Quantum Mechanics MT 2019: Problem Sheet 2

Time dependence and the Schrédinger equation

2.1 Write down the time-independent (TISE) and the time-dependent (TDSE) Schrédinger equations. Is it neces-
sary for the wavefunction of a system to satisfy the TDSE? Under what circumstances does the wavefunction
of a system satisfy the TISE?

2.2 Why is the TDSE first-order in time, rather than second-order like Newton’s equations of motion?

2.3 A particle is confined in a potential well such that its allowed energies are E,, = n?£, where n = 1,2,... is an
integer and & a positive constant. The corresponding energy eigenstates are |1), [2), ..., |n),... At t = 0 the
particle is in the state

[1(0)) = 0.2]1) + 0.3]2) + 0.4]3) + 0.8434).

(a) What is the probability, if the energy is measured at ¢ = 0, of finding a number smaller than 6£7?
(b) What is the mean value and what is the rms deviation of the energy of the particle in the state [1(0))?

¢) Calculate the state vector |¢) at time t. Do the results found in (a) and (b) for time ¢ remain valid for
arbitrary time ¢?

(d) When the energy is measured it turns out to be 16£. After the measurement, what is the state of the
system? What result is obtained if the energy is measured again?

2.4 A particle moves in the potential V' (x) and is known to have energy E,. (a) Can it have well-defined momentum
for some particular V(x)? (b) Can the particle simultaneously have well-defined energy and position?

2.5 Let 9(x,t) be the correctly normalized wave function of a particle of mass m and potential energy V(x). Write
down the expressions for the expectation values of (a) #; (b) £2; (c) pa; (d) p2; (e) the energy.

What is the probability that the particle will be found in the interval (1, 22)?
2.6 Consider a quantum mechanical particle with Hamiltonian
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that is initially prepared in a state |¢(0)). Using the TDSE show that the expectation value of an operator Q
fulfils the following evolution equations
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@OIQI(1) = (WO[Q, H]|w(1)).
Consider the particular cases of the position and momentum operators and comment on the resulting equations
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2.7 Particles move in the potential

Viz) = 0 forx<0.
Vo forz >0

Particles of mass m and energy F > Vj are incident from x = —oco. Show that the probability that a particle is

reflected is
k—K\*
k+K) "’
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where k = v2mE/h and K = \/2m(F — V,)/h. Show directly from the time-independent Schrodinger equation
that the probability of transmission is

4kK

(k+ K)?
and check that the flux of particles moving away from the origin is equal to the incident particle flux.

2.8 Show that the energies of bound, odd-parity stationary states of the square potential well

Vi) = 0 for \x|.<a7
Vo > 0 otherwise

are governed by

[ w2 2 2
cot(ka) = — (ZVT)Q —1 where W =4/ m;goa and k? = 2mE/h?.

Show that for a bound odd-parity state to exist, we require W > 7/2.

2.9 A free particle of energy F approaches a square, one-dimensional potential well of depth V{, and width 2a.
Show that the probability of being reflected by the well vanishes when Ka = nr/2, where n is an integer and
K = (2m(E + Vy)/h*)'/2. Explain this phenomenon in physical terms.

2.10 A particle of energy E approaches from z < 0 a barrier in which the potential energy is V(z) = V5d(z). Show
that the probability of its passing the barrier is

1 2mE 2mVs
Pan=————— where k=102 Kg=2"0
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2.11 Given that the wavefunction is ¢ = Ael(k#=wt) 4 Be~i(kz+wt) where A and B are constants, show that the
probability current density is

J=o(AP - |BP)
where v = hik/m. Interpret the result physically.
2.12 Consider a free particle in one dimension with Hamiltonian
2
p
=—. 1
2m (1)

Let the wave function of the particle at time ¢ = 0 be a Gaussian wave packet
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Show that in the momentum representation we have
20° : — 23 (p—po)?
lo(0) = [ do (la) (wl(0)) = | o5 | e T, (3

Comment on the relation between the forms of the state in the position and momentum representations as a
function of ¢. By solving the TDSE show that the probability distribution function at time ¢ can be written in
the form
o2
Wz, )2 = ——T ¢~ mhmeE @ rot/m)* (4)
212 |b(t)|2

and derive the form of the function b(t). Explain what happens physically to the particle as time evolves.



