Section S18 ADVANCED QUANTUM MECHANICS

1. A non-relativistic quantum particle of mass m is moving in the one-dimensional
potential U(z) = —a[0(x —a)+ §(z) + 6(x + a)], where @« > 0, a > 0. Using the
Green’s function of the Schrédinger operator for a free particle with F < 0, G(z,z') =
> exp (—«[z — 2'[), where k = v/—2mE/h, show that the Schrédinger equation

—5— 55 TU@)P(z) = Ey(x)

for the particle in the potential U(z) with E < 0 and the wave function boundary
conditions ¥ (x) — 0 for  — 400, corresponding to bound states in the potential U(x),
can be written as an integral equation
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Using this integral equation and the explicit form of the potential, write down
the solution ¢ (z) and the set of three algebraic equations determining v (a), ¥(0) and

1(—a). Express these equations in matrix form.
Show that the bound state energies are determined by the equation
L+nA —2e*1(1—nA) + (1 —n\)? =0,
where 7 = ka, A = h?/ama.

Analyse the equation for bound states energies in the limit of small and large .
How many energy levels are there for A < 17 Find their approximate values in terms
of A and k.

Find the energy levels and their degeneracy for A > 1.

Now consider stationary states of the continuous spectrum with £ > 0 in the same
potential U(x). For a particle incident on the potential from the negative x direction
with momentum £ and obeying the integral equation

Vo) = e = [ e (el (oo

find the solution 14(x) corresponding to stationary scattering states.

By analyzing the asymptotics of the solution for x — +o00 and writing it in the
form S(k)e?** find the scattering amplitude S(k) in terms of ¥s(a), ¥s(0) and 1s(—a).

Find the system of three algebraic equations determining ¢s(a), ¥s(0) and ¢s(—a)
and write them in matrix form. Use variables A and ¢ = ka.

Show that the singularities of S(k) on the imaginary axis of £ (i.e. for £ = in) are
determined by an algebraic equation identical to the one determining the bound states
energy levels in the potential U(x).

Do you expect S(k) to have other singularities? If yes, explain their physical
significance.
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2. A spinless free relativistic particle of mass m obeys the Klein - Gordon equation

1 02 m2c?
——-—-A+—|9=0,
lc2 ot? R v
where A is the Laplacian in three space dimensions. What is the connection between
this equation and the dispersion relation E? = p?c? + m?c? for the relativistic particle?

A spinless relativistic particle of mass m in an external scalar potential U(r,t)
obeys the equation
1 0? m2c?
[028752 —A+7h2 +aU(r,t)|¢v=0.
By considering the non-relativistic limit of the associated dispersion relation, show that
a = 2m/h%.

A spinless relativistic particle of mass m and charge e in an external electromag-
netic field A* = (®, A) obeys the equation

e \? 0 2
8<p—A>-Gh—aQ +m%ﬂ¢=0,
c ot

where p = —iAV.
Show that the current density
e

o = g (B0 D) — - A,

where 1) is a solution of the Klein-Gordon equation, satisfies the continuity equation
Oug* = 0.

For a time-independent electromagnetic field, consider solutions of the form i (t,r) =
e~ime+E)t/h (1) Show that the stationary Klein-Gordon equation obeyed by ¢(r) is

2 2
e (f) — €A> + m204] = (mc2 + FE— e<I>) .
c

For a hydrogen-like atom e® = —Ze?/r, A = 0. Show that the radial part R(r)
of the wave function ¢ = R(r)Y},,, where Y}, (0, ¢) are the standard spherical har-

monics, obeys the equation [Hint: You may use the decomposition Ay = %de(ZQR) Yim —
1d*(rR)
gz~ VersB(r) = AR(r),

where Verp = and aen, = €2/he.

72 r

Find the constants A, B and discuss their non-relativistic limit.

Sketch the effective potential V.y;. Explain qualitatively whether you expect
bound states to exist for any value of Z.

Do you expect the energy spectrum derived from this equation to be in agreement
with experiment? Explain.

2598/2599 17 [Turn over]

2]

2]



3. Consider the following candidate for a wave equation describing a relativistic
particle of mass m

3¢_7w( N 0
ot 1 \Mopt T Y22 T 85,3

Can the coefficients «;, ¢ = 1,2,3 and S be real numbers? Explain.

ih ) + Bmc*y = Hpip.

Assuming that ¢ has N components 1., a = 1,...N, show that each component
satisfies the Klein-Gordon equation,

1 92 m2c?
ey = At g =0,
lc28t2 + hQ]d} 0

provided that a? =1, 8% =1, ajou + ooy = 26, and a3 + Ba; = 0, where I is the
identity matrix.

Show that the eigenvalues of «; and § are equal to +1.
Show that Tra; = 0 and Tr 8 = 0.
Show that N must be an even number greater than 2.

For N = 4, introducing ¢! = (¥%, 43,15, 45,), where v is the component com-
plex conjugate to v, using the wave equation for 1, and its Hermitian conjugate, show
that the continuity equation holds,

Op

En +divj=0,

where p = T, ji = el

The Dirac equation in an external electromagnetic field A* = (®, A) is
e
o) o

where ¢ = i is the four-component Dirac spinor. The Minkowski metric is given

by 1, = diag(+1, -1, -1, -1), p, = ihd,, and the Dirac matrices are

I 0 0 oF
0 __ k __
7_<0 _1')? 7_<_Uk 0>7

are Pauli matrices obeying o;0, = ;1 + i€;1;07. For time-independent external
fields, consider stationary solutions of the form 1 ~ exp [—i(mc? + E)t/h]. Write down
the system of coupled equations for the spinors ¢ and y.

where o

Show that in the non-relativistic limit |E| < mc?, [e®| < mc?, the spinor ¢ obeys
the Pauli equation
2
(p—cA)

2m

¢ _
ot

and find the value of the magnetic moment pyg.

ih +e® — poo- By

Does the Dirac equation uniquely predict the value of pg? Explain.
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