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2nd-Order	Hydrodynamics	&	Universality	in		
Non-Conformal	Holographic	Fluids	

Why	rela5vis5c	hydrodynamics?	
•  ubiquitous	low-energy	effec5ve	theory:		
applies	to	slowly-varying	fluctua5ons	in	any	interac5ng	field	
theory	at	finite	temperature	

•  only	theory-dependent	constants:	transport	coefficients	
•  successful	descrip5on	of	early-stage	QGP	
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2nd-Order	Hydrodynamics	&	Universality	in		
Non-Conformal	Holographic	Fluids	

Why	rela5vis5c	hydrodynamics?	

Why	non-conformal?	
•  most	physical	systems,	including	the	QGP,	are	non-conformal	

•  ubiquitous	low-energy	effec5ve	theory:		
applies	to	slowly-varying	fluctua5ons	in	any	interac5ng	field	
theory	at	finite	temperature	

•  only	theory-dependent	constants:	transport	coefficients	
•  successful	descrip5on	of	early-stage	QGP	
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2nd-Order	Hydrodynamics	&	Universality	in		
Non-Conformal	Holographic	Fluids	

Why	holography?	
•  in	order	to	compute	transport	coefficients:	
need	to	match	effec5ve	hydro	result	for	suitable	real-5me	
correlators	with	corresponding	microscopic	result	

•  for	QGP	however:	
Ø  perturba5ve	calcula5ons	impossible	due	to	strong	

coupling	
Ø  laYce	calcula5ons	unsuitable	for	real-/me	correlators	

•  only	currently	available	tool	for	real-5me	correlators	at	strong	
coupling:	gauge/gravity	duality	or	holography	
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2nd-Order	Hydrodynamics	&	Universality	in		
Non-Conformal	Holographic	Fluids	

Why	universality?	
•  gravity	dual	of	realis5c	theories	such	as	QCD	unknown	

Ø  best	one	can	hope	for:		
iden5fy	and	inves5gate	universal	proper5es	that	hold	for	
a	large	class	of	holographic	theories	

Ø  being	insensi5ve	to	microscopic	details,	such	universal	
proper5es	may	be	common	to	all	strongly-coupled	field	
theories,	including	the	ones	realised	in	nature	

•  example:	η/s	=	1/4π	for	all	strongly-coupled	theories	with	a	
two-deriva5ve	gravity	dual	
Ø  experiment	shows	that	for	QGP	indeed	η/s	≈	1/4π	
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2nd-Order	Hydrodynamics	&	Universality	in		
Non-Conformal	Holographic	Fluids	

Why	second	order?	
•  hydrodynamics	=	effec5ve	theory	for	slowly-varying	low-
energy	fluctua5ons	
Ø  systema5c	expansion	in	momenta/gradients	

(0th	order:	thermodynamic	quan55es,	1st	order:	η	and	ζ)	
•  hydro	simula5ons	of	QGP	require	2nd-order	gradients	to	
remove	unstable	superluminal	modes	

•  2nd-order	coefficients	can	be	measured	in	principle	
(dispersion	rela5ons,	equa5on	of	state	in	curved	space,	…)	
Ø  theore5cal	advancement:	what	can	holography	teach	us?	

•  within	gravity:	thermodynamics/black	holes	-->	fluid/gravity	
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The	Haak-Yarom	Iden5ty	
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The	Haak-Yarom	Iden5ty	

has	been	shown	to	hold	universally…	
•  …for	conformal	holographic	fluids	with	any	number	of	U(1)	
charges	at	finite	density	[Haack,Yarom	‘08]	

•  …when	taking	into	account	leading	correc5ons	to	the	infinite	
coupling	limit	in	N=4	[Grozdanov,Starinets	‘14]	and	in	the	dual	of	
Gauss-Bonnet	[Shaverin,Yarom	’12	&	’15][Grozdanov,Starinets	‘15]	

•  …for	the	non-conformal	Chamblin-Reall	background	
[Bigazzi,Cotrone	’10]	(however:	this	is	a	compac5fica5on	of	AdS!)	

•  ...for	a	non-conformal	compac5fica5on	of	D4-branes	
[Wu,Chen,Huang	‘16]	
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H ⌘ 2⌘⌧⇡ � 4�1 � �2 = 0 (0.1)
One	par5cular	rela5on	between	2nd-order	transport	coefficients		

Ø  Is	H=0	generally	sa5sfied	by	non-conformal	holographic	fluids?	
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Summary	of	our	results	

Ø  Is	H=0	sa5sfied	by	non-conformal	holographic	fluids?	

we	
•  …derived	new	Kubo	formulae	for	five	2nd-order	coefficients	
which	are	valid	for	any	uncharged	rela5vis5c	fluid	in	(3+1)-d	

•  ...applied	these	Kubo	formulae	to	a	large	class	of	non-
conformal	holographic	models:	namely	holographic	RG	flows	
triggered	by	any	relevant	scalar	operator	of	dimension	Δ=3	

•  ...found	that	the	following	combina5on	always	vanishes:	

•  …proved	analy5cally	that	H=0	s5ll	holds	when	taking	into	
account	leading	non-conformal	correc5ons	

•  …showed	numerically	that	H	vanishes	along	two	specific	
families	of	RG	flows	beyond	leading	order	
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3.  Quick	recap	of	hydro	
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3.  Quick	recap	of	hydro	
•  Assump5on:	all	relevant	dynamics	in	the	hydrodynamic	

regime	is	governed	by	microscopic	conserva5on	laws	
Ø  only	relevant	d.o.f.	are	expecta5on	values	of	global	charge	

densi5es,	averaged	over	small	patches	of	local	equilibrium	
•  uncharged	rela5vis5c	fluid:	only	conserved	charges	are	

energy																			and	momentum	density	
Ø microscopic	conserva5on	equa5ons:		

•  need	to	be	supplemented	by	cons5tu5ve	rela5ons	that	
express	the	current	densi5es																			as	func5ons	of	the	
charge	densi5es	
Ø  in	the	form	of	an	expansion	in	small	momenta/gradients	

•  in	the	spirit	of	effec5ve	field	theory,	at	every	order	all	terms	
compa5ble	with	the	underlying	symmetries	are	wriyen	down	
Ø  each	mul5plied	by	a	free	parameter=transport	coefficient	
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3.  Quick	recap	of	hydro	
Uncharged	rela5vis5c	fluid	in	(3+1)	dimensions:	

+			10	non-traceless	2nd-order	tensor	structures	mul5plied	by									and	9	
					other	transport	coefficients	

Formulae

Jonas Probst

Rudolph Peierls Centre for Theoretical Physics
University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫
(0)(x)

⌘

� ⌘ 2r<µ
u

⌫>
| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

⌘⌧⇡, , �1, �2, �3

Formulae

Jonas Probst

Rudolph Peierls Centre for Theoretical Physics
University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫
(0)(x)

⌘

� ⌘ 2r<µ
u

⌫>
| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

z }| {
projection to transverse, symmetric, traceless

z }| {
transverse, symmetric trace-part

⌘⌧⇡, , �1, �2, �3

Formulae

Jonas Probst

Rudolph Peierls Centre for Theoretical Physics
University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫
(0)(x)

⌘

� ⌘ 2r<µ
u

⌫>
| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

z }| {
projection to transverse, symmetric, traceless

z }| {
transverse, symmetric trace-part

⌘⌧⇡, , �1, �2, �3

+			5	traceless	2nd-order	tensor	structures	mul5plied	by	

Formulae

Jonas Probst

Rudolph Peierls Centre for Theoretical Physics
University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫
(0)(x)

⌘

� ⌘ 2r<µ
u

⌫>
| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

z }| {
projection to transverse, symmetric, traceless

z }| {
transverse, symmetric trace-part

⌘⌧⇡, , �1, �2, �3

Formulae

Jonas Probst

Rudolph Peierls Centre for Theoretical Physics
University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫
(0)(x)

⌘

� ⌘ 2r<µ
u

⌫>
| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

z }| {
projection to transverse, symmetric, traceless

z }| {
transverse, symmetric trace-part

⌘⌧⇡, , �1, �2, �3



⇤

+			3rd-order	gradients	
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4.  New	Kubo	formulae	
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4.  New	Kubo	formulae	
•  in	order	to	compute	transport	coefficients:	
need	to	match	effec5ve	hydro	result	for	suitable	real-5me	
correlators	of										with	the	corresponding	microscopic	result	
Ø  Kubo	formulae	tell	you	which	correlators	exactly	to	look	at	

for	a	specific	transport	coefficient	
•  correlators	are	encoded	in	the	response	of												to	external	
metric	perturba5ons	around	flat	space	
of	a	fluid	in	equilibrium:	
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•  convenient	to	use												and											as	fluid	variables	
Ø  equa5on	of	mo5on:	
with	boundary	condi5on																															for		
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•  focus	on	external	metric	perturba5ons	that	preserve	residual	
SO(2):	

•  the	par5cular	subset																																																																		
is	found	not	to	source	any	fluid	fluctua5ons	to	linear	order	
Ø  no	sound	waves	which	excite	theory-specific	mayer	
Ø  	on-shell	

•  focus	on	response	of	transverse	tensor	component	
whose	cons5tu5ve	rela5on	(-->	off-shell)	is	independent	of	
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Ø  	on-shell:				

Simple	sources	&	responses	
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constructed from the fluid variables and g
(0)µ⌫ , each multiplied by a transport coefficient

such as shear viscosity (see appendix A for the explicit expressions). These transport
coefficients are the free input parameters of the effective hydrodynamic description. In
order to compute their values we have to match the hydro result for appropriate correlators
of hTµ⌫i with the corresponding result in the underlying microscopic theory.

2.2 Sourced fluid stress tensor and Kubo formulae

A suitable quantity to match is the response of hTµ⌫i to an external metric perturbation
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of the perturbed fluid on the background g
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It is convenient to use �✏(x) and v(x) as fluid variables as this allows for a second expansion
in fluctuations around static global equilibrium sourced by h⇢�, in addition to the hydro
gradient expansion. Writing the equilibrium stress tensor as

T̄µ⌫ ⌘ hTµ⌫i [�✏ = v = h⇢� = 0] , (2.4)

the off-shell stress tensor of the perturbed fluid, eq. (A.5), assumes the following form to
first order O(�) in fluctuations:
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etc. Linearising the conservation eq. (2.1) around equilibrium yields the equations of motion
for the fluid variables �✏ and v in the presence of the linear metric perturbation h⇢�. Defining

�Tµ⌫
(�✏,v) ⌘

@T̄µ⌫

@ �✏
�✏+

@T̄µ⌫

@vi
vi , �Tµ⌫

(h) ⌘
@T̄µ⌫

@h⇢�
h⇢� , (2.7)

these equations read

@µ�T
µ⌫
(�✏,v) = �@µ�T

µ⌫
(h) � ��µ

µ⇢T̄
⇢⌫ � ��⌫

µ⇢T̄
µ⇢ +O(�2) . (2.8)

As h⇢� sources hydro fluctuations around static equilibrium we impose the boundary condi-
tion that �✏ = v = 0 for h = 0, i.e. we do not consider the usual free hydro modes that solve
eq. (2.8) in the absence of the source terms on the right hand side. There exists a partic-
ularly simple subset of non-trivial metric perturbations in four dimensions xµ = (t, x, y, z)

that do not source any fluctuations of the fluid variables to first order. Explicitly, if we only
turn on

{hxy(t, z), htx(z), hty(z), hxz(t), hyz(t)} (2.9)
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constructed from the fluid variables and g
(0)µ⌫ , each multiplied by a transport coefficient

such as shear viscosity (see appendix A for the explicit expressions). These transport
coefficients are the free input parameters of the effective hydrodynamic description. In
order to compute their values we have to match the hydro result for appropriate correlators
of hTµ⌫i with the corresponding result in the underlying microscopic theory.

2.2 Sourced fluid stress tensor and Kubo formulae

A suitable quantity to match is the response of hTµ⌫i to an external metric perturbation
around flat space of a fluid in equilibrium. In the equilibrium rest frame, the fluid variables
of the perturbed fluid on the background g

(0)µ⌫(x) = ⌘µ⌫ + hµ⌫(x) will take the form

✏(x) = ✏̄+ �✏(x) , uµ(x) = (1, v)
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. (2.3)

It is convenient to use �✏(x) and v(x) as fluid variables as this allows for a second expansion
in fluctuations around static global equilibrium sourced by h⇢�, in addition to the hydro
gradient expansion. Writing the equilibrium stress tensor as

T̄µ⌫ ⌘ hTµ⌫i [�✏ = v = h⇢� = 0] , (2.4)

the off-shell stress tensor of the perturbed fluid, eq. (A.5), assumes the following form to
first order O(�) in fluctuations:

hTµ⌫i [�✏, v;h⇢�] = T̄µ⌫ +
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etc. Linearising the conservation eq. (2.1) around equilibrium yields the equations of motion
for the fluid variables �✏ and v in the presence of the linear metric perturbation h⇢�. Defining
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As h⇢� sources hydro fluctuations around static equilibrium we impose the boundary condi-
tion that �✏ = v = 0 for h = 0, i.e. we do not consider the usual free hydro modes that solve
eq. (2.8) in the absence of the source terms on the right hand side. There exists a partic-
ularly simple subset of non-trivial metric perturbations in four dimensions xµ = (t, x, y, z)

that do not source any fluctuations of the fluid variables to first order. Explicitly, if we only
turn on

{hxy(t, z), htx(z), hty(z), hxz(t), hyz(t)} (2.9)
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tion that �✏ = v = 0 for h = 0, i.e. we do not consider the usual free hydro modes that solve
eq. (2.8) in the absence of the source terms on the right hand side. There exists a partic-
ularly simple subset of non-trivial metric perturbations in four dimensions xµ = (t, x, y, z)

that do not source any fluctuations of the fluid variables to first order. Explicitly, if we only
turn on

{hxy(t, z), htx(z), hty(z), hxz(t), hyz(t)} (2.9)
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4.  New	Kubo	formulae	
Explicitly:	in	the	presence	of																																																																	:		

constructed from the fluid variables and g
(0)µ⌫ , each multiplied by a transport coefficient

such as shear viscosity (see appendix A for the explicit expressions). These transport
coefficients are the free input parameters of the effective hydrodynamic description. In
order to compute their values we have to match the hydro result for appropriate correlators
of hTµ⌫i with the corresponding result in the underlying microscopic theory.

2.2 Sourced fluid stress tensor and Kubo formulae

A suitable quantity to match is the response of hTµ⌫i to an external metric perturbation
around flat space of a fluid in equilibrium. In the equilibrium rest frame, the fluid variables
of the perturbed fluid on the background g

(0)µ⌫(x) = ⌘µ⌫ + hµ⌫(x) will take the form

✏(x) = ✏̄+ �✏(x) , uµ(x) = (1, v)
�

�g
(0)tt � 2g

(0)tiv
i � g

(0)ijv
ivj

��1/2
. (2.3)

It is convenient to use �✏(x) and v(x) as fluid variables as this allows for a second expansion
in fluctuations around static global equilibrium sourced by h⇢�, in addition to the hydro
gradient expansion. Writing the equilibrium stress tensor as

T̄µ⌫ ⌘ hTµ⌫i [�✏ = v = h⇢� = 0] , (2.4)

the off-shell stress tensor of the perturbed fluid, eq. (A.5), assumes the following form to
first order O(�) in fluctuations:

hTµ⌫i [�✏, v;h⇢�] = T̄µ⌫ +
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(2.6)

etc. Linearising the conservation eq. (2.1) around equilibrium yields the equations of motion
for the fluid variables �✏ and v in the presence of the linear metric perturbation h⇢�. Defining

�Tµ⌫
(�✏,v) ⌘
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these equations read

@µ�T
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(�✏,v) = �@µ�T

µ⌫
(h) � ��µ

µ⇢T̄
⇢⌫ � ��⌫

µ⇢T̄
µ⇢ +O(�2) . (2.8)

As h⇢� sources hydro fluctuations around static equilibrium we impose the boundary condi-
tion that �✏ = v = 0 for h = 0, i.e. we do not consider the usual free hydro modes that solve
eq. (2.8) in the absence of the source terms on the right hand side. There exists a partic-
ularly simple subset of non-trivial metric perturbations in four dimensions xµ = (t, x, y, z)

that do not source any fluctuations of the fluid variables to first order. Explicitly, if we only
turn on

{hxy(t, z), htx(z), hty(z), hxz(t), hyz(t)} (2.9)
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4.  New	Kubo	formulae	
Explicitly:	in	the	presence	of																																																																	:		
		

constructed from the fluid variables and g
(0)µ⌫ , each multiplied by a transport coefficient

such as shear viscosity (see appendix A for the explicit expressions). These transport
coefficients are the free input parameters of the effective hydrodynamic description. In
order to compute their values we have to match the hydro result for appropriate correlators
of hTµ⌫i with the corresponding result in the underlying microscopic theory.

2.2 Sourced fluid stress tensor and Kubo formulae

A suitable quantity to match is the response of hTµ⌫i to an external metric perturbation
around flat space of a fluid in equilibrium. In the equilibrium rest frame, the fluid variables
of the perturbed fluid on the background g

(0)µ⌫(x) = ⌘µ⌫ + hµ⌫(x) will take the form

✏(x) = ✏̄+ �✏(x) , uµ(x) = (1, v)
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��1/2
. (2.3)

It is convenient to use �✏(x) and v(x) as fluid variables as this allows for a second expansion
in fluctuations around static global equilibrium sourced by h⇢�, in addition to the hydro
gradient expansion. Writing the equilibrium stress tensor as

T̄µ⌫ ⌘ hTµ⌫i [�✏ = v = h⇢� = 0] , (2.4)

the off-shell stress tensor of the perturbed fluid, eq. (A.5), assumes the following form to
first order O(�) in fluctuations:

hTµ⌫i [�✏, v;h⇢�] = T̄µ⌫ +



@T̄µ⌫

@ �✏
�✏+

@T̄µ⌫

@vi
vi
�

+
@T̄µ⌫

@h⇢�
h⇢� +O(�2) , (2.5)

where we defined

@T̄µ⌫

@ �✏
⌘ @ hTµ⌫i

@ �✏

�

�

�

�

�✏=v=h⇢�=0

(2.6)

etc. Linearising the conservation eq. (2.1) around equilibrium yields the equations of motion
for the fluid variables �✏ and v in the presence of the linear metric perturbation h⇢�. Defining
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µ⇢ +O(�2) . (2.8)

As h⇢� sources hydro fluctuations around static equilibrium we impose the boundary condi-
tion that �✏ = v = 0 for h = 0, i.e. we do not consider the usual free hydro modes that solve
eq. (2.8) in the absence of the source terms on the right hand side. There exists a partic-
ularly simple subset of non-trivial metric perturbations in four dimensions xµ = (t, x, y, z)

that do not source any fluctuations of the fluid variables to first order. Explicitly, if we only
turn on

{hxy(t, z), htx(z), hty(z), hxz(t), hyz(t)} (2.9)

– 6 –

Formulae

Jonas Probst

Rudolph Peierls Centre for Theoretical Physics
University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫

(0)(x)
⌘

� ⌘ 2r<µ

u

⌫>

| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

z }| {
projection to transverse, symmetric, traceless

z }| {
transverse, symmetric trace-part

⌘⌧

⇡

, , �1, �2, �3



⇤ = 0

hT xyi [h] = T̄

xy +
@T̄

xy

@h

h+
1

2

@

2
T̄

xy

@h

2
h

2 +O �
h

3
, @

3
�

(0.1)

�✏(h) , �v(h) = O(h2)

hT xyi [h] =
h
�p̄� ⌘ @

t

� 

2
@

2
z

+
⇣
⌘ ⌧

⇡

� 

2
+ 

⇤
⌘
@

2
t

i
h

xy

(t, z)

+


p̄ h

xz

h

yz

+ ⌘ (h
xz

@

t

h

yz

+ @

t

h

xz

h

yz

) +

✓
�1 � ⌘ ⌧

⇡

� 

⇤

2

◆
@

t

h

xz

@

t

h

yz

+
⇣


2
� ⌘ ⌧

⇡

� 

⇤
⌘ �

h

xz

@

2
t

h

yz

+ @

2
t

h

xz

h

yz

�i

+


�p̄ h

tx

h

ty

+

✓
�3

4
� 

⇤

2

◆
@

z

h

tx

@

z

h

ty

� 

2

�
h

tx

@

2
z

h

ty

+ @

2
z

h

tx

h

ty

��

+


1

2
⌘ ⌧

⇡

� �2

4
+



⇤

2

�
(@

z

h

tx

@

t

h

yz

+ @

z

h

ty

@

t

h

xz

) +O(h3, @3)

hTµ⌫(x = 0)i [h] = G

µ⌫(0)� 1

2

Z
d4p

(2⇡)4
G

µ⌫,⇢�(p)h
⇢�

(p)

+
1

8

Z
d4q

(2⇡)4
d4p

(2⇡)4
G

µ⌫,⇢�,�(q, p)h
⇢�

(q)h
�

(p) +O(h3) , (0.2)

Ø  gives	us	access	to	5	independent	2nd-order	coefficients:	
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4.  New	Kubo	formulae	
Ø  one	can	read	off	Kubo	formulae	by	comparing	this	with	the	

expansion	of																		in	terms	of	retarded	correlators:	
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Example:	only	turn	on	the	plane	wave	
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4.  New	Kubo	formulae	

Formulae

Jonas Probst

Rudolph Peierls Centre for Theoretical Physics
University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫

(0)(x)
⌘

� ⌘ 2r<µ

u

⌫>

| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

z }| {
projection to transverse, symmetric, traceless

z }| {
transverse, symmetric trace-part

⌘⌧

⇡

, , �1, �2, �3



⇤ = 0

hT xyi [h] = T̄

xy +
@T̄

xy

@h

h+
1

2

@

2
T̄

xy

@h

2
h

2 +O �
h

3
, @

3
�

(0.1)

�✏(h) , �v(h) = O(h2)

hT xyi [h] =
h
�p̄� ⌘ @

t

� 

2
@

2
z

+
⇣
⌘ ⌧

⇡

� 

2
+ 

⇤
⌘
@

2
t

i
h

xy

(t, z)

+


p̄ h

xz

h

yz

+ ⌘ (h
xz

@

t

h

yz

+ @

t

h

xz

h

yz

) +

✓
�1 � ⌘ ⌧

⇡

� 

⇤

2

◆
@

t

h

xz

@

t

h

yz

+
⇣


2
� ⌘ ⌧

⇡

� 

⇤
⌘ �

h

xz

@

2
t

h

yz

+ @

2
t

h

xz

h

yz

�i

+


�p̄ h

tx

h

ty

+

✓
�3

4
� 

⇤

2

◆
@

z

h

tx

@

z

h

ty

� 

2

�
h

tx

@

2
z

h

ty

+ @

2
z

h

tx

h

ty

��

+


1

2
⌘ ⌧

⇡

� �2

4
+



⇤

2

�
(@

z

h

tx

@

t

h

yz

+ @

z

h

ty

@

t

h

xz

) +O(h3, @3)

hTµ⌫(x = 0)i [h] = G

µ⌫(0)� 1

2

Z
d4p

(2⇡)4
G

µ⌫,⇢�(p)h
⇢�

(p)

+
1

8

Z
d4q

(2⇡)4
d4p

(2⇡)4
G

µ⌫,⇢�,�(q, p)h
⇢�

(q)h
�

(p) +O(h3) , (0.2)

In	fact,	all	5	coefficients		
	
can	be	measured	by	turning	on	plane	waves	for

	 	 	 			, 	 	 	 	 	,	and 	 	 	 							,		
one	azer	another.				
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where p̄ denotes the pressure in global equilibrium. The linear response sourced by the
tensor perturbation hxy was derived in ref. [3], the quadratic response sourced by the
transverse-vector perturbations was computed in ref. [6] for a conformal fluid with ⇤ =

0. To our knowledge, the response (2.12) of a non-conformal fluid has not appeared in
the literature before. Note in particular that ⇤ is the only non-conformal second-order
coefficient that appears in eq. (2.12). Eq. (2.12) shows that the response of hT xyi to the
perturbations (2.9) gives us access to five independent linear combinations of second-order
transport coefficients3,
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. In fact, no additional information is
provided by the response to hxy, and all five coefficients (1.2) can be obtained by turning on
plane-wave excitations for {hxz(t), hyz(t)}, {htx(z), hty(z)}, and {hty(z), hxz(t)}, one after
another.

3Note that if we wanted to extract all fifteen second-order coefficients we would have to turn on metric
perturbations in the scalar sound channel which would necessarily source fluctuations of �✏ and v.
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where p̄ denotes the pressure in global equilibrium. The linear response sourced by the
tensor perturbation hxy was derived in ref. [3], the quadratic response sourced by the
transverse-vector perturbations was computed in ref. [6] for a conformal fluid with ⇤ =

0. To our knowledge, the response (2.12) of a non-conformal fluid has not appeared in
the literature before. Note in particular that ⇤ is the only non-conformal second-order
coefficient that appears in eq. (2.12). Eq. (2.12) shows that the response of hT xyi to the
perturbations (2.9) gives us access to five independent linear combinations of second-order
transport coefficients3,
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which includes the combination H = 2⌘ ⌧⇡ � 4�
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2

. In fact, no additional information is
provided by the response to hxy, and all five coefficients (1.2) can be obtained by turning on
plane-wave excitations for {hxz(t), hyz(t)}, {htx(z), hty(z)}, and {hty(z), hxz(t)}, one after
another.

3Note that if we wanted to extract all fifteen second-order coefficients we would have to turn on metric
perturbations in the scalar sound channel which would necessarily source fluctuations of �✏ and v.
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where p̄ denotes the pressure in global equilibrium. The linear response sourced by the
tensor perturbation hxy was derived in ref. [3], the quadratic response sourced by the
transverse-vector perturbations was computed in ref. [6] for a conformal fluid with ⇤ =

0. To our knowledge, the response (2.12) of a non-conformal fluid has not appeared in
the literature before. Note in particular that ⇤ is the only non-conformal second-order
coefficient that appears in eq. (2.12). Eq. (2.12) shows that the response of hT xyi to the
perturbations (2.9) gives us access to five independent linear combinations of second-order
transport coefficients3,

 , ⌘ ⌧⇡ + ⇤ , �
1

+
⇤

2
, �

2

, �
3
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which includes the combination H = 2⌘ ⌧⇡ � 4�
1

��
2

. In fact, no additional information is
provided by the response to hxy, and all five coefficients (1.2) can be obtained by turning on
plane-wave excitations for {hxz(t), hyz(t)}, {htx(z), hty(z)}, and {hty(z), hxz(t)}, one after
another.

3Note that if we wanted to extract all fifteen second-order coefficients we would have to turn on metric
perturbations in the scalar sound channel which would necessarily source fluctuations of �✏ and v.
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where p̄ denotes the pressure in global equilibrium. The linear response sourced by the
tensor perturbation hxy was derived in ref. [3], the quadratic response sourced by the
transverse-vector perturbations was computed in ref. [6] for a conformal fluid with ⇤ =

0. To our knowledge, the response (2.12) of a non-conformal fluid has not appeared in
the literature before. Note in particular that ⇤ is the only non-conformal second-order
coefficient that appears in eq. (2.12). Eq. (2.12) shows that the response of hT xyi to the
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perturbations in the scalar sound channel which would necessarily source fluctuations of �✏ and v.
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4.  New	Kubo	formulae	
We	obtained	the	following	new	Kubo	formulae:	

one can read off the low-momentum expansion of the corresponding three-point functions
Gxy,xz,yz, Gxy,tx,ty, Gxy,ty,xz and derive the following Kubo formulae4:

 = @2

qzG
xy,tx,ty(q, p)
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�

q=p=0

, (2.21a)
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, (2.21b)
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2
= (⌘⌧⇡ + ⇤)� @q0@p0G

xy,xz,yz(q, p)|q=p=0

, (2.21c)

�
2

= 2 (⌘⌧⇡ + ⇤)� 4 @q0@pzG
xy,tx,xz(q, p)

�

�

q=p=0

, (2.21d)

�
3

� 2⇤ = �4 @qz@pzG
xy,tx,ty(q, p)

�

�

q=p=0

. (2.21e)

2.3 Holographic calculation

We now turn to the specific kind of microscopic theories that we will be studying through-
out the remainder of this work: strongly coupled non-conformal QFTs with a holographic
dual in asymptotically AdS

5

[15, 56, 57]. In order to extract their second-order transport
coefficients we need to compute the stress-tensor component hT xyi to second order O(✏2) in
the perturbations (2.14), (2.16), (2.18) of the field-theory metric and match the result with
the effective hydro results (2.15), (2.17), (2.19) [22, 58, 59]. Perturbations of the external
field-theory metric act as boundary sources for perturbations of the dynamical bulk metric
gmn in the dual gravity theory. Their backreaction on the bulk can be computed pertur-
batively in ✏. With regard to universality it is encouraging that, even for non-conformal
fluids, H can be measured by considering shear perturbations of the fluid. Unlike sound
perturbations, shear perturbations only couple to the gravity sector of the dual bulk, which
is common to all holographic theories, and not to the model-specific matter content [40].

According to the holographic dictionary [16, 17], the field-theory stress tensor hT xyi
equals, up to a scaling factor, the quasi-local gravity stress tensor T µ⌫ of the dual AdS
bulk [60] (see appendix C). The latter measures the response of the on-shell gravity action
to changes in the induced AdS boundary metric. Explicitly, variations of the induced AdS
boundary metric �µ⌫ lead to the following variation in the (appropriately renormalised)
bulk action,

�Sren = � 1

16⇡GN

Z

d5x
p
�gEOMmn�gmn +

1

2

Z

@AdS5

d4x
p
�� T µ⌫��µ⌫ , (2.22)

where EOMmn denote Einstein’s equations in the bulk. Thus, for (2/
p��) (�Sren/��xy)

to yield the correct result for T xy up to O(✏2) included, EOMxy must be satisfied to order
O(✏2) [58].5

4Ref. [6] defines the Fourier-transformed three-point functions with the opposite sign for the two mo-
menta. In our convention, the shear viscosity is therefore given by ⌘ = i @q0G

xy,xz,yz(q, p)|q=p=0, as
opposed to eq. (21) in ref. [6], ⌘ = �i @q0G

xy,xz,yz(q, p)|q=p=0. We further believe that the factors of 2 in
their eqs. (22) and (23) should be absent, in agreement with their eq. (26).

5Given that the bulk metric will be diagonal to leading order, gmn / �mn, we can ensure that EOMxy =

O(✏3) by solving the usual form of Einstein’s equations with lower indices, EOMmn, to O(✏) and EOMxy

to O(✏2).
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5.  Applying	Kubo	in	holography	
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5.  Applying	Kubo	in	holography	
Ø want	to	compute	transport	coefficients	of	strongly	coupled	

field	theories	with	holographic	gravity	duals	

Strategy	
•  perturb	external	field-theory	metric		

Ø  presribe	corresponding	AdS-boundary	value	of	dual	
dynamical	bulk	metric	

•  solve	Einstein’s	equa5ons	perturba5vely	in	
Ø  ...momenta	 	(hydro	gradient	expansion)	
Ø  ...sources	 	 	( 	 	sufficient	for	3-point	func5ons)	

•  extract	field-theory	stress	tensor	 	 	 		from	dual	gravity	
solu5on	according	to	holographic	dic5onary	

•  compare	with	effec5ve	hydro	result	for		 	 	 	to	read	off	
transport	coefficients	
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5.  Applying	Kubo	in	holography	
Compua5on	of 							from	gravity	dual	

Ø  	global	charges	agree	in	dual	theories	
Ø  in	par5cular	
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quasi-local	gravity	stress	tensor	 field-theory	stress	tensor	

off-shell:	
	
	

Ø  to	obtain 				up	to	 					in	the	boundary	perturba5on	we	
only	need	to	solve 		 							up	to 	 		included			
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6. 	A	class	of	non-conformal	holographic	models	

Ø  holographic	RG	flows	triggered	by	a	scalar	operator	of	
dimension	Δ=3	

•  field	theory:	
relevant	deforma5on	of	UV	fixed	point	by	

•  dual	gravity	bulk:	
	
	
with	poten5als	of	the	form	
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Black-brane	backgrounds	
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field-theory	direc5ons	 convenient	radial	coordinate,		
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Ø  solu5ons	depend	on	single	parameter	
Ø  common	UV	fixed	point 	 	 	 		:	pure	AdS	black	brane	
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Remark:	restric5on	to	(Δ=3)-operators	because	counterterms	
required	for	holographic	renormalisa5on	are	known.	
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7.  Solving	Einstein’s	equa5ons	
Goal	

Compute	response	of		 					(encoded	in	on-shell	bulk	metric)	to	
field-theory	metric	perturba5ons	and	compare	with	hydro	result	
Ø  find	solu5ons	of	bulk	metric	fluctua5ons	sourced	by	field-

theory	metric	perturba5ons	
…around	arbitrary	black-brane	background	solu5ons	

s.	t.	expressions	for 	 		are	valid	for	
•  any	operator	with	Δ=3	(dual 	 	arbitrary	beyond	mass)	
•  any	temperature	T/Λ	
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Solving	the	xy-component	of	Einstein’s	equa5ons,	sourced	by	
the	three	dual	field-theory	metric	perturba5ons	

	 	 	 	, 	 	 	 				,	and	 	 	 	 	,	
•  …to	2nd-order	in	sources		
•  …to	2nd-order	in	momenta	

involves	24	func5ons	in	the	bulk	metric.	
Ø we	found	analy5c	solu5ons	for	19	and	explicit	integral	

expressions	for	another	4	
(given	in	terms	of	arbitrary	black-brane	background	solu5ons)	
Ø  1	unknown	func5on	

…which	however	(as	it	turns	out)	does	not	enter	 				!	
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then the right hand side of eq. (2.8) vanishes at O(h), and the hydro equations are solved
by �✏(h), v(h) = O(h2). In that case, the on-shell stress tensor takes the following form to
second order in the source O(h2):
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This expression simplifies even further if we focus on the transverse-tensor component
hT xy(t, z)i as it is independent of the scalars �✏, vz and the transverse-vector components
vx, vy to first order O(�):
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Using this together with the constitutive relation (A.5), the on-shell response of hT xyi to
the metric perturbations (2.9) at O(h2) is found to be
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where p̄ denotes the pressure in global equilibrium. The linear response sourced by the
tensor perturbation hxy was derived in ref. [3], the quadratic response sourced by the
transverse-vector perturbations was computed in ref. [6] for a conformal fluid with ⇤ =

0. To our knowledge, the response (2.12) of a non-conformal fluid has not appeared in
the literature before. Note in particular that ⇤ is the only non-conformal second-order
coefficient that appears in eq. (2.12). Eq. (2.12) shows that the response of hT xyi to the
perturbations (2.9) gives us access to five independent linear combinations of second-order
transport coefficients3,
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3
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which includes the combination H = 2⌘ ⌧⇡ � 4�
1

��
2

. In fact, no additional information is
provided by the response to hxy, and all five coefficients (1.2) can be obtained by turning on
plane-wave excitations for {hxz(t), hyz(t)}, {htx(z), hty(z)}, and {hty(z), hxz(t)}, one after
another.

3Note that if we wanted to extract all fifteen second-order coefficients we would have to turn on metric
perturbations in the scalar sound channel which would necessarily source fluctuations of �✏ and v.
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Note:	the	shear-perturba5ons	we	turn	on	don’t	source	
fluctua5ons	of	the	bulk	scalar	 	:	
Ø  they	only	excite	universal	gravity	sector	
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8.  Analy5c	results	on	2nd-order	transport	
response	of	holographic	stress	tensor		

ü …sa5sfies	Ward	iden5ty		
ü  ...takes	expected	hydro	from	(non-trivial	check	on	global	

solu5ons!)	
ü  reproduces	η/s	=	1/4π		

Ø  yields	explicit	expressions	for	the	five	2nd-order	coefficients!	
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8.  Analy5c	results	on	2nd-order	transport	hTµ
µi = hOi⇤+ anomaly
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Ø  natural	units: 	s/T	(prop.	to	d.o.f.,	mass	dim.	2)	
Ø  		 	 	 	 	 		 			given	by	integrals	over	background	

Ø  depend	on	operator	details	(dual	poten5al)	and	T/Λ	
Ø  	5	transport	coefficients	depend	on	4		

Ø  	1	independent	combina5on!	
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normalisable	modes	of		
bulk	metric	fluctua5ons	

hTµ
µi = hOi⇤+ anomaly

 = � 2

fb
Y (2tz)
(1,1) sT , (0.3)

⌘ ⌧⇡ + ⇤ =
1

fb

✓

1

32⇡2T 2

+ Y (1t)
2

� Y (2tz)
(1,1)

◆

sT , (0.4)

�
1

+
⇤

2
=

1

fb

✓

1

32⇡2T 2

+ Y (1t)
2

� Y (2tz)
(1,1) + Y (2tt)

(1,1)

◆

sT , (0.5)

�
2

=
2

fb

✓

1

32⇡2T 2

+ Y (1t)
2

+ Y (2tz)
(1,1)

◆

sT , (0.6)

�
3

� 2⇤ =
4

fb
Y (2zz)
(1,1) sT . (0.7)

n

Y (1t)
2

, Y (2tt)
(1,1) , Y

(2zz)
(1,1) , Y (2tz)

(1,1)

o

f
u!0���! 1 + fbu2

– 5 –



Oxford,	18/10/16	 Jonas	Probst	 44	

8.  Analy5c	results	on	2nd-order	transport	
1	independent	combina5on:	
Ø  obeyed	by	all	holographic	RG	flows	triggered	by	(Δ=3)-

operator	at	infinite	coupling,	at	any	value	of	T/Λ	
(provided	they	admit	black-brane	solu5ons)	

coefficients	entering 				previously	computed	for		
	
•  N=4	at	infinite	coupling	[Baier	et	al.	’08][Bhayacharyya	et	al.	‘08]	
•  non-conformal	dual	of	Chamblin-Reall	[Bigazzi,Cotrone	’08]	

•  finite	coupling	correc5ons	for	N=4	
[Penincasa,Buchel	’05][Buchel	‘08][Buchel,Paulos	’08][Grozdanov,Starinets.	’14]	
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8.  Analy5c	results	on	2nd-order	transport	
Proof	that	H=0	incl.	leading	non-conformal	correc5ons	
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Ø  integral	over	background	fields	A	and	f	
(dependence	on 	cancels!)	
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background	EOMs:	solve	A	in	terms	of	f	

	integral	over	f	and	its	deriva5ves	only	

	simplifies	to	

linearise		around	fixed	point	(pure	AdS	black	brane)		

Ø  integra5on	by	parts	yields	H=0	

in such theories, where Y (1t)
2

and Y (2tt)
(1,1) are given by expression (4.22), combined with

eq. (B.1). A priori, Y (1t)
2

and Y (2tt)
(1,1) depend on both background fields A(u), f(u) and their

boundary and horizon modes {Ab, fb} and {AH , fH}. Replacing A(u) with its analytic
solution, eq. (5.1),

A(u) =
1

4
log

✓

2fbA2

b

u f 0(u)

◆

, (5.11)

however, also cancels the explicit dependence on Ab and AH in eq. (5.10) and H becomes a
function of fb and f(u) only, though it depends on the latter through a complicated integral
over a rational functional of f(u) and its derivatives. Yet, close to the UV-fixed point we
can expand the integrand in the deviation �f(u) from the conformal solution (3.9),

f(u) = 1� u2 + �f(u) , (5.12a)
f(u ! 0) ⇠ 1 + (�1 + �fb)u

2 , f(u ! 1) ⇠ (2 + �fH) (1� u) . (5.12b)

To linear order in �f , the result for H is
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where we defined

P (u) ⌘ (1 + u) log (1 + u)

8u2
, (5.14)

Q(u) ⌘
u
�

1 + 2u� 3u2
�

� (1 + u)2 (2� 3u) log (1 + u)

8u3 (1� u2)
. (5.15)

Integrating by parts and inserting the near-boundary and near-horizon behaviour of �f(u),
eq. (5.12b), one finds that H indeed vanishes to first order in �f . This proves that, even
when taking into account the leading non-conformal corrections to second-order transport
caused by an arbitrary scalar operator of dimension � = 3, the combination H = 2⌘⌧⇡ �
4�

1

� �
2

remains zero in strongly coupled holographic fluids.

6 Numerical results for second-order transport

This section contains our numerical results for second-order transport in non-conformal
holographic liquids. In subsection 6.1 we present the leading non-conformal corrections to
second-order hydro coefficients. They only depend on the mass term in the scalar potential
and are therefore common to all holographic RG flows triggered by a scalar operator of
dimension � = 3. In subsection 6.2 we introduce two specific examples of holographic
RG-flow families. We plot and discuss our numerical results for the transport coefficients
along these flows in subsection 6.3. In subsection 6.4 we exploit known relations between
transport coefficients, which must hold if the local entropy production is to be positive, in
order to extend our numerical results to seven second-order coefficients.
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9.  Numerical	results	
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9.  Numerical	results	
Does	H	vanish	beyond	leading	non-conformal	correc5ons?	
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Ø  Check	of	results:	
leading	non-conformal	correc5on	to	background	&	transport	
only	depends	on	mass	term	in	bulk	poten5al	(close	to	UV	
fixed	point:	scalar	 			small)	
Ø  leading	correc5on	common	to	all	flows	
Ø we	could	determine	the	leading	backreac5on	analy5cally	

Ø  consider	two	specific	families	of	(Δ=3)-operators	(bulk	
poten5als)	
Ø  construct	numerical	black-brane	backgrounds	

(method	developed	in	[Gubser,Nellore	‘08])	
Ø  compute	the	4		 		(numerical	integrals	over	background)	
Ø  plug	result	into	expressions	for	transport	coefficients	
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9.  Numerical	results	

V(1)[ΔIR = 5.9]
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1st	family	of	bulk	poten5als:	RG	flows	to	an	IR	fixed	point	
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9.  Numerical	results	
2nd	family:	RG	flows	to	non-conformal	(Chamblin-Reall)	IR	
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9.  Numerical	results	
Main	results	

(we	looked	at	around	20	parameter	values	for	 					and	 				,	and	
around	40	temperatures	for	each	flow)	
1)  method	works	
2)  UV	(high	T/Λ)	well	described	by	leading	backreac5on	of		
3)  within	numerical	accuracy	( 	 			):	

	
	
…even	when	individual	coefficients	deviate	from	their	
conformal	values	by	factors	of	two	and	more	
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hTµ
µi = hOi⇤+ anomaly
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Ø  suggests	that	H	vanishes	in	holographic	fluids	irrespec5ve	of				
conformal	symmetry	

Ø  further	evidence	that	the	Haack-Yarom	iden5ty	H=0	may	be	
universally	sa5sfied	by	strongly	coupled	fluids	
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10.  Conclusion	
Summary	

	
•  new	Kubo	formulae	for	

	
•  focusing	on	holographic	RG	flows	triggered	by	a	(Δ=3)-

operator	we	found:	
Ø  		

	
Ø  		 	 	 	 	 	 	 			when	taking	into	account	

leading	non-conformal	correc5ons	
Ø  numerical	evidence	that 	 			beyond	leading	

correc5ons		
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10.  Conclusion	
Outlook	

1)  include	sound	perturba5ons	of	metric	
Ø  possible	to	compute	all	15	2nd-order	transport	coefficients	
•  caveat:	sound	waves	excite	theory-specific	mayer	content	

Ø  universal	behaviour	unlikely	
•  but:	can	check	constraints	from	entropy	current!	

2)  try	to	generalise	proof	that	H=0	
3)  inves5gate	consequences	of	results	for	entropy	current	
•  NB:		

	
Ø  	perfect,	conformal	fluids	sa5sfy		

Ø  entropy	produc5on	in	quantum	fluids	generally	
suppressed	at	strong	coupling?	
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5.  Applying	Kubo	in	holography	
Gravity/Gauge	Duality	

5d	Einstein	gravity		
…in	asympto5cally	AdS		
	
+	higher	deriva5ve	correc5ons	
+	quantum	correc5ons	
	
black-brane	solu5ons	
	
AdS	boundary	
	
	
	
horizon	

strongly	coupled	4d	QFT	
…with	UV	fixed	point	
	
+	finite	coupling	correc5ons	
+	finite	central	charge	correc5ons	
	
thermal	equilibrium	in	flat	space	
	
UV	
	
	
	
IR	
	

extra		holographic	coordinate	 RG	flow	

h
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5.  Applying	Kubo	in	holography	
“Lagrangian”	Holographic	Dic5onary	

5d	Einstein	gravity		
	
near	the	AdS	boundary 	 		:	
	
•  	dynamical	bulk	metric	

	
•  	scalar	field		

with	mass	

strongly	coupled	4d	QFT	
	

•  	external	field-theory	metric	

	
•  	scalar	operator		

of	dimension	Δ	

h
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“boundary	value”		
prescribed	by…	
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5.  Applying	Kubo	in	holography	
“Hamiltonian”	Holographic	Dic5onary	

Ø  	global	charges	agree	in	dual	theories	
Ø  in	par5cular	
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induced	AdS-boundary	metric	
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5.  Applying	Kubo	in	holography	
Strategy	

…to	compute	transport	coefficients	in	holographic	theories:	
•  perturb	external	field-theory	metric		

Ø  presribe	corresponding	AdS-boundary	value	of	dual	
dynamical	bulk	metric	

•  solve	Einstein’s	equa5ons	perturba5vely	in	
Ø  ...momenta	 	(hydro	gradient	expansion)	
Ø  ...sources	 	 	( 	 	sufficient	for	3-point	func5ons)	

•  extract	field-theory	stress	tensor	 	 	 		from	dual	gravity	
solu5on	according	to	holographic	dic5onary	

•  compare	with	effec5ve	hydro	result	for		 	 	 	to	read	off	
transport	coefficients	
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University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫

(0)(x)
⌘

� ⌘ 2r<µ

u

⌫>

| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

z }| {
projection to transverse, symmetric, traceless

z }| {
transverse, symmetric trace-part

⌘⌧

⇡

, , �1, �2, �3



⇤ = 0

hT xyi [h] = T̄

xy +
@T̄

xy

@h

h+
1

2

@

2
T̄

xy

@h

2
h

2 +O �
h

3
, @

3
�

(0.1)

�✏(h) , �v(h) = O(h2)

hT xyi =
h
�p̄� ⌘ @

t

� 

2
@

2
z

+
⇣
⌘ ⌧

⇡

� 

2
+ 

⇤
⌘
@

2
t

i
h

xy

(t, z)

+


p̄ h

xz

h

yz

+ ⌘ (h
xz

@

t

h

yz

+ @

t

h

xz

h

yz

) +

✓
�1 � ⌘ ⌧

⇡

� 

⇤

2

◆
@

t

h

xz

@

t

h

yz

+
⇣


2
� ⌘ ⌧

⇡

� 

⇤
⌘ �

h

xz

@

2
t

h

yz

+ @

2
t

h

xz

h

yz

�i

+


�p̄ h

tx

h

ty

+

✓
�3

4
� 

⇤

2

◆
@

z

h

tx

@

z

h

ty

� 

2

�
h

tx

@

2
z

h

ty

+ @

2
z

h

tx

h

ty

��

+


1

2
⌘ ⌧

⇡

� �2

4
+



⇤

2

�
(@

z

h

tx

@

t

h

yz

+ @

z

h

ty

@

t

h

xz

) +O(h3, @3)

hTµ⌫i [h]

Formulae

Jonas Probst

Rudolph Peierls Centre for Theoretical Physics
University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫

(0)(x)
⌘

� ⌘ 2r<µ

u

⌫>

| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

z }| {
projection to transverse, symmetric, traceless

z }| {
transverse, symmetric trace-part

⌘⌧

⇡

, , �1, �2, �3



⇤ = 0

hT xyi [h] = T̄

xy +
@T̄

xy

@h

h+
1

2

@

2
T̄

xy

@h

2
h

2 +O �
h

3
, @

3
�

(0.1)

�✏(h) , �v(h) = O(h2)

hT xyi =
h
�p̄� ⌘ @

t

� 

2
@

2
z

+
⇣
⌘ ⌧

⇡

� 

2
+ 

⇤
⌘
@

2
t

i
h

xy

(t, z)

+


p̄ h

xz

h

yz

+ ⌘ (h
xz

@

t

h

yz

+ @

t

h

xz

h

yz

) +

✓
�1 � ⌘ ⌧

⇡

� 

⇤

2

◆
@

t

h

xz

@

t

h

yz

+
⇣


2
� ⌘ ⌧

⇡

� 

⇤
⌘ �

h

xz

@

2
t

h

yz

+ @

2
t

h

xz

h

yz

�i

+


�p̄ h

tx

h

ty

+

✓
�3

4
� 

⇤

2

◆
@

z

h

tx

@

z

h

ty

� 

2

�
h

tx

@

2
z

h

ty

+ @

2
z

h

tx

h

ty

��

+


1

2
⌘ ⌧

⇡

� �2

4
+



⇤

2

�
(@

z

h

tx

@

t

h

yz

+ @

z

h

ty

@

t

h

xz

) +O(h3, @3)

hTµ⌫i [h]

Formulae

Jonas Probst

Rudolph Peierls Centre for Theoretical Physics
University of Oxford
United Kingdom

E-mail: jonas.probst@physics.ox.ac.uk

hTµ⌫(x)i = ✏(x)uµ(x)u⌫(x) + p (✏(x))

⌘�µ⌫

z }| {⇣
u

µ(x)u⌫(x) + g

µ⌫
(0)(x)

⌘

� ⌘ 2r<µ
u

⌫>
| {z }�⇣ (r · u)�µ⌫

| {z }

+

+

+

z }| {
projection to transverse, symmetric, traceless

z }| {
transverse, symmetric trace-part

⌘⌧⇡, , �1, �2, �3



⇤

hTµ⌫i (0.1)

g(0)µ⌫ = ⌘µ⌫ + hµ⌫(x) (0.2)

h
xy

(t, z) = ✏H(b)

xy

e�i!t+iqz

=) hT xy(x = 0)i [h] =
h
�p̄+ i! ⌘ +



2
q2 �

⇣
⌘⌧

⇡

� 

2
+ ⇤

⌘
!2

i
✏H(b)

xy

+O(✏3, @3)

!

= �Gxy,xy(!, q) ✏H(b)

xy

+O(✏3)

=) ⌘ = i @
!

Gxy,xy|
(!,q)=0

T µ⌫

|{z} =
2p��

�Son�shell

gravity

��
µ⌫

/ hTµ⌫i| {z }

�(⇣, x) = (⇤(x) ⇣)4�� + . . .

g
mn

O(h2)

�So↵�shell

gravity

= � 1

16⇡G
N

Z
d5x

p�gEOMmn�g
mn

+
1

2

Z

@AdS5

d4x
p�� T µ⌫��

µ⌫

– 3 –



Oxford,	18/10/16	 Jonas	Probst	 60	

7.  Solving	Einstein’s	equa5ons	
e.g.	turn	on	field-theory	metric	perturba5on	
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Ø  bulk	metric:	
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7.  Solving	Einstein’s	equa5ons	
e.g.	turn	on	field-theory	metric	perturba5on	
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7.  Solving	Einstein’s	equa5ons	
e.g.	turn	on	field-theory	metric	perturba5on	
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=	1	at	boundary	(explicitly	sourced)	
=	regular	at	horizon	(sta5c)	

=	1	at	boundary	(explicitly	sourced)	
=	incoming-wave	at	horizon	(5me-dep.)	
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7.  Solving	Einstein’s	equa5ons	
It	turns	out	that	the	3	field-theory	metric	perturba5ons	

	 	 	 			, 	 	 	 	 	, 	 	 	 	 		
involve	5	independent	bulk	func5ons:	
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where p̄ denotes the pressure in global equilibrium. The linear response sourced by the
tensor perturbation hxy was derived in ref. [3], the quadratic response sourced by the
transverse-vector perturbations was computed in ref. [6] for a conformal fluid with ⇤ =

0. To our knowledge, the response (2.12) of a non-conformal fluid has not appeared in
the literature before. Note in particular that ⇤ is the only non-conformal second-order
coefficient that appears in eq. (2.12). Eq. (2.12) shows that the response of hT xyi to the
perturbations (2.9) gives us access to five independent linear combinations of second-order
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which includes the combination H = 2⌘ ⌧⇡ � 4�
1

��
2

. In fact, no additional information is
provided by the response to hxy, and all five coefficients (1.2) can be obtained by turning on
plane-wave excitations for {hxz(t), hyz(t)}, {htx(z), hty(z)}, and {hty(z), hxz(t)}, one after
another.

3Note that if we wanted to extract all fifteen second-order coefficients we would have to turn on metric
perturbations in the scalar sound channel which would necessarily source fluctuations of �✏ and v.
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ü  done: 	perturba5ve	expansion	in	sources	(in			)	
Ø  next: 	hydro	gradient	expansion	

Ø  2x	

Ø  3x	

Ø  2x3	+	3x6	=	24	func5ons	
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7.  Solving	Einstein’s	equa5ons	
Ø  2x3	+	3x6	=	24	func5ons	
•  We	found	analy5c	solu5ons	for	19	and	explicit	integral	

expressions	for	another	4	
(given	in	terms	of	arbitrary	black-brane	background	solu5ons)	

Ø  1	unknown	func5on	
…which	however	(as	it	turns	out)	does	not	enter	 				!	
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7.  Solving	Einstein’s	equa5ons	
To	give	an	idea	of	what	the	solu5ons	look	like:	
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incoming-wave	 analy5c	solu5ons	
…where	
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Note:	all	results	reproduce	conformal	expressions	for	 	 			.	
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deriva5ve	of	f	at	horizon	 value	of	A	at	horizon	
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9.  Numerical	results	
Two	families	of	holographic	RG	flows	

1st	family	of	bulk	poten5als:	
•  derives	from	quar5c	superpoten5al	
•  	has	max	at	 					,	min	at	

Ø  second	AdS	region	for			 	 			with	smaller	AdS	radius	
and	IR	operator	dimension	
Ø  dual	IR	fixed	point	

2nd	family	of	bulk	poten5als:	
		
	
•  monotonically	decreasing	-->	non-conformal	IR	
•  in	the	deep	IR:		

Ø  non-conformal	Chamblin-Reall	background	
(transport	coefficients	obtained	by	compac5fying	AdS)	

6.1 Leading non-conformal correction to second-order coefficients

All holographic RG-flows described by (3.2) and (3.3) share the same UV fixed point, dual
to the AdS

5

-black brane geometry (3.9) with vanishing scalar � = 0. At high temperatures
(compared to the scalar source ⇤), � remains close to zero and can be treated as a small
perturbation of the conformal background. Its leading backreaction on the geometry occurs
at quadratic order O(�2) and can be computed analytically as we show in appendix D. The
result only depends on the quadratic mass term in the bulk potential V (�) and is therefore
the same for all holographic RG-flows triggered by a scalar operator of dimension � = 3.

Taking the result for the backreaction (eqs. (D.3), (D.4), (D.10), (D.12), and (D.13))
and plugging it into integrals (4.22) to compute the deviation of the Y (a)

j from their con-
formal values (4.23), we obtain the leading non-conformal corrections to the transport
coefficients via eq. (5.7). We were not able to perform the required integrals over the
backreaction analytically, but they are easily evaluated numerically.

Thanks to identities H̃ = 2⌘⌧⇡ � 2 (� ⇤) � �
2

= 0 and H = 2⌘⌧⇡ � 4�
1

� �
2

= 0,
which we proved to hold when taking into account leading non-conformal corrections in
subsection (5.2), only three of the five transport coefficients (1.2) are independent. The
results for , �

2

, and �
1

+ �
3

/4 are12

 = 2
⇣ s

8⇡2T
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, (6.1c)

while the other two combinations of transport coefficients satisfy

⌘⌧⇡ + ⇤ = + �
2

/2 , �
1

+ ⇤/2 = /2 . (6.2)

The numerical integration over the backreaction can be done to very high accuracy, but
we chose to only display the first five digits in eq. (6.1). By checking the identity H = 0

and by comparing results obtained when writing cancelling divergences in the integrands
in different ways, we could estimate the absolute numerical error to be smaller than 10�14.

We conclude this subsection by emphasising again that the leading non-conformal cor-
rections (6.1) and (6.2) are common to all holographic RG-flows triggered by a scalar
operator of dimension � = 3.

6.2 Two simple families of holographic RG flows

Potential V
(1)

: The first family V
(1)

of potentials that we are going to investigate has
recently been introduced in ref. [82]. It derives from a family of quartic superpotentials W

LW = �3

2
� �2

8
+

�4

16�2

m

, (6.3)

12Note that �3, as opposed to ⇤, does not vanish for conformal fluids in general [6, 58]. It does, however,
vanish in conformal holographic theories at strictly infinite coupling [23].
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The potential V
(1)

has a maximum at � = 0 and a minimum at the free parameter �m.
Close to � = �m, the potential takes the form
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yielding a second asymptotically AdS
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-region, dual to an IR fixed point, with a smaller
AdS radius,
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and a positive mass,
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The potential V
(1)

thus represents a family of RG flows between a UV CFT, deformed by a
relevant operator of dimension � = 3, and an IR CFT, whose number of degrees of freedom
is smaller by a factor of (L

IR

/L)3/2 compared to the UV [75, 83] and which is deformed by
an irrelevant operator of dimension [16, 17]
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For smaller �m, the number of degrees of freedom in the IR increases and the operator
becomes more irrelevant in the IR. In this sense, the RG flow happens more quickly. In the
opposite limit �m ! 1, the potential becomes quartic,
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the number of degrees of freedom in the IR goes to zero, and the IR operator becomes
marginally irrelevant. In this sense, the RG flow happens infinitely slowly.
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9.  Numerical	results	

● V(2) γ= 2/3

● V(1)[ΔIR = 5.9]

leading correction
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9.  Numerical	results	

V(2) γ= 2/3 V(2)[γ= 0]
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