g

We proceed to prove them. In an orthonormal basis {X,¥,2}, g = g.X + ¢, ¥ + 9.2 and
the gradient V is defined to be

. of _of ., of
Vof =%——+y=—+2—. 6.3
g agm 8gy 8gz ( )
Then, for g = [g| = /g2 + g2 + g2, we obtain
Vyg= S0y 192 _€ (6.4)
Voito+ez I
Taking a second gradient of this expression, we find
g) _ V8 1 I (Vy9)g I gg
VyVeg=V <): +V <>g:— == -2 6.5
e ‘\y g ‘\yg g ¢ g ¢ (65)
This expression proves (6.1). Taking the trace of (6.1), we obtain
2
g1—gg 3 gg_ 2
V2g = Trace(V,V,g) = Trace () =-_22_Z 6.6
p (V4Vyg9) 7 i # g (6.6)
Taking a gradient of this expression, we find
2 2V 9 2g
2 _ 99 _
V,Vig =V, (g) =g T (6.7)
This expression proves (6.2).
From equation (6.2), we deduce the useful relationships
2g
Vo (VgVgeg) ==V - (VgV4g) = 5 (6.8)
We proceed to prove them. Using Einstein’s repeated index notation and the chain rule,
we obtain
0 0%g > dg, g
Vo (VoVeg)i=— | — | =L —2 6.9
and
0 0%g dgr  03g
Vo - (V4Ve9)i = =— = — 6.10
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Since g = v — v/, we find that dgx/0v; = vy /Ov; = §;; and dgx/Ov; = —vy /OV}; =
—0;k, where §;; is Kronecker’s delta. Using these expressions in equations (6.9) and
(6.10), we obtain

0%g
and
»g 2

These expressions and (6.2) give (6.8).
Using (6.1) and (6.8), we can rewrite (4.18) as

Css [vafs/] = o Vo {/fs/ (V/)

ms

1 1
Evu : (ngggfs(V)) - Evv : (nggg)fs(V)

+
mgr

v, (Vngg)fs(V)] d}
(6.13)
Here we can simplify
Vi (VgVegfs(v) = Vo - (VgVeg) fs(v) = VgVgg - Vo fs(v). (6.14)
We can also integrate by parts to find
/fs/(v’)Vv/ (V,Vy9) 3 = — / VgVeg - Vi fo(v)d'. (6.15)

Using (6.14) and (6.15) in (6.13), we obtain the Landau form of the Fokker-Planck
collision operator

Coslfirfo) = 22 vv-{ [ 9.5 lf S\ )vvfs(v>—f;fv)vv/f«<v’>] d%’}. (6.16)

s s s’

7. Conservation properties of the Fokker-Planck collision operator

The Fokker-Planck collision operator conserves particles, momentum and energy. We
proceed to show these properties using the Landau form in (6.16).

7.1. Conservation of particles

The Landau collision operator satisfies

/Cssf[fs, fo](r,v,t)d3v = 0. (7.1)

This property is a consequence of the fact that the collision operator in (6.16) is a diver-
gence and the fact that the distribution functions f; and fs vanish for large velocities.

7.2. Conservation of momentum

The friction force on species s due to collision with s’ is given by

F.o = /msv Cssr [fsa fs’}(ra v, t) d*o. (72)
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The Fokker-Planck collision operator conserves momentum, that is, the force of species
s’ on species s is equal and opposite to the force exerted by species s on s/,

F.,o +Fys=0. (73)
For collisions between particle of the same species s, this property implies that
F,, =0, (7.4)

that is, there is no net collisional force of species s on itself.
We proceed to prove (7.3). We use the Landau form in (7.2) that can be written as

Vss’

ss'|Jsy Js'| = v 'I‘ss’a .
Curlfer ] = 729 (7.5)
where
Lo = /V A\ [ o (v )V ofs(V) — fs(v) Vo fsr (v’)} d3v’. (7.6)
Substituting (7.5) into (7.2) and integrating by parts, we obtain
Fss’ = Vss’ /V(V’U . Fss’) dB’U = —Vss’ /F s vvv dgv = —Vss’ /Fss’ dgv
_ _%8//d%/d%’vgv9g fén(L )9, fuv) - fs( LOG . @
Exchanging s and s’ and recalling that sy = 745, we find
F 's = _785’/(137)/(13’0/ nggg f;(L )v fs ( ) fSl(V) Vv’fs(vl) . (78)

In this equation, the integration variables v and v’ are dummy variables. We can exchange
their names, finding

Fos = 753//d3 /d%’V Vg9

Summing (7.7) and (7.9), we obtain the momentum conservation equation in (7.3).

fS( ) fs (V')

S

==V fo (V)= =——V,fs(v)|.  (7.9)

7.3. Conservation of energy

The energy gained or lost per unit time by species s due to collision with s’ is

1
Wesr = /§msv2 Cssr[fs, fs](x, v, 1) d3v (7.10)
The Fokker-Planck collision operator conserves energy,
Weer + Weg = 0. (711)
For collisions between particle of the same species s, this property implies that
W,s =0, (7.12)

that is, there is no net collisional energy gain or loss due to collision of species s with
itself.
We proceed to prove (7.11). Substituting (7.5) into (7.10) and integrating by parts, we
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obtain

Wy = %/zﬁ(vv Toy)dPv = —%/r Vet o = =7, /v T,y dv

s/

= —Yssr /d3 /d%’v VY9 [fs v )v wfs(V) — f;fv)vﬂ/fsl(v’)]. (7.13)
Exchanging s and s’ and the dummy integration variables v and v’, we find

Wers = —7ssr /d?’ /d3v'v V4V fs( ) fs(¥)

Summing (7.13) and (7.14), we obtain

=V for (V') =

vas(V)] - (714)

!
Wss’ +Ws’s = —Vss’ /dg'[}/d3’l}/g : vgvgg fsn(lv )vas( ) fS( )v fs ( )] .
(7.15)
From equation (6.1), we obtain
2
I— .
gV, Vyg-g- I 88 _8_ 88, g (7.16)

g° g g

proving the energy conservation equation in (7.11).

8. H-theorem for the Fokker-Planck collision operator

The Fokker-Planck collision operator satisfies its own H-theorem, that is, it always
produces entropy. The species s entropy production due to collisions with species s is

Goy = — / I £, (5, v, £) Cosr [ fos £ (1, v, £) dP. (8.1)
The H-theorem for the Fokker-Planck collision operator states that
0.'55/ + d's’s = 07 (82)

and 044 + 044 is equal to zero only when both fs and fy are Maxwellians with the same
average velocity u and temperature T,

For, v, ) = ny(r, 1) (ms>3/2 exp (—"”“W> ,

2nT(r, t) 27(x,)
3/2 2
B Mg mg|v —u(r,t)]
fsl (I‘,V,t) = Ng (r,t) (M(r’t)) exp (W) . (83)

Note that densities ny, and ng can be different, and that densities, average flow and
temperature can be general functions of position r and time ¢. For collisions between
particles of the same species s, the H-theorem simplifies to

G5 =0, (8.4)

and &4 is equal to zero only when f is a Maxwellian,

Js(r,v,t) = ny(r,t) (ms))?’/2 exp (— mﬂ;i;ﬁg’ t)|2) : (8.5)
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In this case, the temperature Ty and the average velocity ugs do not have to be equal to
the temperature or average velocity of any of the other species.

We first prove (8.2), and we then show that ¢¢ + 6ss = 0 only for Maxwellian
distribution functions. Substituting (7.5) into (8.1) and integrating by parts, we obtain

Osst = _M/lnfs(vv 'I‘ss’)d?)U: E/Fss’ 'vvlnfsd3U

Mg ms
!/
= jnﬁ/d%/d?’v’ Voln fs(v) - VyVyg folv )vas(v) — %vv’fs’ (V')]~
(8.6)
Exchanging s and s’ and the dummy integration variables v and v’, we find
!
é's’s = %/d%/d?’v/ Vv/ In fs/(V/) . nggg . fS(V) Vv/fs/(v’) - fi]i‘,)vvfs(v)] .
(8.7)
Summing (8.6) and (8.7), we obtain
dss’ + é's’s = Vss’ /dgv/dgv/ fs(v)fs’(vl) a(v, V/) ' nggg ' a(v, V/)v (88)
where
1 1
a(v,v')= —V,In fs(v) — Vo In fo (V). (8.9)
ms s’
From equation (6.1), we obtain
1 a-g 2

proving that the entropy production in (8.8) is always positive.

We proceed to consider the case in which the entropy production in (8.8) vanishes.
Given that the Fokker-Planck collision operator in (6.16) contains second derivatives with
respect to velocity of the distribution functions fs and f, we assume that the distribution
functions are continuous and that their derivatives with respect to the velocities are also
continuous. According to (8.10), d4s + s = 0 only if a = (a - g/g?)g for all v and
v’ (recall that the derivatives with respect to velocity of fs and fs are continuous, and
hence a(v,v’) is continuous). Then, for dss + ds5 = 0, the vector a, defined in (8.9)
must be parallel to g, giving

1

mgr

miv,, In fs(v) — Vo lnfo(v') = K(v,v')g, (8.11)
where the function K (v,v’) is unknown. Note that, to ensure continuity of the right side
of equation (8.11) for v/ — v, the function K(v,v’) must satisfy |K(v,v’)| < D/g for
any constant D when v/ — v. Indeed, if |[K(v,v’)| > D/g for a particular value of D,
the right side of equation (8.11) would diverge for v/ — v or it would be discontinuous
at v/ = v because it would depend on the direction of g/g. Thus, for v/ = v, we obtain
that

misvﬂ In fo(v) = 1 Voln fo(v). (8.12)

s/

Using this result in (8.11), we find
Voln fs(v) = Vy ln fo(v') = msK(v,V')g. (8.13)
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Taking v/ = 0 in (8.13), we find
Vyln fs(v) = msK(v,0)v + V, In f,(0). (8.14)
Substituting equation (8.14) into (8.13), we obtain
K(v,0)v— K, 0)v = K(v,v)(v—-v). (8.15)

When v and v’ are linearly independent, this equation implies that K(v,0) = K(v,v’)
and that K(v',0) = K(v,Vv’), leading to K(v,0) = K(v’,0). Thus, K(v,0) and hence
K (v,v') are constants. This argument only breaks when v and v’ are colinear, but due
to continuity, K (v, v’) must be a constant in this case as well. The constant K must be
negative because V, In f, in (8.14) must be negative for large v to ensure that distribution
functions vanish at |v| — co. We name the constant —1/T,

1 /
—7 = E(v,0) = K(v,v). (8.16)

Using this result and naming the value of V, In fs at v=20

msu

== =V, In £(0), (8.17)
equation (8.14) becomes
Vo ln fo(v) = _w. (8.18)
Using (8.12), we then obtain
Vo ln fu(v) = *W (8.19)

Integrating equations (8.18) and (8.19) in velocity space gives (8.3).

9. Solutions to the Fokker-Planck collision operator

The H-theorem of the Fokker-Planck collision operator implies that the only solutions
to the system of equations

Css/[fsafs’] :07 (91)
CS’S[fs/vfs] =0, (9'2)

are the Maxwellians in (8.3). To prove this, multiply equation (9.1) by —1In f; and in-
tegrate over velocity space, and multiply equation (9.2) by —In f and integrate over
velocity space. These equations give 755+ = 0 = g4 5. Then, according to the H-theorem,
fs and fs must be the Maxwellians in (8.3). Similarly, we can show that the only solution
to

Css[fsa fs] =0 (93)

is the Maxwellian in (8.5).
The H-theorem is even more powerful. It implies that the steady-state solution of a
closed system can only be Maxwellians with the same temperature and velocity for all

species. The kinetic equation is
dfs Zse

ot vV Mg

(E+VXB)'V'L)fs:ZCSS’[fSafS/]' (9'4)
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Multiplying this equation by —In f,, we obtain
0 Zge

a"‘V-V‘i‘ ™y

(E+v xB)- vv] (—fslnfs+ fs) = — Zln fs Cssr[fs, fsr]. - (9.5)

Using phase space volume conservation, V- v +V,, - [(Zse/ms)(E + v x B)] = 0, we can
rewrite the equation as

%(_fs lnfs +fs) +V. [V(_fslnfs +f5)] + V- [ig

e

(E4+v xB)(—fsInfs + fs)]

= — Zlnfs Css’[fsafs']‘
’ (9.6)

S

Integrating over velocity space and the volume V' of the plasma, we find

closed system

0 .
a/vdgr/d%(—fslnfs—l—fs)—l—/avd25 d3v —fslnfs—kfs):%:/vdgrassz,
(9.7)

where JV is the boundary surface of the volume V', and n is the normal to that surface.
Summing over species, we finally obtain

Z;/VdST/dSU(—fslnfs+fs) _Z/Vd%c‘rss/. (9.8)

Thus, in steady state,

Z/ dr gy = 0. (9.9)
8,8’ 4
Since 045 + 045 = 0, the sum of all these entropy productions can only vanish if each
one is independently zero. This implies that the only allowed solution are Maxwellians
with the same temperature and average velocity.

In most cases, the system is not closed, and it is driven by sources and sinks that
prevent the distribution functions from becoming exact Maxwellians.
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