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Part I
FUNCTIONAL METHODS IN QUANTUM MECHANICS

1 SOME MATHEMATICAL BACKGROUND

Functional Methods form a central part of modern theoretical physics. In the following we introduce the
notion of functionals and how to manipulate them.

1.1 FUNCTIONALS

What is a functional? You all know that a real function can be viewed as a map from e.g. an interval [a, D]
to the real numbers

fila, b =R, z— f(z). (1)

A functional is similar to a function in that it maps all elements in a certain domain to real numbers,
however, the nature of its domain is very different. Instead of acting on all points of an interval or some
other subset of the real numbers, the domain of functionals consists of (suitably chosen) classes of functions.
In other words, given some class {f} of functions, a functional F' is a map

Fi{f} >R, fF[f] @)
We now consider two specific examples of functionals.

1. The distance between two points. A very simple functional F' consists of the map which assigns to all
paths between two fixed points the length of the path. To write this functional explicitly, let us consider
a simple two-dimensional situation in the (x,y) plane and choose two points (z1,y1) and (x2,y2). We
consider the set of paths that do not turn back, i.e. paths along which x increases monotonically as we
go from (z1,y1) to (x2,y2). These can be described by the set of functions {f} on the interval [z1, z2]
satisfying f(z1) = y1 and f(x2) = y2. The length of a path is then given by the well-known expression

@)= [ VIE @R 3)

1



2. Action Functionals. These are very important in Physics. Let us recall their definition in the context
of classical mechanics. Start with n generalised coordinates q(t) = (q1(¢),...,qn(t)) and a Lagrangian
L = L(q,q). Then, the action functional S|q] is defined by

t2

Stal = [ dr Liato).a(o) @)
t1

It depends on classical paths q(¢) between times t; and ¢ satisfying the boundary conditions q(t1) = q1

and q(t2) = qa.

1.2 FUNCTIONAL DIFFERENTIATION

In both the examples given above a very natural question to ask is what function extremizes the functional.
In the first example this corresponds to wanting to know the path that minimizes the distance between two
points. In the second example the extremum of the action functional gives the solutions to the classical
equations of motion. This is known as Hamilton’s principle. In order to do so it is very useful to generalize
the notion of a derivative. For our purposes we define the functional derivative by

OF[f(@)] _ . Flf(2) + e —y)] — FIf ()]
0f(y) 0 € |

()

Here, as usual, we should think of the J-function as being defined as the limit of a test function, e.g.

_ —;182/(12
o(z) = lim fa ; (6)

and take the limit @ — 0 only in the end (after commuting the limit with all other operations such as
the lim¢_,¢ in (5)). Importantly, the derivative defined in this way is a linear operation which satisfies the
product and chain rules of ordinary differentiation and commutes with ordinary integrals and derivatives.
Let us see how functional differentiation works for our two examples.

1. The distance between two points. In analogy with finding stationary points of functions we want to
extremize (3) by setting its functional derivative equal to zero

SF[f(x)]
of(y)

We first do the calculation by using the definition (5).

d:p \/1 +[f'(x )—l—eé/x—y \/1 + [f'(x ®)

0= (7)

Sy, [
5f(y) e—0

The Taylor expansion of the square root is /1 + 2¢ =1+ € + ..., which gives

Vil + e - = Jielpeps D po@y
+ [f (@)

where () is the derivative of the delta-function and O(€?) denote terms proportional to €2. Substi-
tuting this back into (8) we have !

'In the last step we have used

/ dz'd' (" —y)g(a’) = —4'(y) (10)

a

which can be proved by “integration by parts”.
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The solution to (7) is thus
f'(y) = const, (12)

which describes a straight line. In practice we don’t really go back to the definition of the functional
derivative any more than we use the definition of an ordinary derivative to work it out, but proceed
as follows. We first interchange the functional derivative and the integration

M_ m w’i (212
5.f(y) _/zl ! 3.f(y) P 13)

Next we use the chain rule

WITT@PE ) o) (14)
(N e (O

Finally we interchange the functional and the ordinary derivative

Of (@) _ d of@) _ d o,
5 of) Y (15)

The last identity follows from our definition (5). Now we can put everything together and arrive at
the same answer (11).

. Next we want to try out these ideas on our second example and extremize the classical action (4)
in order to obtain the classical equations of motion. We first interchange functional derivative and
integration and then use the chain rule to obtain

0S[q] 0 2 -
= dt L(q(t), 16
Sy = ap ), AHa@.a) (16)
2 _TOL 5q;(t) OL 8¢ (1)
- dt |=—(q,q) == + —(q, q) —~ 17
/t1 [aqj(q Q) 50i(1) aqj(q Q) 50i(0) (17)
(18)
We now use that 6% 8 = d%g(q; g)) and integrate by parts with respect to ¢
05[dq] / - [8L ) d OL ] 5q; (1)
— dt 5 il 7 19
6gi(t) t 361‘((1 V- Oqj( Y 6gi(t) (19)
oL d 0L ~ oL d oL
= di 1) — ———(q, )| 0550 — t) = =——(q,q) — — ~——(q,q) - 20
/tl [aqj(q,q) dtaqj(q,q)] 0t —1) 9, @ q) dtaqi(q q) (20)
In the second last step we have used
dg;(f) -
— 5 5(1 — 21
sl = a(i—1). (21)

which follows straightforwardly from our general definition (5). Thus we conclude that the extrema of
the classical action are given by paths that fulfil the equations of motion

oL . d OL .
8*%(017(1) — %é?iqi(q’ q) =0.

(22)

Nice.



1.3 MULTIDIMENSIONAL (GAUSSIAN INTEGRALS

As a reminder, we start with a simple one-dimensional Gaussian integral over a single variable y. It is given

by
I(z) = /_ dy exp(—%zyQ) = \/?, (23)

where 2z is a complex number with Re(z) > 0. The standard proof of this relation involves writing I(z)?
as a two-dimensional integral over y; and yo and then introducing two-dimensional polar coordinates r =

\/m and ¢. Explicitly,

I(z)* = / dy: exp(—fﬁ)/ dys exp(—QZyg)Z/ dyl/ dys exp(—g»Z(nyry%)) (24)

2 o] 1 9
= / dp / drrexp(—=zr?) = iy (25)
0 0 2 z

Next we consider n-dimensional Gaussian integrals
1
Wh(A) = /d"y exp <—2yTAy> , (26)

over variables y = (y1,...,Yn), where A is a symmetric, positive definite matrix (all its eigenvalues are
positive). This integral can be reduced to a product of one-dimensional Gaussian integrals by diagonalising
the matrix A. Consider an orthogonal rotation O such that A = ODO” with a diagonal matrix D =
diag(ai,...,an). The eigenvalues a; are strictly positive since we have assumed that A is positive definite.
Introducing new coordinates ¥ = Oy we can write

y'Ay =3"Dy =>_aiii} (27)
=1

where the property OTO = 1 of orthogonal matrices has been used. Note further that the Jacobian of
the coordinate change y — y is one, since |det(O)| = 1. Hence, using Eqgs. (23) and (27) we find for the
integral (26)

Wo(A) =] / A exp(—%aﬂf) = 2m)"*(a1az . ..an) "% = (2m)"?(detA) /2 (28)
=1

To summarise, we have found for the multidimensional Gaussian integral (26) that

Wo(A) = (2m)™?(detA)~V/?

(29)

a result which will be of some importance in the following. We note that if we multiply the matrix A by a
complex number z with Re(z) > 0 and then follow through exactly the same steps, we find

n/
Wo(2A) = <2:> " (detA) 12 (30)

One obvious generalisation of the integral (26) involves adding a term linear in y in the exponent, that is

1
Wo(A,J) = /d”y exp <—2yTAy + JTy> . (31)
Here J = (Jy,...,Jy) is an n-dimensional vector. Changing variables y — y, where
y=A"1J+y (32)



this integral can be written as
Lor a1 ng Lor,s
Wo(A,J) = exp 5.] A= d"y exp —5¥ Ay | . (33)

The remaining integral is Gaussian without a linear term, so can be easily carried out using the above
results. Hence, one finds

Wo(A,J) = (27)"/?(detA) /% exp (;JTA‘lJ) :

2 PATH INTEGRALS IN QUANTUM MECHANICS

So far you have encountered two ways of doing QM
1. solving the Schrddinger equation for the wave function (— PDEs);
2. following Heisenberg, we can work with operators, commutation relations, eigenstates.

Historically it took some time for people to realize that these are in fact equivalent.
There is a third approach to QM, due to Feynman. It is particularly useful for QFTs and many-particle
QM problems, as it makes certain calculations much easier. We will now introduce this approach.

2.1 THE PROPAGATOR

Our starting point is the time-dependent Schrédinger equation

0
iho [ (t) = HIp(?)). (35)
We recall that the wave function is given by
P(E,t) = (Z|(1)). (36)

Eqn (35) can be integrated to give _
(1)) = e~ #[y(0)) (37)
The time-evolution operator in QM is thus (assuming that H is time-independent)

i

Ul(t; tg) = e~ nflt=t0), (38)

A central object in Feynman’s approach is the propagator

(@|U (¢ t0)|7) ,

(39)

where |Z) are the simultaneous eigenstates of the position operators #, § and 2. The propagator is the
probability amplitude for finding our QM particle at position &’ at time ¢, if it started at position Z at time
to. To keep notations simple, we now consider a particle moving in one dimension with time-independent

Hamiltonian )

~ A~ p R
H=T = — . 4
+V o + V(2) (40)
We want to calculate the propagator
(@ |U(t;0)lzo). (41)



It is useful to introduce small time steps
th,=mne, n=0,...,N,
where e = t/N. Then we have by construction
U(t;0) = (e*ﬁHf) .
The propagator is

(@n|U0)|z0) = (enlewHe . e wHe|z)

= /del.../d:zzl (znle” 5 2y W an_1le 72z n_a) .. . (z1]e” 7 He|zp),

where we have inserted IV — 1 resolutions of the identity in terms of position eigenstates

1 :/dw |z)(z] .

This expression now has a very nice and intuitive interpretation, see Fig. 1:
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Figure 1: Propagator as sum over paths.

(44)

(45)

The propagator, i.e. the probabilty amplitude for finding the particle at position zx and time ¢ given
that it was at position xg at time 0 is given by the sum over all “paths” going from xg to xn (as z1,...,

xN_1 are integrated over).



In the next step we determine the “infinitesimal propagator”

(@ns1le” 71 ay). (46)
Importantly we have [T , V] = 0 and concomitantly
eoa(T—i-V) + eaTeaV. (47)

However, using that € is infinitesimal, we have

o O %E(T—l— V) + O()
e TemieV = 1- %G(T + V) 4+ 0O(?). (48)

So up to terms of order €2 we have
(@niale 1 wn) = (@nsale i eV ) = (wngale 8T mg)e iV, (49)

where we have used that V|z) = V(z)|z). As T = p®/2m it is useful to insert a complete set of momentum
eigenstates 2 to calculate

i d _ip2e dp _i®c_;p, _
<xn+1‘e hTG‘xn> = /27pr<q;n+1’e S, ‘p><p|xn> — T:he ot iR (Tn—Tn41)
m im 2
— ahe (Tn—Tn+1)* 50
27rih€e (50)
In the second step we have used that p|p) = p|p) and that
(alp) = e (51)

The integral over p is performed by chaging variables to p’ = p — = (2, — £p41). Substituting (50) and (49)
back into our expression (44) for the propagator gives

N . N-—1 2
. m 1% 1€ m [ Tpy1 — Tp
xn|U(t;0)|x = hm[ ,}/dm...dx_e — — | — = V(x . (52
U0l = m [zo]” [dodovse (5305 (2 (en) ) (52
Note that in this expression there are no operators left.
2.1.1 PROPAGATOR AS A “FUNCTIONAL INTEGRAL”
The way to think about (52) is as a sum over trajectories:
e 10,...,xyN constitute a discretization of a path z(t'), where we set x,, = x(t,).
e We then have ; ;
x —x x —x
n+1 no_ ( Tb+1) ( n) ~ i‘(tn), (53)

€ tht1 — tn
and

6]:2_: = (W)Q —V(w) ~ /Ot at [ Ta(t) Vi) = /Ot dt L], 2], (54)

where L is the Lagrangian of the system. In classical mechanics the time-integral of the Lagrangian
is known as the action

t
S= / dr'L. (55)
0

*We use a normalization (p|k) = 27hd(p — k), so that 1 = [ 2?& |p){p].




e The integral over x1,...xny_1 becomes a functional integral, also known as a path integral, over all
paths x(t') that start at zo at time ¢’ = 0 and end at xy at time ¢’ = ¢.

e The prefactor in (52) gives rise to an overall (infinite) normalization and we will denote it by A.

These considerations lead us to express the propagator as the following formal expression

(@n|U(t;0)|z0) = N [ Da(t!) enS],

(56)

What is in fact meant by (56) is the limit of the discretized expression (52). The ultimate utility of (56) is
that it provides a compact notation, that on the one hand will allow us to manipulate functional integrals,
and on the other hand provides a nice, intuitive interpretation. The probability amplitude for propagation
from xy to xn is obtained by summing over all possible paths connecting zo and zy, where each path is
weighted by a phase factor exp (%S), where S is the classical action of the path. This provides a new way
of thinking about QM!

2.2 CLASSICAL LIMIT AND STATIONARY PHASE APPROXIMATION

An important feature of (56) is that it gives us a nice way of thinking about the classical limit “4 — 0” (more
precisely in the limit when the dimensions, masses, times etc are so large that the action is huge compared
to h). To see what happens in this limit let us first consider the simpler case of an ordinary integral

o0

g(a) = / dt ha(t)e’20, (57)
—0o0

when we take the real parameter a to infinity. In this case the integrand will oscillate wildly as a function of

t because the phase of exp (iahg(t)) will vary rapidly. The dominant contribution will arise from the points

where the phase changes slowly, which are the stationary points

hy(t) = 0. (58)
The integral can then be approximated by expanding around the stationary points. Assuming that there is

a single stationary point at ¢y

e}

gla>1) ~ / dt [hi(to) + (t — to)h}(to) + ...] eahzlto)t

— 00

h//
i 22(t0) (t—t0)2
M

(59)

Changing integration variables to t' = t — ¢y (and giving a a small imaginary part to make the integral
converge at infinity) as obtain a Gaussian integral that we can take using (23)

271 )
1) & | ————hq (tg)eiah2(to) 60
gla>1) okl (io) 1(to)e (60)

Subleading contributions can be evaluated by taking higher order contributions in the Taylor expansions
into account. If we have several stationary points we sum over their contributions. The method we have
just discussed is known as stationary phase approximation.

The generalization to path integrals is now clear: in the limit A~ — 0 the path integral is dominated by
the vicinity of the stationary points of the action S

0S
dx(t')

—0. (61)

The condition (61) precisely defines the classical trajectories z(t')!



2.3 THE PROPAGATOR FOR FREE PARTICLES

We now wish to calculate the functional integral (56) for a free particle, i.e.
V(z)=0. (62)

Going back to the explicit expression (52) we have

N N—-1 2
) — T m 1z m (Tn4l — Tn
(xn|U(t;0)|xo) = A}l_rgo [2th /dwl...de_l exp( g 5 (6 > ) . (63)

>t &

=0
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It is useful to change integration variables to

yy=xj—xN, j=1,...,N—1, (64)
which leads to an expression
% 1 im 2
(xn|U(t;0)|zo) = ]\}gnoo [2m_hJ /dy exp <—2yTAy +J7. y) e e (P0—TN)7 (65)
Here )
m
JT = (E(xN—:cg),O,...,O), (66)

and A isa (N — 1) x (N — 1) matrix with elements

—im

Ajiy = ——= [20j8 — i1 = 51 - (67)
For a given N (65) is a multidimensional Gaussian integral and can be carried out using (34)

N
> N—1

1 im
} (27) 7" [det(A)] "2 exp <2JTA—1J> e 2 (T0=TN)? (68)

(en|U(t:0)z) = lim |

m
N—oo L2mihe
The matrix A is related to the one dimensional lattice Laplacian, see below. Given the eigenvalues and
eigenvectors worked out below we can calculate the determinant and inverse of A (homework problem).

Substituting the results into (68) gives

(xn|U(t;0)|x0) = \/%e%(ro—zm?

(69)
For a free particle we can evaluate the propagator directly in a much simpler way.
= dp ¥l © dp P peoeyn)
xzn|U(t;0)|x = — {xnle 2mn o) = o lomp 7
anlUtola) = [~ Stonle ) pleo) = [ 5T
m im 2
_ 2R (zo—TN)
= e2nt . 70
2miht (70)

The matrix A is in fact related to the one dimensional Lattice Laplacian. Consider functions of a variable
zo < z < zy with “hard-wall boundary conditions”

f(z0) = f(zn) = 0. (71)
The Laplace operator D acts on these functions as

P 1)

Df =
! dz?

(72)

Ne)



Discretizing the variable z by introducing N — 1 points

Zn=2z20+mnag, n=1,...,N—1 (73)
where ag = (2§ — 209) /N is a “lattice spacing”, maps the function f(z) to a N — 1 dimensional vector

f(z2) = £=(f(z1),..., f(an=1)). (74)

Recalling that

d*f f(z+ao) + f(z — ao) — 2f(2)
= lim
dZ2 (Z) ao—0 a% ’ (75>
we conclude that the Lapacian is discretized as follows
Df — ag?Af (76)
where
Aji = 0jkt1 + Ojk—1 — 205 k- (77)
Our matrix A is equal to %A. The eigenvalue equation
Aa, = \a,, n=1,...,.N—1 (78)
gives rise to a recurrence relation for the components a, ; of a,
Qn,j+1 + Qnj—1 — (2 + )\n)an,j =0. (79)
The boundary conditions a, y = a, 0 = 0 suggest the ansatz
™,
an,; = Cpsin ( N‘]). (80)
Substituting this in to (79) gives
™
)\n:2cos(ﬁ)—2, n=1,...,N—1. (81)
The normalized eigenvectors of A are
sin (’TW) sin (Wn)
| an(5) | pa| m() .
: VN :
\/ZJ 1 sin” ) . /m(N=1)n . /m(N=1)n
sin (F257). sin (F257).
3 PATH INTEGRALS IN QUANTUM STATISTICAL MECHANICS
An important quantity in Statistical Mechanics is the partition function
Z(8) = Tr [P, (83)

where H is the Hamiltonian of the system, Tr denotes the trace over the Hilbert space of quantum mechanical
states, and

= (84)
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Ensemble averages of the quantum mechanical observable O are given by

1
= Tr e PHO|.
(O)g 70 T [e O} (85)
Taking the trace over a basis of eigenstates of H with H|n) = E,|n) gives
1
O = — e PEn (n|On) ,
Z(B) = Y e PP (86)
Assuming that the ground state of H is non-degenerate we have
li =
lim (O)s = (0/0]0) , (87)

where |0) is the ground state of the system. Let us consider a QM particle with Hamiltonian

ﬁ2
H=—+V(z 88
2 via), (58)
coupled to a heat bath at temperature 7. The partition function can be written in a basis of position
eigenstates

2(8) = / da(wle=PH |z) = / do / da’ (a|') (=P ). (89)

Here
(2'|e”"H|z) (90)

is very similar to the propagator
i(t—tg)
(a'le™" 7 Ha). (91)
Formally (90) can be viewed as the propagator in imaginary time T = it, where we consider propagation
from 7 = 0 to 7 = Bh. Using this interpretation we can follow through precisely the same steps as before
and obtain

N N-1 2
_BH _ { m F ded e M (Tpp1 — T 5
(wxle™ o) NSeo L2mine 1 IN-LEEPA T T;) 2 € + V(@) |, (92)
where now ha
=, 93
=2 (93)
We again can interpret this in terms of a sum over paths z(7) with
x(Tp) = Tn , Tn = ne. (94)
Going over to a continuum description we arrive at an imaginary-time functional integral
(znle PH|zo) = N [ Da(7) ef%SE[x(T)],
(95)
where Sg is called Fuclidean action
ho m [ dx\?
Spla(r)] = /0 dr [2 (dT> V() (96)




Substituting (95) into the expression for the partition function we find that

Z(B) =N [ Dx(r) e #Sele(™)],

(97)
where we integrate over all periodic paths
z(hB) = x(0). (98)

The restriction to periodic paths arises because Z(3) is a trace.

3.1 HARMONIC OSCILLATOR AT 1" > 0: A FIRST ENCOUNTER WITH GENERATING FUNCTIONALS

We now consider the simple harmonic oscillator

o)
p K .9

H=-"—+—-2°.
2m+2$ (99)

Let us work out the averages of powers of the position operator

o dx (z|e PHE"|2) dr x"™ (x|e P |z)
6= ey~ T (100)

We have s ,
_ L1 phB g | m(dz K2
<x\e—ﬁny>:/\//Dx(T)e P ar[3(#) 5] (101)

where the path integral is over all paths with z(0) = z(8h). Integrating by parts we can write the action as

_% /OEB i [7’; (Zi)z + ;xz] _ _% /Ow dr 2(r)Da(r) | (102)

where 2
A m K
D=———+—. 103
h dr? + h (103)
We now define the generating functional
1 rhB d
WU = A [ Dafr) et 87 drbiDe)-20(000) (104)

Here the functions J(7) are called sources. The point of the definition (104) is that we can obtain (2")3 by
taking functional derivatives

W1[J]. (105)

(") = WI0]8J(0) T 6J(0)|,

We now could go ahead and calculate the generating functional by going back to the definition of the the
path integral in terms of a multidimensional Gaussian integral. In practice we manipulate the path integral
itself as follows. We define the Green’s function of the differential operator D, in the usual way

D,G(r—7)=6(r—7"), G(0)=G(h). (106)

We then change variables in the path integral in order to “complete the square”

y(7) = 2(r) — / &7 G(r — 7)J (). (107)

12



We see that

/dT y(T)ﬁTy(T) = /dT x(T)ﬁTx(T) + /deT/dT// G(r —)J()D,G(r — ") J (")
- / drdr’ [x(T)DTG(T — I+ G(r — T/)J(T/)IA)-,—ZL‘(T)}
= /dT (1) Dyx(1) + /deT/ G(r—7J()J(r) — Z/dT z(r)J(T), (108)

where in the last step we have usedA(106) and integrated by parts twice to simplify the last term in the
second line ( [ drdr’ G(r — 7')J(7")Dya(7) = [drdr’ 2(r) D-G(t — 7')J(7)). The upshot is that

/dT x(T)ﬁTx(T) — 2/d7’ x(1)J (1) = /dT y(T)ﬁTy(T) — /deT/ J()G(r —7)J(). (109)

On the other hand, the Jacobian of the change of variables (107) is 1 as we are shifting all paths by the
same constant (you can show this directly by going back to the definition of the path integral in terms of
multiple Gaussian integrals). Hence we have Dy(7) = Dx(7) and our generating functional becomes

W[J] _ W[O] e%fdfdr’ J(T)G(T*T/)J(T/)'

(110)

Now we are ready to calculate (105). The average position is zero
W= | w=1 / drdr’ [5(r)G(r — ) (') + J(1)G(r — 7)s(N W] =0. (111)

7 W] 6.J(0) 2 '
J=0 J=0
Here we have used that 5.(r)
T /

= - 7). 112
5 = =) (112)

The expression (111) vanishes, because we have a “left over” J and obtain zero when setting all sources to
zero in the end of the calculation. By the same mechanism we have

(%5 = 0. (113)

Next we turn to

) 15 6
(% = W10] 6.J(0) 6J(0) JZOW[J]
- Wl[OMJ(S(O) JO; /deT/ (NG =) () + J(1)G(7 = T)o(r)] WIJ] = G(0). (114)

So the means square deviation of the oscillator’s position is equal to the Green’s function evaluated at zero.
To determine G(7) we need to solve the differential equation (106). As G(0) = G(5h) we are dealing with
a periodic function and therefore may employ a Fourier expansion

1 .
G(r)=—= > gae™™m /o (115)
Bh n=—oo
Substituting this into the differential equation gives

DGT:L e2mint/Bh | T @2 Bl = 50r). 116
=2 3 () | = (116)

n=—oo
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Taking the integral fohﬁ dre=2mkT/hB on hoth sides fixes the Fourier coefficients and we obtain

[e.9]

1 1 )
G(T) _ Z - 627rm’r6ﬁ ’ (117)
BH n=oo 1 + (27rn)
Bhw
where w = y/k/m. Setting 7 = 0 gives the desired result
hw _ hw 1 1
G(0 — |+ . 118
0= 2k tanh (Bhw/2) K Lﬁf’w -1 2} (118)
Using equipartition
(H)g = (T)p+(V)g =2(V)g = w(i?)s, (119)
we find that the average energy of the oscillator at temperature 7" is
e — b | 1 1 120
(H)g = e 1T 3| (120)
Recalling that
1
H:hw(ﬁ—i—i), (121)
where 7 = a'a is the number operator, we recover the Bose-Einstein distribution
nyg = 1 122
(s = g1 (122)

3.2 CORRELATION FUNCTIONS

It is clear from the above that we can calculate more general quantities from the generating functional W [.J],

namely
n
wio Lot

What is their significance? Graphically, the path integral in (123) is represented in Fig. 2. It consists of

/Dx ) fﬁﬂ dr x(r)Dz(r) ' (123)

J=0 Jj=1

T

hp

|

Figure 2: Path integral corresponding to (123).
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several parts. The first part corresponds to propagation from z(0) to z(7;) and the associated propagator is
(@(r0)e” /M 2(0)). (124)

The second part corresponds to propagation from x(71) to z(72), and we have a multiplicative factor of z(7)
as well. This is equivalent to a factor

(x(m) e~ H 2=/ M3 2 (1)), (125)
Repeating this analysis for the other pieces of the path we obtain

[[(e(ran)le =m0 a(m)) | (w(m)le /M 2(0)) (126)
j=1

where 7,411 = hfS. Finally, in order to represent the full path integral (123) we need to integrate over
the intermediate positions x(7;) and impose periodicity of the path. Using that 1 = [ dx|x)(z| and that
WI0] = Z(5) we arrive at

Z(l B / dz(0)(x(0)|e HBE=)/hge=H{ra=mm-1)/hz _ ge=H(m=m)/hze=Hn/h (o))
1 CBH -~/ = _
= Tﬁ)ﬁ [e PHZ (1) Z (1) . iL‘(Tn):| , (127)
where we have defined operators
Z(1;) = eflti/hge=Hri/h, (128)

There is one slight subtlety: in the above we have used implicitly that 71 < 7% < ... < 7,. On the other
hand, our starting point (123) is by construction symmetric in the 7;. The way to fix this is to introduce a
time-ordering operation T, which automatically arranges operators in the “right” order. For example

TTf(Tl)i‘(Tg) = (9(7’1 — Tg)f(Tl)f(TQ) + 9(’7’2 — Tl):i‘(Tg)f(Tl), (129)

where 0(x) is the Heaviside theta function. Then we have

1
Z(P)

W[J] =
J=0

Tr [e_ﬁHTTa_c(Tl)a_c(Tg) o ()] -

1 &4 0
wio] jI;[l 6J(7;)

(130)

Finally, if we analytically continue from imaginary time to real time 7; — it;, the operators Z(7) turn into
Heisenberg-picture operators

i(t) = entze wh. (131)

The quantities that we get from (130) after analytic continuation are called n-point correlation functions

1
Z(B)

(Ti(t)i(ts) . .. 2(tn))s Tr [e*ﬂHT@(tl)g}(tg) .. @(tn)} .

(132)

Here T is a time-ordering operator that arranges the Z(¢;)’s in chronologically increasing order from right
to left. Such correlation functions are the central objects in both quantum field theory and many-particle
quantum physics.



3.2.1 WIiIcK’S THEOREM

Recalling that

W[J] _ W[O] e%dedT’ J(T)G(T—T/)J(T/)’ (133)

then taking the functional derivatives, and finally setting all sources to zero we find that
| W= Y Gl -G ) (134)

= TP, —TPR,) ... G(T —Tp ) .
wio] 1157 (z)) N Py Tl
J=1 J=0 P(1,...,n)
Here the sum is over all possible pairings of {1,2,...,n} and G(7) is the Green’s function (117). In particular
we have

(Trz(r)2(r2))p = G(11 — 12). (135)

The fact that for “Gaussian theories” 3 like the harmonic oscillator n-point correlation functions can be
expressed as simple products over 2-point functions is known as Wick’s theorem.

3.3 PERTURBATION THEORY AND FEYNMAN DIAGRAMS

Let us now consider the anharmonic oscillator

)
p Koo, A
H=—+_ —z". 1
2m+ 5% +4!:c (136)
As you know from QM2, this Hamiltonian is no longer exactly solvable. What we want to do instead is
52
perturbation theory for small A > 0. As the Hamiltonian is of the form H = J— 4 V(&) our previous

construction of the path integral applies. Our generating functional becomes

AL = A [ Datr) b8 a0 7 ), (137
The partition function is
Z\(B) = Wi[0] . (138)
The idea is to expand (137) perturbatively in powers of A
A h 1 rhB >
Wil = N / Da(r) [1 A [a } ¢4 I3 drfo(r) Da(r)=27(r)a(r)]
: 0

o3 [P dr[z(r) Da(r)—2J (1) (7)]

- w0 [oaty [ g [ [st] -

4
= N / Da(r) e w4 (57| o= 4 122 dr [o(r) Dr(r) 2 (7))

s [_s )
— o d [6J(7—’)] WolJ). (139)

We already know Wy|[J]
WO[J] _ Wo[()] e% Jdrdr’ J(‘r)G’(‘r—‘r’)J(‘r’)7 (140)

which will enable us to work out a perturbative expansion very efficiently.

3These are theories in which the Lagrangian is quadratic in the generalized co-ordinates.
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3.3.1 PARTITION FUNCTION OF THE ANHARMONIC OSCILLATOR

By virtue of (138) the perturbation expansion for Z)(3) is

A rhB 5

Z e Z A g 1w
— 'h J(r! — [,
\(B) = | =) - g [ [sem] |
J=0 J=0
R DN L P R el R B
3wl | [sm) (5] el
= Zo(B) [1 +M1(B) + N72(B) + ... (141)
1. First order perturbation theory.
Carrying out the functional derivatives gives
A PP A
() = o [ ar [0t )P = =2 (GO (142)
8h Jo 8

This contribution can be represented graphically by a Feynman diagram. In order to do so we introduce
the following elements:

(a) The two-point function G(7 — 7’) is represented by a line running from 7 to 7’.

o(r-7); -,

!

T T

(b) The interaction vertex —fﬁ fo}w dr is represented by

Figure 3: Graphical representation of the interaction vertex.

Combining these two elements, we can express the integral Ay, () by the diagram

Figure 4: Feynman diagram for the 1st order perturbative contribution to the partition function.

Here the factor of 3 is a combinatorial factor associated with the diagram.

2. Second order perturbation theory.

To second order we obtain a number of different contributions upon taking the functional derivatives.
The full second order contribution is

17



2 1 )\ 2 hB hﬂ / 2 / / /
Ny(B) = >\ 72/ dT/ dr G(t —1)G*(t —17)G(T" — 1")
. 0 0
LN o [ [P e /
+ g () 2 o) w7
+ 3 <4‘h> 9 {/0 TG*(T — T):| . (143)

The corresponding Feynman diagrams are shown in Fig.5. They come in two types: the first two are
connected, while the third is disconnected.

72

- (OGO

Figure 5: Feynman diagram for the 2nd order perturbative contribution to the partition function.

The point about the Feynman diagrams is that rather than carrying out functional derivatives and then
representing various contributions in diagrammatic form, in practice we do the calculation by writing down
the diagrams first and then working out the corresponding integrals! How do we know what diagrams to
draw? As we are dealing with the partition function, we can never produce a diagram with a line sticking
out: all (imaginary) times must be integrated over. Such diagrams are sometimes called vacuum diagrams.
Now, at first order in A, we only have a single vertex, i.e. a single integral over 7. The combinatorics works
out as follows:

1. We have to count the number of ways of connecting a single vertex to two lines, that reproduce the
diagram we want.

2. Let us introduce a short-hand notation
1 1GraJ 1 1
W[J] = W[O}GQ 121292 — W[O] 1+ §J1G12J2 + 2f3J1G12J2J3G34J4 + ... (144)
The last term we have written is the one that gives rise to our diagram, so we have a factor
1
2 (145)

to begin with.
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3. Now, the combinatorics of acting with the functional derivatives is the same as the one of connecting
a single vertex to two lines. There are 4 ways of connecting the first line to the vertex, and 3 ways of
connecting the second. Finally there are two ways of connecting the end of the first line to the vertex
as well. The end of the second line must then also be connected to the vertex to give our diagram,
but there is no freedom left. Altogether we obtain a factor of 24. Combining this with the factor of
1/8 we started with gives a combinatorial factor of 3. That’s a Bingo!

3.3.2 GREEN’S FUNCTION OF THE ANHARMONIC OSCILLATOR

Homework problem?

Part 11
MANY-PARTICLE QUANTUM MECHANICS

In the basic QM course you encountered only quantum systems with very small numbers of particles. In
the harmonic oscillator problem we are dealing with a single QM particle, when solving the hydrogen atom
we had one electron and one nucleus. Perhaps the most important field of application of quantum physics
is to systems of many particles. Examples are the electronic degrees of freedom in solids, superconductors,
trapped ultra-cold atomic gases, magnets and so on. The methods you have encountered in the basic QM
course are not suitable for studying such problems. In this part of the course we introduce a framework,
that will allow us to study the QM of many-particle systems. This new way of looking at things will also
reveal very interesting connections to Quantum Field Theory.

4 SECOND (QUANTIZATION

The formalism we develop in the following is known as second quantization.

4.1 SYSTEMS OF INDEPENDENT PARTICLES

You already know from second year QM how to solve problems involving independent particles

H = f: H; (146)
j=1
where H; is the Hamiltonian on the j'th particle, e.g.
p? . n_, X

The key to solving such problems is that [H;, H;] = 0. We’ll now briefly review the necessary steps,
switching back and forth quite freely between using states and operators acting on them, and the position
representation of the problem (i.e. looking at wave functions).

e Step 1. Solve the single-particle problem

Hj|é) = Eil¢) - (148)
The corresponding wave functions are
¢u(r;) = (rjldn). (149)
The eigenstates form an orthonormal set
(@llom) = 81 = [ dPr; 67())6m(xy) (150)
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e Step 2. Form N-particle eigenfunctions as products

ZH Ou, (1)1, (r2) - Py () ZEZ b1, (r1) 1 (r2) .. Py (ry) - (151)

This follows from the fact that in the position representation H; is a differential operator that acts
only on the j'th position r;. The corresponding eigenstates are tensor products

1) @l2) ® -+ @ |In). (152)

e Step 3. Impose the appropriate exchange symmetry for indistinguishable particles, e.g.

P(ry,r2) = % [1(r1)Pm (r2) £ @i(r2)Pm(r1)]- (153)

Generally we require
¢(...,ri,...,1'j,...) :j:w(...,rj,...,ri,...) 5 (154)

where the + sign corresponds to bosons and the — sign to fermions. This is achieved by taking

Yy (re, . rn) =N Z (il)m@blpl (r1) ... dup, (rN),

PeSy

(155)
where the sum is over all permutations of (1,2,..., N) and |P| is the number of pair exchanges required
to reduce (Py,...,Py) to (1,...,N). The normalization constant A is

N = ! (156)
VNIt
where n; is the number of times j occurs in the set {l;,...,I{x}. For fermions the wave functions can

be written as Slater determinants

) G (r1) - ¢ (rN)
Yy (T1,. 0 TN) = ——=det : : : (157)
v Giy(r1) oo diy(rn)

The states corresponding to (155) are

e ) =N Y (EDPlp) ® - @ |lpy) -

PesS
al (158)
4.1.1 OccUPATION NUMBER REPRESENTATION
By construction the states have the symmetry
g, - -loy) =%l ... In), (159)
where @ is an arbitrary permutation of (1,..., N). As the overall sign of state is irrelevant, we can therefore
choose them without loss of generality as

ni n2 n3

20



In (160) we have as many n;’s as there are single-particle eigenstates, i.e. dim H 4. For fermions we have
nj = 0,1 only as a consequence of the Pauli principle. The representation (160) is called occupation number
representation. The n;’s tell us how many particles are in the single-particle state |j). By construction the
states {|ninanz...)[>_;n; = N} form an orthonormal basis of our N-particle problem

<7TL1WL27TL3... |n1n2n3...> = H5Hj7mj N (161)
J

where we have defined (mimaoms...|=|mimams... ).

4.2 FOCK SPACE

We now want to allow the particle number to vary. The main reason for doing this is that we will encounter
physical problems where particle number is in fact not conserved. Another motivation is that experimental
probes like photoemission change particle number, and we want to be able to describe these. The resulting
space of states is called Fock Space.

1. The state with no particles is called the vacuum state and is denoted by |0).

2. N-particle states are [ningng...) with 3. n; =N .

4.2.1 CREATION AND ANNIHILATION OPERATORS

Given a basis of our space of states we can define operators by specifying their action on all basis states.

e particle creation operators with quantum number [

t 0 if n; = 1 for fermions
¢lning...) = Ty
Vi 1(ED) &= ngng . o.ong+1...)  else.
(162)
Here the + (—) sign applies to bosons (fermions).
e particle annihilation operators with quantum number [
g ) = V(L) 1)
clning...) = /n =" nng...ng—1...).
11ming ! 112 l (163)
We note that (163) follows from (162) by
(mima . .. |c;f|n1n2 ) = (g glmame .l (164)
The creation and annihilation operators fulfil canonical (anti)commutation relations
[cl,em] =0 = [clT,cIn] , [cl,cT | =d0m bosons,
’ (165)
{ei,em} = qem +eme =0 = {c;r, c;fn} . Aa, cjn} = 0im fermions. (166)

4Note that this is different from the particle number N.
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Let us see how to prove these: let us consider the fermionic case and take [ > m. Then

m—1

czrcm|nlnm) = c;\/nm(—l)zjgl Yoo, — 100
— VT L (—D)Z 1 nm — 1.0, (167)

Similarly we have

emcl |y ) = VT L (1) Iy 1 g — 1), (168)
This means that for any basis state |niny...) we have
{c;,cm}\nlng ..)=0, if [ > m. (169)
This implies that
{clemy =0, ifl>m. (170)
The case | < m works in the same way. This leaves us with the case [ = m. Here we have

-1

el ) = ym(=1)== =1y =g, (171)

clclT]...nl...) =

cl\/m—i-1(—1)22;11"j|...nl+1...> ifn; =0,
0 if’nl:1,

oong...) ifng =
_ [ o) i =0, (172)
0 ifn; =1,

Combining these we find that

(el ooy =1. o) (173)
and as the states |...n;...) form a basis this implies (here 1 really means 1 times the identity operator 1).
{cl e} =1. (174)

4.2.2 BASIS OF THE FOCK SPACE

We are now in a position to write down our Fock space basis in a very convenient way.

e Fock vacuum (state without any particles)
10). (175)

e Single-particle states
0...)=¢l0). (176)

e N-particle states

ning...) = H ! ' (c})nj |0) . (177)



4.2.3 CHANGE OF BASIS

The Fock space is built from a given basis of single-particle states

single-particle states |I)

—

N-particle states [ning...)

—

Fock Space

(178)

You know from second year QM that it is often convenient to switch from one basis to another, e.g. from

energy to momentum eigenstates. This is achieved by a unitary transformation

{10} — {le},

where

By construction

Z UlaUtIcm =

We now want to “lift” this unitary transformation to the level of the Fock space. We know that

On the other hand we have

o) = Z@ 1)

! Ula

> (lley(alm) = (ilm) = Sim.

«

) = dlo),
o) = dljo).

o) =D " Uiall) =Y Uiac][0).
l l

This suggests that we take

dl = Z UlaclT,
l

(179)

(180)

(181)

(182)

(183)

(184)

and this indeed reproduces the correct transformation for N-particle states. Taking the hermitian conjugate
we obtain the transformation law for annihilation operators

do = Z U;Elcl.
l

(185)

We emphasize that these transformation properties are compatible with the (anti)commutation relations (as

they must be). For fermions

{dardf} = > UL Uns {ci,cl,} =Y UL Uis = (UTU)ap = das.
Im l

5l,'m

4.3 SECOND QUANTIZED FORM OF OPERATORS

In the next step we want to know how observables such as H, P, X etc act on the Fock space.

4.3.1 OCCUPATION NUMBER OPERATORS

These are the simplest hermitian operators we can build from ¢; and chy. They are defined as

n = c}Lcl.

From the definition of ¢; and czr it follows immediately that

ﬁl|n1ng .. > = nl‘nan . )
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4.3.2 SINGLE-PARTICLE OPERATORS

Single-particle operators are of the form

0=> o5, (189)
j

where the operator 0; acts only on the j'th particle. Examples are kinetic and potential energy operators
. p? .
T:Zﬁ, V=> V() (190)
J J

We want to represent O on the Fock space built from single-particle eigenstates |a). We do this in two steps:

e Step 1: We first represent O on the Fock space built from the eigenstates of 6
ol = |ty = Nief[0). (191)

Then, when acting on an N-particle state (158), we have

N
Olly,lg, .. Iny = [ DN | lhulay - Iy (192)
j=1
This is readily translated into the occupation number representation
O\nlng...) = [an)\k] |n1n2...>. (193)
k

As |ning...) constitute a basis, this together with (188) imply that we can represent O in the form

O = Z /\kﬁk = Z )\kCLCk. (194)
k k

e Step 2: Now that we have a representation of O on the Fock space built from the single-particle states
I}, we can use a basis transformation to the basis {|a)} to obtain a representation on a general Fock
space. Using that (k|O|k’) = i 1 A we can rewrite (194) in the form

O = "(K|0lk)chcr. (195)
k. k'

Then we apply our general rules for a change of single-particle basis of the Fock space

ek =D _Ulydl. (196)
This gives
0=3 "> (WUL) O (Usslk)) dids. (197)
a8 K k
(al 18)

where we have used that

by = > Ulla) . (198)

This gives us the final result

0 =Y (a]0]B) dids.
b

(199)
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We now work out a number of explicit examples of Fock space representations for single-particle operators.

1. Momentum Operators P in the infinite volume:

(i) Let us first consider P in the single-particle basis of momentum eigenstates

Plk) = klk) . (plk) = (27h)*®) (p — k). (200)

These are shorthand notations for
Pulka, by, k) = kalka, by, k), a=m,y, 2. (201)

and
<pw7py7pz’k'w’ kya kz> = (ZWh)gd(kw - pw)5(ky - py)(s(kz - pz) . (202)

Using our general result for representing single-particle operators in a Fock space built from their
eigenstates (194) we have

. 3
b= / (girili))iSPcT(p)C(p) o [ e)} = 271)%6P (p — k). (203)

Here we have introduced a notation

' (k)e(p) — ¢(p)cf(k)  for bosons
() e(p)} = | LR =PI 1) ! (204)
c'(k)e(p) + c¢(p)c’(k) for fermions.
(ii) Next we want to represent P in the single-particle basis of position eigenstates
X|x) = x[x), (x|x)=0%(x-x). (205)
Our general formula (199) gives
P = /d3xd3X’ (xX'|P|x)cf (x)e(x) . (206)
We can simplify this by noting that
(X'|P|x) = —ihiV,6®) (x — x'), (207)
which allows us to eliminate three of the integrals
P = / dPxd®x’' [—invx,(s(?’) (x — x')] f(x')e(x) = / d3xct (x) (—ihVy) e(x). (208)
2. Single-particle Hamiltonian:
H=>" o V(). (209)

(i) Let us first consider H in the single-particle basis of energy eigenstates H|l) = Ej|l), |I) = czr\O>.
Our result (194) tells us that

H=>Y" Eda. (210)
l
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(i4) Next we consider the position representation, i.e. we take position eigenstates |x) = cf(x)|0) as a
basis of single-particle states. Then by (199)

H = /d3Xd3X/ (X'|H|x) ! (x)e(x). (211)
Substituting (209) into (211) and using
(X V()X =Vx)I®(x-x), |px)=-hrV5®(x-x), (212)

we arrive at the position representation

H= / Px o (x) [— h;zz + V(x)] o(x).

(213)

(iii) Finally we consider the momentum representation, i.e. we take momentum eigenstates |p) =
c'(p)|0) as a basis of single-particle states. Then by (199)

d3pd3p/
1= [ 1) ¢ (0)clp). (214)
Matrix elements of the kinetic energy operator are simple
(p'Ip’|p) = p*(P'|p) = P*(277)*® (p — P'). (215)

Matrix elements of the potential can be calcuated as follows

A~

(PVip) = / dxd®x' (p'|x') (x'|V]x) (x|p) = / Bxdx (X|V]x) enPx i X
N——
V(x)6B) (x—x)

_ /d3x V(x)erPP)% — §(p — p/), (216)

where V (p) is essentially the three-dimensional Fourier transform of the (ordinary) function V(x).

Hence
3 2 B3hr A3 -
"= / (2Cirfl;)3 ¢ (P)e(P) +/d(2€:§i)€ V(p =) (p')e(p)-

(217)

4.3.3 TWO-PARTICLE OPERATORS

These are operators that act on two particles at a time. A good example is the interaction potential V' (#1, )
between two particles at positions r; and ro. For N particles we want to consider

N
V=> V(). (218)

1<j

On the Fock space built from single-particle position eigenstates this is represented as

V=3 / drd’r’ o (x)e () V (v, 1) elr)e(r).

(219)
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The derivation of (219) for fermions proceeds as follows. We start with our original representation of

N-particle states (158)
|I‘1,..., N Z |P|‘I‘1 .|I‘N> .

PeSN
Then

. 1
Viry,...,rn) = ZV(ri,rj)\rl,...,rN> = §ZV(ri,rj)|r1,... r

i<j i#£]
On the other hand we know that

r,. rj )]0).

||::]2

Now consider
N

::]z

c(r)|ry,...,ryN

J:1 j=1
where is the last step we have used that ¢(r)|0) = 0. The anticommutator is

N N

"(x;)]0) = {e(x), [T ' xp)}10) .

N

{e), [T '@y = {e@), ')} [T e'(ey) = ') felr), e (wa)} [ ] ' ()

j=1 j=2

N-1
+oo+ ] fa{e),ctxn)}
j=1

Using that {c(r),cf(r;)} = 6@ (r — r;) we then find

N N N
emfrr,..orn) = S (16— r) T @plo) = S (-1 @ — )iy ..
n=1 i#n n=1
Hence
N N
ey e()rr,...,en) => (=D 6@ —1r,) Y 6@ — 1) ...
number op.
and finally
N N
I (r)c (e )e(r)|ry, ..., rN) = 2(5(3)(1' —ry) Z B —rp) |y
n=1 m#n

This implies that

2

As {|r1,...,rn)} form a basis, this establishes (219).

j=3

missing

I'n

L / Prd®r’ V(e,1) o (r)el (1)e(@)e(®)|rr, . .., rx) = % SO V(e r)les, - or

Using our formula for basis transformations (184)

27

missing

I'n

. .I‘N>,

(220)

(221)

(222)

(223)

(224)

. (225)

(226)

(227)

(228)

(229)



we can transform (219) into a general basis. We have

? - Z /d3rd3r’ V (e, o) () (U [e) (2 |m) (e |m Y el o (230)

ll/mm

We can rewrite this by using that V|r> ® ') =V(r,r)|r) @ |r)

V(') () (U [x") (¢ fm) (e[m) - = ) [ @ (]] [Ir) @ [e)]] [(¢'] @ (r]] [Im) ® [m/)]]
= [<l|®(/!] [| ) @ )] [(t'] @ (x]] [[m) @ [m)]] (231)
Now we use that
/ Prd’r Iy o )] [ ® (r]] = 1 (232)
to obtain
WZ (@ V] [m) |m")] cehemem - (233)

Finally we can express everything in terms of states with the correct exchange symmetry

'y = [ @) £[) @ [1)] (1#1). (234)

7

in the form

Z 'V |mm/) c}c},cmcm .

'mm/

(235)

The representation (235) generalizes to arbitrary two-particle operators O.

4.4 LATTICE MODELS

These constitute a very important class of models in condensed matter physics. To see what these are about
let us consider a crystal lattice, in which the ion cores are separated by a distance that is large compared to
the Bohr radius of the valence electrons. In this atomic limit the electron wave functions are substantially
different from zero only in close vicinity of the lattice sites R,,, i.e. the positions of the ion cores (which we
take to be constant for simplicity). It is convenient to use a basis of atomic eigenstates |¢R. )

5 APPLICATION I: THE IDEAL FERMI GAS

Consider an ideal gas of spin-1/2 fermions. The creation operators in the momentum representation (in the
infinite volume) are

), o=t1. (236)
They fulfil canonical anticommutation relations
{co(P),er ()} =0 ={ch(p),cl ()}, {co(P),ch(k)} = 6,7 (277)* ) (k — p). (237)

The Hamiltonian, in the grand canonical ensemble, is

R 3 2
H—pN = / (2dﬂg)3 B;n - u} > c(p)es(p). (238)
——

o="T{

e(p)
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Here 1 > 0 is the chemical potential. As cj,(p)cg(p) = Ny(p) is the number operator for spin-o fermions
with momentum p, we can easily deduce the action of the Hamiltonian on states in the Fock space:

[H—MN} 0) = 0,

1 - uN| T b (py)l0) = b:dWJII%AWNW- (239)

k=1 j=1

5.1 (QUANTIZATION IN A LARGE, FINITE VOLUME

In order to construct the ground state and low-lying excitations, it is convenient to work with a discrete set
of momenta. This is achieved by considering the gas in a large, periodic box of linear size L. Momentum
eigenstates are obtained by solving the eigenvalue equation e.g. in the position representation

PYi(r) = —ihViy(r) = ke (r). (240)

The solutions are plane waves _
U (r) = erkT. (241)

Imposing periodic boundary conditions (e, is the unit vector in a direction)
Yk(r+ Le,) = Yy (r) for a=uz,y,z, (242)

gives quantization conditions for the momenta k

2mhny,
L )

eilka =1 =k, =

a=zx7y,z. (243)

To summarize, in a large, periodic box the momenta are quantized as

oh [ F
k:% ny (244)
ny

Ve (r) = nge%k'r. (245)
Hence
sz/ﬁmeMﬂz%u (246)

As a consequence of the different normalization of single-particle states, the anticommutation relations of
creation/annihilation operators are changed and now read

{co(p)er(k)} =0={cf(p), L)}, {ch(p),er (M)} = 0o ricp. (247)

The Hamiltonian is

(248)

We define a Fermi momentum by

Pe o, (249)



5.1.1 GROUND STATE

Then the lowest energy state is obtained by filling all negative energy single-particle states, i.e.

GS)= [ di)lo).

[pI<pr,o (250)
The ground state energy is
Ees=>»_ > €. (251)
o |p|<pr

This is extensive (proportional to the volume) as expected. You can see the advantage of working in a finite
volume: the product in (250) involves only a finite number of factors and the ground state energy is finite.

The ground state momentum is
Pes=»_ Y p=0. (252)

o |pl<pr
The ground state momentum is zero, because is a state with momentum p contributes to the sum, then so
does the state with momentum —p.

£(p)

Figure 6: Ground state in the 1 dimensional case. Blue circles correspond to “filled” single-particle states.

5.1.2 EXCITATIONS

e Particle excitations

cl(k)|GS)  with k| > pp. (253)
Their energies and momenta are
E = FEgs + E(k) > Fqs, P=k (254)
e Hole excitations
¢ (k)|GS) with |k| < pp. (255)
Their energies and momenta are
E = FEqgs — e(k) > Fqgs, P=-k. (256)
e Particle-hole excitations
ch(K)er(p)|GS)  with |k > pr > [pl. (257)
Their energies and momenta are
E=FEgs+ek)—elp)>FEgs, P=k-—p. (258)
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£(p) £(p) £(p)

Figure 7: Some simple excited states: (a) particle (b) hole (c) particle-hole.

5.1.3 DENSITY CORRELATIONS

Consider the single-particle operator
o= |r)(r| (259)

It represents the particle density at position |r) as can be seen by acting on position eigenstates. In second

quantization it is
-3 [t wlo”) el =S (260)

1. One-point function.

We now want to determine the expectation value of this operator in the ground state
(GSlp(r)|GS) = D _(GSel (r)eo(r)|GS). (261)

A crucial observation is that the ground state has a simple description in terms of the Fock space built
from momentum eigenstates. Hence what we want to do is to work out the momentum representation
of p(r). We know from our general formula (185) that

Colr) = @ o (p). (262)
—3/2 5P

Substituting this as well as the analogous expression for the creation operator into (261), we obtain

(GS|p(r)|GS) = ZL3 Zeh P—P)T(GS|ch (p) e (P)|GS). (263)

For the expectation value (GS|ch(p')co(p)|GS) to be non-zero, we must have that c(p)cy(p)|GS)
reproduces |GS) itself. The only way this is possible is if |p| < pr (so that the ¢ pokes a hole in the
Fermi sea) and p’ = p (so that the ¢/ precisely fills the hole made by the c). Hence

. 1 N
(GS|p(r)|GS) = Z ZWHW/WVM)¢ﬁ¥WVMFD (264)
spin

So our expectation value gives precisely the particle density. This is expected because our system is
translationally invariant and therefore (GS|p(r)|GS) cannot depend on r.

2. Two-point function.

31



Next we want to determine the two-point function

(GS|p(r)p(r')|GS) = Z Zzeﬁpp’“enkk (GS|eh () eo ()l (K)o (K)|GS).  (265)

o,0! p.p’ kK’

The expectation value (GS|ch(p')co (p)ch (K )y (k)|GS) can be calculated by thinking about how the
creation and annihilation operators act on the ground state, and then concentrating on the processes
that reproduce the ground state itself in the end (see Fig. 8).

| 165y |
168 | sphoke ! g
i ! - + L, Qi
. @ Csp . @ B C,vu:r) | PP
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A @7
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+ @ g
i) ) xStk
s I
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| q " of,
—~ (3 » <) f ' @ I
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%R '?F T 1 hole. V
5,p hole
TR pagiile
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Bite-1) U S578er
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Figure 8:

The result is

(GSlel(p")eo(P)ch (K)o (K)|GS) = dipdppb(pr — P)O(pF — [k|)
+0o0,r0p 1Ok, p O(IK'| — pF)0(pr — [K]). (266)

Substituting this back in to (265) gives
1
(GSlp(r)p(r)|GS) = > 75> 0(pr — [K)O(pr — Ip))
! kyp

]. (e 1), r—r’
+ D0 75 2 OIK| = pe)(pr — I )i )

o Kk’

= (GS]o(r)|CS)(GSp(r)|CS) + 215 LS e i) (ag7)

|k|>pF Ik’\<pp

:“\*‘
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Evaluting the k sums for large L: The idea is to turn sums into integrals

1 ikR o 0F D) pRjcosw
I Z en — / — |k|)e / dpp? / d1951n19/ dy W@”‘ |

[k|<pr

_ /pF/h dp 225111(17\R|)' (268)
o

2m)2’ T pIR]

Here we have introduced spherical polar coordinates such that the z-axis of our co-ordinate system is along
the R direction, and

ky = hpsindcosyp ,
k, = hpsindsing ,
k. = hpcosd. (269)

The other sum works similarly

Z erk B ngesz Z ek R, (270)

\k\>pp \k|<pp

The second part is evaluated above, while the first part is
73 Z kR — 5G)(R). (271)
The equality can be proved by multiplying both sides by a test-function f(R) and then integrating over R:
1 -
3 kR 3 kR _ _
/dRL?,Zeh f® LgZ/dReh S®) = 553 e (272)

Here we have used standard definitions for Fourier series, cf Riley/Hobson/Bence 12.7.

Using these simplifications for large L we arrive at our final answer

2
o 2sin(p|r — r'|)

r/h
(GSIo(r)p() GS) = (GS]p(r)|GS)? + (GS]p(x) (G55 (x —x') — 2 [ [ ot

(273)
The first two terms are the same as for a classical ideal gas, while the third contribution is due to the
fermionic statistics (Pauli exclusion: “fermions don’t like to be close to one another”).

6 APPLICATION II: WEAKLY INTERACTING BOSONS

As you know from Statistical Mechanics, the ideal Bose gas displays the very interesting phenomenon of
Bose condensation. This has been observed in systems of trapped Rb atoms and led to the award of the
Nobel prize in 2001 to Ketterle, Cornell and Wiemann. The atoms in these experiments are bosonic, but the
atom-atom interactions are not zero. We now want to understand the effects of interactions in the framework
of a microscopic theory. The kinetic energy operator is expressed in terms of creation/annihilation operators
single-particle momentum eigenstates as

R 2
T=3" 5 (P)ep). (274)
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Here we have assumed that our system in enclosed in a large, periodic box of linear dimension L. The
boson-boson interaction is most easily expressed in position space

V= % / PrdPr’ o (r)el (1) (0, 1)e(r')e(x) (275)

A good model for the potential V (r,r’) is to take it of the form
Vie,r) =Us®(r -1, (276)

i.e. bosons interact only if they occupy the same point in space. Changing to the momentum space
description

1 o
cr) = 32 Zehp c(p), (277)
P
we have i
V=cm 2 el (p2)e(ps)e(pr +p2 — pa). (278)
P1.P2,P3

6.1 IDEAL BOSE GAS

For U = 0 we are dealing with an ideal Bose gas and we know that the ground state is a condensate: all
particles occupy the lowest-energy single-particle state, i.e. the zero-momentum state

1 N
GS)o = (e =0)" o). (279)

So p = 0 is special, and in particular we have

0(GS|c! (p = 0)c(p = 0)|GS)o = N. (280)

6.2 BOGOLIUBOV APPROXIMATION

For small U > 0 we expect the Bose-Einstein condensate to persist, i.e. we expect
(GSlcf (p = 0)e(p = 0)|GS) = Ny > 1. (281)
However,
[(0)e(0), V] # 0, (282)
so that the number of p = 0 bosons is not conserved, and the ground state |GS) will be a superposition of

states with different numbers of p = 0 bosons. However, for the ground state and low-lying excited states
we will have

(U] (0)c(0)| W) ~ Ny | (283)

where Ny, crucially, is a very large number. The Bogoliubov approrimation states that for such states we in

fact have
¢'(0) ~ /Ny , c(0) ~ /Ny,

i.e. creation and annihilation operators are approximately diagonal. We then may expand H in inverse
powers of Ny

(284)

H o= 3l (p)e(p)
+2gg Ng Zii?zz* k) + 2¢(=k)e(=k) + ¢l (k) (—k) + ¢(—k)e(k)
k#0
P (285)
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Now use that
No = ¢/ (0)e(0) = N = 3 cf (p)e(p), (286)
p7#0
where N is the (conserved) total number of bosons, and define

N
pP=13= density of particles. (287)

Then our Hamiltonian becomes

2
m="N > 2+ Up| dplelp) + [ )l )+ e(-p)etp)] + .
e(p)

(288)

The Bogoliubov approximation has reduced the complicated four-fermion interaction to two-fermion terms.
The price we pay is that we have to deal with the “pairing”-terms quadratic in creation/annihilation oper-
ators.

6.3 BOGOLIUBOV TRANSFORMATION

Consider the creation/annihilation operators defined by

b(p) \  (cosh(fp) sinh(fp) c(p)
<bT(—p)> N (sinh(ep) cosh(Hp)> (cT(—p)) (289)
It is easily checked that for any choice of Bogoliubov angle 0,
[b(p),b(@)] = 0=l (p),b7(@)] ,  [b(p), b ()] = dpq- (290)

In terms of the Bogoliubov bosons the Hamiltonian becomes

H = const+ é Z [(;i + Up) cosh(26p) — Up sinh(20p)] [bT(p)b(p) + bT(—p)b(—p)]
p#0

- K;’; + Up> sinh(20,) — Up Cosh(29p)} [bT(p)bT(—p) + b(—p)b(p)} +...(291)

Now we choose

fanh(26,) = — 0P (292)
P+ Up
2m
as this removes the bTb! + bb terms, and leaves us with a diagonal Hamiltonian
H = const + Z E(p)b'(p)b(p) + ...
0
p7 (203)
where
p? ?
E(p) = — — 2. 294
@) =/ (5 +00) - W) (201
We note that ,
E(p) — ;’TH for [p| — oo, (295)

which tells us that at high momenta (and hence high energies) we recover the quadratic dispersion. In this
limit 6, — 0, so that the Bogoliubov bosons reduce to the “physical” bosons we started with. On the other

hand
Up
E(p) — E\p| for |p| — 0. (296)

So here we have a linear dispersion.
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6.4 GROUND STATE AND LOW-LYING EXCITATIONS

We note that the Hamiltonian (293) involves only creation/annihilation operators with p # 0. Formally,
the Bogoliubov transformation (289) tells us that

b(0) = ¢(0) , (297)
because 0p—o = 0. Let us now define the vacuum state |0) by
b(p)I0) = 0 . (298)

Clearly, for p # 0 we have E(p) > 0, and hence no Bogoliubov quasiparticles will be present in the ground
state. On the other hand, our basic assumption was that

0)|GS) ~ /No|GS) ,  b(0)|GS) ~ /No|GS). (299)

In practice that is all we need to know, as it allows us to calculate correlation functions etc. However, in
order to get an idea what the ground state really looks like, let us express it in the form

|GS) = Z )"10) (300)

where the normalization condition imposes > o |a,|?> = 1. The approximate relations (299) then imply
that
No
\/’EO&n ~ N(]Oén_l 5 Qy man_i,_l s (301)

which tell us that a, ~ 0 unless n ~ Ny. So in the zero-momentum sector we obtain an (approximately)
equal-amplitude linear superposition of eigenstates with approximately Ny p = 0 bosons.
Low-lying excited states can now be obtained by creating Bogoliubov quasipartices, e.g.

b (q)|GS), (302)

is a particle-excitation with energy E(q) > 0.

6.5 DEPLETION OF THE CONDENSATE

We started out by asserting that for small interactions U > 0 we retain a Bose-Einstein condensate, i.e. the
consensate fraction Ny/N remains large. We can now check that this assumption is self-consistent. We have

No=N-=> cl(p)e(p). (303)
p#0
Thus in the ground state
No 1 <4 ~
~=1"% pZ#)w\c (P)c(p)|0). (304)

Inverting the Bogoliubov transformation we have

(p)[0) = [cosh(6p)b() — sinh(6)bf (~p)] 10) = — sinh(6p)bf (~p)|0)- (305)
Using this and its hermitian conjugate equations we find
No 1 L 1 e(p)
=2 = 1——Zsmh(9p):1— Z —1| =1-— [ -1
N N p#£0 2N p£0 1— tanh2(20 ) 2N p+£0 E(p)
1 1
= 1_ﬁ2 —_— 1. (306)
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We again turn this into an integral and evaluate it in spherical polar coordinates, which gives

NON1_7T/°° dp > (Up)?
3 2°

N )
The integral is proportional to U3/2 and thus indeed small for small U.

(307)

7 APPLICATION III: SPINWAVES IN A FERROMAGNET

Consider the following model of a magnetic insulator: at each site r of a D-dimensional with IV sites lattice
we have a magnetic moment. In QM such magnetic moments are described by three spin-operators

Sy, a=wzy,z, (308)
which fulfil the angular momentum commutation relations
[S¢, S )] = Op rri€apySY. (309)

We will assume that the spin are large in the sense that

S2= (s =s(s+1) > 1. (310)
(03
An appropriate Hamiltonian for such systems was derived by Heisenberg

H=-J> S-Sy

(r,r")

(311)

Here (r,r’) denote nearest-neighbour pairs of spins and we will assume that J > 0. The model (311) is
known as the ferromagnetic Heisenberg model. Let us begin by constructing a basis of states. At each site
we have 2s 4 1 states

1
|s — n)y —N( ) De, n=0,1,...,2s, (312)

where A is a normalization constant and

Sel D = 8| r, (313)

and S, = S¥ —iSY is the spin lowering operator on site r. A basis of states is then given by

H |se)r ,  —s < sy < s spin on site r. (314)

One ground state of H is given by

[eSES IS

(315)
Its energy is
H|GS) = —J ) s*|GS) = —Js*2N|GS), (316)
(r,r")
where zN is the total number of bonds in our lattice. The total spin lowering operator S~ = » S
commutes with H, i.e. [S™, H] =0, and hence
1 n
|GS,n) = N( T)IGS), 0<n<2sN (317)
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are ground states as well (as they have the same energy). Here N is a normalization.

Proof that |GS) is a ground state:
2S; - Sy = (Sp + Sp)? — 82— 82 = J% — 25(s + 1). (318)

Here J? is the total angular momentum squared. Its eigenvalues follow from the theory of adding angular
momenta to be
J25,m) =3 +]j,m), j=2s2s—1,...,1,0. (319)

This tells us that the maximal eigenvalue of J? is 2s(2s + 1), and by expanding |¢) in a basis of eigenstates
of J? we can easily show that

(0] 3%[4) > (@lism) (Gml 3Py (G m )

. .
J’mﬁj ?m

= D 1@l,m)%G 4+ 1) < 25(25 + 1) > (], m)]* = 2s(2s + 1). (320)

Jm J,m

This tells us that
<¢‘Sr : Sr’|¢> < 52- (321)

This provides us with a bound on the eigenvalues of the Hamiltonian, as
WH[Y]) > —Tjppns® = —Js*Nz. (322)

The state we have constructed saturates this bound, so must be a ground state.

Let us now consider thermal expectation values of observables O

(05 = Z(lﬁ)Tr [e=10] (323)

where Z(3) = Tr[e #H] is the partition function and 8 = 1/kgT. In the T — 0 limit we have

2sN
(0)oo = > _(GS,n|O|GS, n), (324)

n=0

i.e. we average over all ground states. This average is independent of the choice of quantization axis,
reflecting the presence of a global spin rotation symmetry. Indeed, in a rotated co-ordinate system we have

2sN
(0o = > _(GS,n|e"*S0e™**5|GS, n), (325)

n=0

where S = )" S, are the global spin operators. Now, {|GS,n)} form an orthonormal basis of the subspace

Ho of degenerate ground states of H. As e~*S is a unitary operator that commutes with H, we must have
2sN 2sN

e S|IGS,n) = Y Upm|GS,m) ;> UninUpy = 6. (326)
m=0 m=0

Substituting this back, we see that indeed (0') = (O)o-

In a real system, the 2s/N + 1-fold ground state degeneracy is usually broken through imperfections. In
particular, these will lead to spontaneous symmetry breaking of the spin rotational SU(2) symmetry and
the emergence of a spontaneous magnetization. A convenient mathematical description of this effect is as
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follows. Imagine adding an infinitesimal magnetic field —e) . Sf to the Hamiltonian. This will break the
degeneracy of the ground states, which now will have energies

Egsn = —Js*2N — es(N — 2n). (327)

Now consider the sequence of limits

lim lim [Egsn — Fasol = (328)

e—0 N—oo

0 if limyseo =0,
oo else.

This means that if we define the thermodynamic limit in the above way, then the only surviving ground
states will have magnetization per site s, i.e. contain only a non-extensive number of spin flips. In all of
these remaining ground states the spin rotational symmetry has been broken.

We succeeded in finding the ground states of H because of their simple structure. For more general spin
Hamiltonians, or even the Hamiltonian (311) with negative value of J, this will no longer work and we need
a more general, but approximate way of dealing with such problems.

8 HOLSTEIN-PRIMAKOFF TRANSFORMATION

Spin operators can be represented in terms of bosonic creation and annihilation operators in the form

T
S =s—alay, S&=5%+iS¥=12s 1—“;“‘"ar. (329)
S
You can check that the bosonic commutation relations
[am ai/] - 51‘,1" (330)
imply that
[S2,55] = 6y pri€asy S (331)

However, there is a caveat: the spaces of QM states are different! At site r we have

(S)"[Pes n=0,...,2s (332)
for spins, but for bosons there are infinitely many states

(al)n|0>r , n=0,...,00. (333)

To make things match, we must impose a constraint, that there are at most 2s bosons per site. Now we take
advantage of the fact that we have assumed s to be large: in the ground state there are no bosons present,
because

(GS|S?|GS) = s = (GS|s — alay|GS). (334)

Low-lying excited states will only have a few bosons, so for large enough s we don’t have to worry about
the constraint. Using the Holstein-Primakoff transformation, we can rewrite H in a 1/s expansion

H=-J Z s —s {aiar + ai,ar/ — alar/ — ai,ar} + ...
(r,r’)

(335)

Here the dots indicate terms proportional to s, s~!, etc. Once again using that s is large, we drop these
terms (for the time being). We then can diagonalize H by going to momentum space

) = SR, k)P = e (336)
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which gives

H=—-Js’Nz— JsZe(q)aT(q)a(q) +...
q

(337)
For a simple cubic lattice the energy is
e(q) = 2Js[3 — cosqy — cos gy — oS Q). (338)
For small wave numbers this is quadratic
e(q) = Js?|q*>  for|q| — 0. (339)

In the context of spontaneous symmetry breaking these gapless excitations are known as Goldstone modes.
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