
Section S18 ADVANCED QUANTUM MECHANICS

1. A non-relativistic quantum particle of mass m and wavenumber k is incident
from the negative x direction on the one-dimensional potential well U(x) ≤ 0, where
U(x) → 0 for x → ±∞.

Find the Green’s function of a Schrödinger operator for a free particle with E < 0
obeying the equation

(

Ĥ − E
)

G(x, x′) = −
h̄2

2m

∂2

∂x2
G(x, x′)− EG(x, x′) = δ(x − x′)

with the boundary condition G(x, x′) → 0 as |x− x′| → ∞. [4]

Using the Greens’s function G(x, x′), show that the Schrödinger equation

−
h̄2

2m

∂2ψ

∂x2
+ U(x)ψ(x) = E ψ(x)

for a particle in a potential U(x) with E < 0 and wavefunction asymptotics ψ(x) → 0
for x → ±∞, corresponding to the bound states in the potential U(x), can be written
as an integral equation

ψ(x) = −
m

κh̄2

∫ ∞

−∞
e−κ|x−x′|U(x′)ψ(x′) dx′,

where κ =
√
−2mE/h̄.

Using the integral equation, find the normalized wavefunction and the energy of
the bound state in the potential U(x) = −qδ(x), where q > 0. [7]

Show that for a free particle with E = h̄2k2/2m > 0 the Green’s functions of the
Schrödinger operator are given by

G±(x, x′) = ±
im

kh̄2
e±ik|x−x′|.

Explain why there are two Green’s functions for E > 0, G+ and G−. [4]

Show that the wavefunction of a particle of mass m and wavenumber k incident
from the negative x direction on the one-dimensional potential well U(x) obeys the
integral equation

ψ(x) = eikx −
∫ ∞

−∞
G+(x, x′)U(x′)ψ(x′) dx′.

Using this integral equation, find the transmission and reflection amplitudes S(k) and
A(k), and the corresponding transmission and reflection probabilities T (k) and R(k),
for the potential U(x) = −qδ(x), q > 0. Show that T +R = 1.

Find the poles (singularities) of the transmission amplitude S(k) in the complex k-
plane and show that they correspond to the bound state energies in the same potential.

[10]
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2. In the (first) Born approximation, the scattering amplitude for particles with
energy E = h̄2k2/2m is given by

f (1)(θ) = −
2m

h̄2

∫ ∞

0

r′ sin qr′

q
U(r′) dr′,

where q = 2k sin(θ/2) and θ is the scattering angle.

Show that the first Born approximation violates the Optical Theorem. Does this
make the theory invalid? Explain.

Show that in the first Born approximation the total cross section σ(E) in a generic
central potential U(r) obeys the inequality

d

dE
[Eσ(E)] ≥ 0,

i.e. that the function Eσ(E) is a monotonically increasing function of energy in this
approximation. [Hint: use q = 2k sin(θ/2) as the integration variable.] [8]

In the first Born approximation compute the differential cross-section dσ/dΩ in
the case of the Yukawa potential

U(r) =
U0e−µr

r
.

Show that in the limit µ → 0 with U0 = Z1Z2e2 and p⃗ = h̄k⃗, the cross section reduces
to the classical Rutherford scattering cross-section. [6]

Show that the scattering length a0 in the potential

U(r) =

{

−U0, r ≤ L,

0, r > L

is given by

a0 = L

(

1−
tan ξ0
ξ0

)

,

where ξ20 = 2mU0L2/h̄2. [6]

Compute the total cross-section σ at zero energy. Explain what happens at ξ0 =
π(n + 1/2), n = 0, 1, . . . . [5]
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3. A spinless relativistic particle of mass m and charge e > 0 in an external electro-
magnetic field Φ obeys the Klein–Gordon equation

[

−
(

ih̄
∂

∂t
− eΦ

)2

− h̄2c2∆+m2c4
]

ψ = 0.

Consider a one-dimensional scattering problem for such a particle incident from the left
on the potential of the form

Φ(x) =

{

0 x < 0,

V0 x > 0.

Define the charge density ρe and the current density je = (je, 0, 0) by

ρe =
ieh̄

2mc2

[

ψ∗ ∂ψ

∂t
− ψ

∂ψ∗

∂t

]

−
e2Φ

mc2
|ψ|2, je =

eh̄

2mi

[

ψ∗ ∂ψ

∂x
− ψ

∂ψ∗

∂x

]

.

Show that the Klein–Gordon equation implies that ∂ρe/∂t+ div je = 0. [2]

Show that the wavefunction ψ(t, x) = e−iεt/h̄u(x), where

u(x) =

{

eikx +Ae−ikx x < 0,

Seik
′x x > 0

is a solution of the Klein–Gordon equation. Find k2 and k′2 in terms of ε, m, eV0.
Consider k′2 as a function of the potential strength V0. Identify the three regions with
definite sign of k′2 and compute the group velocity of waves v = ∂ε/∂p, where p = h̄k′,
for each of the three regions.

Show that in the region eV0 < ε−mc2 the charge density is positive for a particle
of any mass, whereas in the region eV0 > ε+mc2 the charge density is negative. What
is the charge density in the region ε−mc2 < eV0 < ε+mc2?

For k′2 > 0, compute the current densities for the incident, reflected and trans-
mitted waves. By requiring that the group velocity is positive for x > 0, determine the
sign of k′ for eV0 < ε−mc2 and for eV0 > ε+mc2. [11]

Show that the reflection and transmission coefficients are given, correspondingly,
by R = |A|2, T = (k′/k)|S|2. Use the Klein–Gordon equation to determine the continu-
ity properties of the wavefunction and its first derivative at x = 0. Using the continuity
properties, find the amplitudes A and S for k′2 > 0 and show that the reflection and
transmission coefficients are given by

R =
(k − k′)2

(k + k′)2
, T =

4k2

(k + k′)2
k′

k
.

[6]

Show that for ε−mc2 < eV0 < ε+mc2 (i.e. for k′2 < 0) T = 0 and R = 1 (total
reflection). Show that for a weak potential eV0 < ε − mc2 one finds 0 < T < 1 and
0 < R < 1, R+T = 1, whereas for a strong potential eV0 > ε+mc2, surprisingly, T < 0
and R > 1. Explain this result. [6]
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