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Introduction of Entanglement Entropy

e Entanglement Entropy
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Introduction of Entanglement Entropy

e Entanglement Entropy
Given a constant time slice of QFT, split the Cauchy surface
into two disjoint regions, D = AU B, with the common
boundary ¥ = 0A = 0B, the entangling surface.

Constant time slice
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Introduction of Entanglement Entropy

e Entanglement Entropy
Given a constant time slice of QFT, split the Cauchy surface
into two disjoint regions, D = AU B, with the common
boundary ¥ = 0A = 0B, the entangling surface.

Constant time slice
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o Integrating out degrees of freedom in region B
— pa = Tra[paus]
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Introduction of Entanglement Entropy

e Entanglement Entropy
Given a constant time slice of QFT, split the Cauchy surface
into two disjoint regions, D = AU B, with the common
boundary ¥ = 0A = 0B, the entangling surface.

Constant time slice
;o
f A
|

o Integrating out degrees of freedom in region B

— pa = Tra[paus]
e Calculate associated von Neumann entropy

— Sge = —Tra[palog(pa)]
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Introduction of Entanglement Entropy: “Replica”

@ "Replica trick” for calculating Entanglement entropy

1 1
SnfRenyi = m |Og TFA[/)A"] i> See
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Introduction of Entanglement Entropy: “Replica”

@ "Replica trick” for calculating Entanglement entropy

1 1
SnfRenyi = m |Og TFA[/)A"] i> SEE

o Construct the vacuum wavefunction:

1€2) - (¥(x) 1)
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Introduction of Entanglement Entropy: “Replica”

@ "Replica trick” for calculating Entanglement entropy

1 1
SnfRenyi = m |Og TFA[/)A"] i> SEE

o Construct the vacuum wavefunction:

d(x:t)|e=0=9(x)
2 e - | Dlg]e-54

——o0
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Introduction of Entanglement Entropy: “Replica”

@ "Replica trick” for calculating Entanglement entropy

1 1
SnfRenyi = m |Og TFA[/)A"] i> SEE

o Construct the vacuum wavefunction:

d(x:t)|e=0=9(x)
2 e - | Dlg]e-54

——o0

e Trace out region B:
pa = Trs|Q)(Q

/)A|1/JA,1> = /D[¢] S(x€At=0T)=t 4 5(x) * e—5[¢]

‘¢<xeA,z:0*):m,1<x)

(Va2
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Introduction of Entanglement Entropy: “Replica”

“" 1
Sn_Reny,' = ﬁ |Og TrA[pAn]//

@ Raise pa to the n-th power, and trace in the end:

Tralpa™l = /D[¢A,1"'¢A,n]<¢A,1|PA|¢A,2)<¢A,2|PA|¢A,3>"'
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'Ryu and Takayanagi 2006[1], Calabrese and Cardy 2004[2]



Introduction of Entanglement Entropy:

Ryu-Takayanagi Prescription

e Ryu and Takayanagi 2006[1]: “ Just the horizon entropy of a
surface that minimal extended from X"

R&T MinArea(vA)

A 4G

See

Oyp=X

Minimal Surface

Bou nﬂ_ial',\' 2

2Nishiokaa, Ryu and Takayanagi[3]
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Introduction of Entanglement Entropy:

Ryu-Takayanagi Prescription

e Ryu and Takayanagi 2006[1]: “ Just the horizon entropy of a
surface that minimal extended from X"

R&T MinArea(vA)

A 4G

See

Oyp=X

Minimal Surface

Bou nﬂ_ial',\' 2

No rigorous proof, but reproduced known results, ex.

2Nishiokaa, Ryu and Takayanagi[3]
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CFT and Special Spherical Entangling Surfaces
Casini Huerta and Myers 2011 [4]

@ Y =592 5 D the whole causal development thereof
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CFT and Special Spherical Entangling Surfaces
Casini Huerta and Myers 2011 [4]

@ Y =592 5 D the whole causal development thereof
@ Sphere is special!l Conformal Mapping: D — H = Ry x HY™1
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CFT and Special Spherical Entangling Surfaces
Casini Huerta and Myers 2011 [4]

o "KMS": ds?2 = —dt? + dr? + r? d§2372

sinh(7/R)
cosh u + cosh(7/R)’
sinh u
cosh u + cosh(7/R) "

ds® = Q% [—dr® + R? (duv? + sinh?u dQ2_,)]
with Q = (cosh u + cosh(7/R)) ™ .

CFT _
® pa — pp = U"lpal.
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CFT and Special Spherical Entangling Surfaces
Casini Huerta and Myers 2011 [4]

o "KMS": ds?2 = —dt? + dr? + r? d§2372

sinh(7/R)
cosh u + cosh(7/R)’
sinh u
cosh u + cosh(7/R) "

ds®> = Q? [—d7* + R? (du? +sinh?udQ3_,)]
with Q = (cosh u + cosh(7/R)) ™ .
CFT _
° pa — pp=U"1paU.
@ The same von Neumann entropy=- Sgr = S1p

Han-Chih Chang Entanglement Entropy for Probe Branes



CFT and Special Spherical Entangling Surfaces
Casini Huerta and Myers 2011 [4]
(& - @
=5
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CFT and Special Spherical Entangling Surfaces
Casini Huerta and Myers 2011 [4]

B CHM A
e

This provides a non-trivial check with RT-prescription:

CHM!
See = St
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CFT and Special Spherical Entangling Surfaces

Casini Huerta and Myers 2011 [4]

t=

0
B CHM A
-

This provides a non-trivial check with RT-prescription:

CHM! Witten!
See = Sth = SHorizon
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CFT and Special Spherical Entangling Surfaces

Casini Huerta and Myers 2011 [4]

t=0 A
B CHM
e

This provides a non-trivial check with RT-prescription:

CHM! Witten!
See = Sth = SHorizon

The Ryu-Takayanagi prescription gives the same result
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Further Progress

@ Jensen and O'Bannon 2013[5]: Extending for any
dCFT/BCFT, using the most general metric respecting the
reduced conformal symmetry — conformal probe brane
systems.
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Further Progress

@ Jensen and O'Bannon 2013[5]: Extending for any
dCFT/BCFT, using the most general metric respecting the
reduced conformal symmetry — conformal probe brane
systems.

o Lewkowycz and Maldacena 2013[6] provide an alternative
argument for the Ryu-Takayanagi prescription.
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Probe Branes Physics

@ The original system of N. D3 brane dynamics/ N =4 U(N,)
SYM theory only has adjoint field content.
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Probe Branes Physics

@ The original system of N. D3 brane dynamics/ N =4 U(N,)
SYM theory only has adjoint field content.

e Karch and Katz 2002 [7]: the lack of fundamental matter
content thereof can be fixed by inserting N¢ probe branes, and
a chosen separation of scale, to decouple the gauge field on
the probe brane worldvolume, and introduce the fundamental
matter content.
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Probe Branes Physics: Nf vs. N,

1 d+1
= (R )
167Gn /d xv/'—8& (R + Lpuik)

5probe = 7—0 / dn+lz V _glﬁprobe (Eprobe =1+.. )

Shulk =
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Probe Branes Physics: Nf vs. N,

1 d+1
167Gy /d X\ —g (R-i-[,bu/k)

5Probe = 7—0 / dn+lz \% _glﬁprobe (Eprobe =1+.. )

Shulk =

@ Separation of Scale: 1(szr(;1,\, > Tol s 1

e L, curvature radius of background geometry, due to the choice
of Lpuik-

o Gy ~ O(N?), Newton's constant
o To~ O(N, ) Probe brane tension

o |ty = 167Gy ToL”7d+2
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Probe Branes Physics: Nf vs. N,

1 d+1
167Gy /d X\ —g (R-i-[,bu/k)

5Probe = 7—0 / dn+lz \% _glﬁprobe (Eprobe =1+.. )

Shulk =

Ldl

@ Separation of Scale: Torcy > Tol"l > 1

e L, curvature radius of background geometry, due to the choice
of Lpuik-

o Gy ~ O(N?), Newton's constant

o To~ O(N, ) Probe brane tension

o |ty = 167Gy ToL”7d+2

However, the CFT dual is not known explicitly.
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Probe Branes Physics: Nf vs. N,

The top-down bulk sector is more complicated:
e AdSs x S® metric with N RR flux
e N=4U(N.) SYM
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Probe Branes Physics: Nf vs. N,

The top-down bulk sector is more complicated:
e AdSs x S® metric with N RR flux
e N=4U(N.) SYM
Various top-down probe sectors are possible, ex. D3/D7:
e AdSs x S3-submanifold
o extra N = 2 hypermultiplet

For D-brane probes, Syrope has the form of the
Dirac-Born-Infeld(DBI) action, as well as the Wess-Zumino term:

o To [d"1z\/—det(g + 2ra/F) ---
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Probe Branes Physics: Nf vs. N,

The top-down bulk sector is more complicated:
e AdSs x S® metric with N RR flux
e N=4U(N.) SYM
Various top-down probe sectors are possible, ex. D3/D7:
e AdSs x S3-submanifold
o extra N = 2 hypermultiplet
For D-brane probes, Syrope has the form of the
Dirac-Born-Infeld(DBI) action, as well as the Wess-Zumino term:
o To [d"1z\/—det(g + 2ra/F) ---

Nonetheless, We will show the result for bottom-ups are the same
as for top-downs!
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Holographic Entanglement Entropy for the Probe Brane

System

A priori, with “the Ryu-Takayanagi prescription” + “Spuix +
Sprobe” =
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Holographic Entanglement Entropy for the Probe Brane

System

A priori, with “the Ryu-Takayanagi prescription” + “Spuix +
Sprobe” =
@ Solve the new background metric backreacted by the presence
of probe branes.
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Holographic Entanglement Entropy for the Probe Brane

System

A priori, with “the Ryu-Takayanagi prescription” + “Spuix +
Sprobe” =
@ Solve the new background metric backreacted by the presence
of probe branes.

@ Re-solve the new minimal surface within this metric.
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Holographic Entanglement Entropy for the Probe Brane

System

A priori, with “the Ryu-Takayanagi prescription” + “Spuix +
Sprobe” =
@ Solve the new background metric backreacted by the presence
of probe branes.

@ Re-solve the new minimal surface within this metric.

@ Find its area!
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Holographic Entanglement Entropy for the Probe Brane

System

A priori, with “the Ryu-Takayanagi prescription” + “Spuix +
Sprobe” =
@ Solve the new background metric backreacted by the presence
of probe branes.

@ Re-solve the new minimal surface within this metric.
@ Find its area!

A posteriori, these are very difficult.
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A Simple Double Integral

The philosophy/utility of probe brane limit = ignoring O(t3)
o the leading order backreaction on metric —
the leading order change of minimal area?

° TMV — 2 5(\/ _glﬁprobe)
probe v—er 08uv

xt—xb(z")

° (0g)w = (87GnTo) [ d"z V81 Guvpo T[)):)be
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A Simple Double Integral

The philosophy/utility of probe brane limit = ignoring O(t3)
o the leading order backreaction on metric —
the leading order change of minimal area?

° TMV — 2 5(\/ _glﬁprobe)
probe v—er 08uv

xt—xb(z")
° (0g)uw = (87GnTo) [ d"z V8 Guvpo T[)):)be

Guupo: the Green's function for linearized Einstein gravity:
@ static background, Euclidean signature.

@ regular inside the bulk, vanishing on the boundary.
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A Simple Double Integral
The embedding x), = X},(w?) is solved from the following “action”:
) Sm;n ﬁfdd_lw\ﬁ

2 6( Vv 77‘Cmin)
AVl 08uv

ny
o Tmin

xt— X (w?)
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A Simple Double Integral

The embedding x), = X},(w?) is solved from the following “action”:
) Sm;n ﬁfdd_lw\ﬁ
2 6(\/j’yﬁmin)

(224 _2 O\ —=YEmin)
° Tmi” V= 08uv

xt— X (w?)

_ R&T L d—1 Trillln 0L min I
ASpin —— Gy d Wﬁ( > (08)uw + (5x;\j, Ox}y

on—shell
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A Simple Double Integral

The embedding x,‘\‘/, = X,(j,(wa) is solved from the following “action”:

TUV — 2 6(\/ 77‘Cmin)
min = 7= g

xt— X (w?)

_ R&T d—1 Trillln 5£min m
ASm,,,—>4GN d Wf( > (08)uw + 5T Ox}y

on—shell

= A ﬂ-TO)f dd 1W\f) (dn+1z\/7)( min HVPUT[;;‘obe)

on—shell
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Complications Due to Other Bulk Background

The O(tg) part of dg is included. How about O(ty) part of other
bulk fields, 0®p,x? Do they contribute any O(tp) part of g?
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Complications Due to Other Bulk Background

The O(tg) part of dg is included. How about O(ty) part of other
bulk fields, 0®p,x? Do they contribute any O(tp) part of g?

® Py ~ 1. G~ 7z

e |IB action = %(d)bu/k)z

e stress tensor = N?(®p,)% ~ O(1)

0 6g ~ G(Tw)~ 77
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Complications Due to Other Bulk Background

The O(tg) part of dg is included. How about O(ty) part of other
bulk fields, 0®p,x? Do they contribute any O(tp) part of g?

® Py ~ 1. G~ 7z

o |IB action = %(d)bu/k)z

@ stress tensor = N?(®p,)% ~ O(1)
0 38 ~ G(Tow) ~ e

Secondary backreaction is subleading?...
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Complications Due to Other Bulk Background

The O(tg) part of dg is included. How about O(ty) part of other
bulk fields, 0®p,x? Do they contribute any O(tp) part of g?
® Doy ~ 7, G~ 7z
e |IB action = %(fbbulk)z
@ stress tensor = N?(®p,)% ~ O(1)
0 5g ~ G(Tw) ~ 7
Secondary backreaction is subleading?...
Misleadingly, for we assume there is no background @, turned on!
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Real Complications Due to Other Bulk Background

With background &4, turned on:
® Ppy ~ 1, 0Ppu ~1, G~ 7
@ IIB action = %(d)bu/k + 0P puik )
@ stress tensor = ...+ N2(Ppu x dPpui) ~ O(N)
0 5g ~ G(Tuw) ~ 7!
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Real Complications Due to Other Bulk Background

With background &4, turned on:
® Oy ~ 1, §Opu ~1, G~

N2
@ IIB action = %(d)bu/k + 0P puik )
@ stress tensor = ...+ N2(Ppu x dPpui) ~ O(N)

0 5g ~ G(Tuw) ~ 7!
Examples include:

e D3/D5 with no D5 worldvolume gauge field F turned on:
G NF.

e D3/D7 with no D7 worldvolume gauge field F A F turned on:
G NFANF.
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Real Complications Due to Other Bulk Background

With background &4, turned on:
® Oy ~ 1, §Opu ~1, G~

N2
@ IIB action = %(d)bu/k + 0P puik )
@ stress tensor = ...+ N2(Ppu x dPpui) ~ O(N)

0 5g ~ G(Tuw) ~ 7!
Examples include:

e D3/D5 with no D5 worldvolume gauge field F turned on:
G NF.

e D3/D7 with no D7 worldvolume gauge field F A F turned on:
G NFANF.
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Codimension-0 Toy Model: Spacetime filling branes

Toy Model Setup:
° 5= 16736,\, [d¥x/g (R+ %)
o AdSyi1(L)-metric: ds? = 550, dxtdx”
® Sprobe = —Tofd”‘Hz\/a
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Codimension-0 Toy Model: Spacetime filling branes

Toy Model Setup:
° 5= 16736,\, [d¥x/g (R+ %)
o AdSyi1(L)-metric: ds? = 550, dxtdx”
® Sprobe = —Tofd”‘Hz\/a

Codimension-0/Spacetime filling branes, n = d:
The fully backreacted metric is given as AdSyy1(L) — AdSg+1(/),
with

o 1 =L (14 5yy)

2 5.
° | 98w = aimy (i
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Codimension-1 Toy Model: Randall-Sundrum-type branes

Codimension-1/RS branes, n=d — 1:
- Using Israel junction equation

(Kij — giK)|[1¢ = 8nGn T

r
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Codimension-1 Toy Model: Randall-Sundrum-type branes

Codimension-1/RS branes, n=d — 1:
- Using Israel junction equation
(Kij — giK)|[1¢ = 8nGn T

r

- The fully backreacted solution is
ds® = dr? 4 cosh? <ML_C> dsf\dsd

to = 4(d — 1) tanh (%) ~ “("zl)c

L
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Codimension-1 Toy Model: Randall-Sundrum-type branes

Codimension-1/RS branes, n=d — 1:
- Using Israel junction equation
(Kij — giK)|[1¢ = 8nGn T

r

- The fully backreacted solution is
ds® = dr? 4 cosh? <ML_C> dsf\dsd

to = 4(d — 1) tanh (%) ~ “("zl)c

L
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Codimension-1 Toy Model: Randall-Sundrum-type branes

Codimension-1/RS branes, n=d — 1:
- Using Israel junction equation
(Kij — giK)|[1¢ = 8nGn T

r

- The fully backreacted solution is
ds® = dr? 4 cosh? <ML_C> dsf\dsd

to = 4(d — 1) tanh (%) ~ “("zl)c

L

@ 0g = —7sinh (2%) ds%dsd =

sy sinh (241) dsd,

_ L1 x| (xtdx+x%dx)?

22
) (5g)_ 2(d—1)(x0)2 \/(x0)2+(x1)2 (dX + O+ (x0)2 )




From Toy Models to Probe-Brane Models: Internal Space

How about top-downs? Much more complicated.
e D3/D5: AdS, x S? in AdSs x S°
e D3/D7: AdSs x S® in AdSs x S°
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From Toy Models to Probe-Brane Models: Internal Space

How about top-downs? Much more complicated.
e D3/D5: AdS, x S? in AdSs x S°
e D3/D7: AdSs x S® in AdSs x S°

What about the change in the internal space metric?
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From Toy Models to Probe-Brane Models: Internal Space

How about top-downs? Much more complicated.
e D3/D5: AdS, x S? in AdSs x S°
e D3/D7: AdSs x S® in AdSs x S°

What about the change in the internal space metric?

Assertion: irrelevant if focused on the O(tp) of EE, due to:
@ The background is a product manifold, M x T

@ The minimal surface is of a special codimensional-2 type.
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From Toy Models to Probe-Brane Models: Internal Space

A simple example: the Green's function for a scalar field on the
product manifold.

o WG(x,x") =d(x,x")
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From Toy Models to Probe-Brane Models: Internal Space

A simple example: the Green's function for a scalar field on the
product manifold.
o WG(x,x") =d(x,x")
@ On a product manifold: W — W*° + W/, with
Wi (xs)h(x1) = (Em -+ En)tm(xs)¥n(x1)
W32 (xs) = Emtip(xs)
Whyh(x) = Exph(x)-
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From Toy Models to Probe-Brane Models: Internal Space

A simple example: the Green's function for a scalar field on the
product manifold.

o WG(x,x") =d(x,x")

@ On a product manifold: W — W*° + W/, with
Wi, (xs)0n(x1) = (Em + En)¥m(Xs)n(x1)
W42 (xs) = Emia(xs)

W!p(x1) = Extbp(xi).

U Cxs )08 U 00U )
E"»m Enil’Em : I

o G(xs,x1,Xg,x|) =
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From Toy Models to Probe-Brane Models: Internal Space

A simple example: the Green's function for a scalar field on the
product manifold.

o WG(x,x") =d(x,x")

@ On a product manifold: W — W*° + W/, with
Wi, (xs)0n(x1) = (Em + En)¥m(Xs)n(x1)
W42 (xs) = Emia(xs)

W!p(x1) = Extbp(xi).

U Cxs )08 U 00U )
E"»m Enil’Em : I

o G(xs,x1,Xg,x|) =

Therefore G(xs, x/, X5, x;) only couples the same eigenmode
between two different sources!
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From Toy Models to Probe-Brane Models: Internal Space

A simple example: the Green's function for a scalar field on the
product manifold.

o WG(x,x") =d(x,x")

@ On a product manifold: W — W*° + W/, with
Wi, (xs)0n(x1) = (Em + En)¥m(Xs)n(x1)
W42 (xs) = Emia(xs)

W!p(x1) = Extbp(xi).

> Y (xs)wm (x6) Un (x1) ¥ (]
n,m Ent+Em

o G(xs,x1,Xg,x|) =

Therefore G(xs, x/, X5, x;) only couples the same eigenmode
between two different sources!

Therefore, if one is a constant in the internal space, forget about
the non-constant term of another!
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From Toy Models to Probe-Brane Models: Internal Space

For the graviton propagator in a product manifold, the same thing
happens:

o o oo
Guvpo = Y _ ahf, b, +> b VEVE +3 " Wk Wik +
k=0 k=1 k=2

[o¢] o
D dixuxpe + D e Wot <]
k=0 k=2
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From Toy Models to Probe-Brane Models: Internal Space

For the graviton propagator in a product manifold, the same thing
happens:

o o oo
Guvpo = Y _ ahf, b, +> b VEVE +3 " Wk Wik +
k=0 k=1 k=2
[o¢] o
D XX + D ekl Wio+ <]
k=0 k=2

Moreover, there is a term, such that both indices on the
“spacetime” part, a scalar in the internal space:

U (xs)vps” (X vh(xa)Ph(x))
Donm “ErrEn R

1o
G,uypa(X57 X1, Xg, Xl) =
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From Toy Models to Probe-Brane Models: Internal Space

For the graviton propagator in a product manifold, the same thing
happens:

o o oo
Guvpo = Y _ ahf, b, +> b VEVE +3 " Wk Wik +
k=0 k=1 k=2
[o¢] o
D XX + D ekl Wio+ <]
k=0 k=2

Moreover, there is a term, such that both indices on the
“spacetime” part, a scalar in the internal space:

U (xs)vps” (X vh(xa)Ph(x))
Donm “ErrEn R

1o
G,uypa(X57 X1, Xg, Xl) =

Can we ignored those long dots?
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From Toy Models to Probe-Brane Models: Internal Space

For the graviton propagator in a product manifold, the same thing
happens:

o o oo
Guvpo = Y _ ahf, b, +> b VEVE +3 " Wk Wik +
k=0 k=1 k=2
[o¢] o
D XX + D ekl Wio+ <]
k=0 k=2

Moreover, there is a term, such that both indices on the
“spacetime” part, a scalar in the internal space:

U (xs)vps” (X vh(xa)Ph(x))
Donm “ErrEn R

1o
G,uypa(x57 X1, Xg, Xl) =

Can we ignored those long dots? No
...A probe will leads to non-vanishing components of all modes:
vectors, tensors on the internal space....
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From Toy Models to Probe-Brane Models: Internal Space

“The codimensional-2 minimal surface is special!”

o “Minimal” — Th" = ag v**X5X%,
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From Toy Models to Probe-Brane Models: Internal Space

“The codimensional-2 minimal surface is special!”
m . " nyo abyu
o "Minimal” — T = ao v X5XY,
@ “Minimal surface wrapping the internal space”

— all internal components of the stress tensor ~ the internal
metric, and all mixed spacetime/internal components of "

vanish.

Han-Chih Chang Entanglement Entropy for Probe Branes



From Toy Models to Probe-Brane Models: Internal Space

“The codimensional-2 minimal surface is special!”
m . " nyo abyu
o "Minimal” — T = ao v X5XY,
@ “Minimal surface wrapping the internal space”

— all internal components of the stress tensor ~ the internal
metric, and all mixed spacetime/internal components of "

vanish.
e “Codimensional-2" — T/ = (D — 2)ag
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From Toy Models to Probe-Brane Models: Internal Space

“The codimensional-2 minimal surface is special!”
m . " nyo abyu
o "Minimal” — T = ao v X5XY,
@ “Minimal surface wrapping the internal space”

— all internal components of the stress tensor ~ the internal
metric, and all mixed spacetime/internal components of "

vanish.
e “Codimensional-2" — T/ = (D — 2)ag
Therefore, for the trace reversed stress tensor,
~ 1

T = Tow = gl T4

all internal components of TITV’” vanish.

Han-Chih Chang Entanglement Entropy for Probe Branes



From Toy Models to Probe-Brane Models: Internal Space

“The codimensional-2 minimal surface is special!”
TV " nyo abyu
o "Minimal” — T = ao v X5XY,
@ “Minimal surface wrapping the internal space”
— all internal components of the stress tensor ~ the internal

metric, and all mixed spacetime/internal components of Tl'],’j"”
vanish.
e “Codimensional-2" — T/ = (D — 2)ag
Therefore, for the trace reversed stress tensor,

~ 1
T = Tow = gl T4

all internal components of Tl;",/’” vanish.

Ruw = T —
|interna| metric is not sourced from the minimal surface|

Han-Chih Chang Entanglement Entropy for Probe Branes




From Toy Models to Probe-Brane Models: Internal Space

Qv . .
T,.., does not source any metric perturbation
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From Toy Models to Probe-Brane Models: Internal Space

TH” does not source any metric perturbation — the internal

min
components of T have nothing to couple to!

probe
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From Toy Models to Probe-Brane Models: Internal Space

TH” does not source any metric perturbation — the internal

min
components of T*” have nothing to couple to! — Let's just

probe
“average them out”!

probe,eff __ probe
T/w = TW
X
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From Toy Models to Probe-Brane Models: Internal Space

TH” does not source any metric perturbation — the internal

min
components of T*” have nothing to couple to! — Let's just

probe
“average them out”!

probe,eff __ probe
T/w = TW
X

o EE for D3/D7 (AdSs x S5) <+ spacetime filling probe in AdSs
e EE for D3/D5 (AdS; x S?) & codim-1 probe in AdSs
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Calculation Details: Propagator

To really carry out the calculation, there are some issues:

@ The explicit form of G*P?(z, w) is required, for sure.
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Calculation Details: Propagator

To really carry out the calculation, there are some issues:
@ The explicit form of G*P?(z, w) is required, for sure.

o D’'Hoker-Freedman-Mathur-Matusis-Rastelli,
(arXiv:hep-th/9902042), the exact formula for any dimension.
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@ The explicit form of G*P?(z, w) is required, for sure.

o D’'Hoker-Freedman-Mathur-Matusis-Rastelli,
(arXiv:hep-th/9902042), the exact formula for any dimension.

o D’'Hoker-Freedman-Rastelli (arXiv:hep-th/9905049), the
"Not-Even-Trying" method.
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(arXiv:hep-th/9902042), the exact formula for any dimension.
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"Not-Even-Trying" method.

@ Double UV-divergence in the double integral!
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Calculation Details: Propagator

To really carry out the calculation, there are some issues:
@ The explicit form of G*P?(z, w) is required, for sure.

o D’'Hoker-Freedman-Mathur-Matusis-Rastelli,
(arXiv:hep-th/9902042), the exact formula for any dimension.

o D’'Hoker-Freedman-Rastelli (arXiv:hep-th/9905049), the
"Not-Even-Trying" method.

@ Double UV-divergence in the double integral!

e The UV divergence in the z-integral:
removed by a gauge choice.
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Calculation Details: Propagator

To really carry out the calculation, there are some issues:
@ The explicit form of G*P?(z, w) is required, for sure.

o D'Hoker-Freedman-Mathur-Matusis-Rastelli,
(arXiv:hep-th/9902042), the exact formula for any dimension.

o D’'Hoker-Freedman-Rastelli (arXiv:hep-th/9905049), the
"Not-Even-Trying" method.

@ Double UV-divergence in the double integral!

e The UV divergence in the z-integral:
removed by a gauge choice.

e The remaining UV divergence in the w-integral:
the physical short distance effect. — A careful holographic
regularization procedure is in order.
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Calculation Details: HRG

@ The induced metric on the chosen cutoff slice is changed due
to the probe brane.
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Calculation Details: HRG

@ The induced metric on the chosen cutoff slice is changed due
to the probe brane.

@ A new cutoff surface is to be constructed such that
75 (gl = 1=lg]
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Calculation Details: HRG

@ The induced metric on the chosen cutoff slice is changed due
to the probe brane.

@ A new cutoff surface is to be constructed such that
75 (gl = 1=lg]

A = (A [g/}z/_A[g]):)

vs[g'] = 1=lg]
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Calculation Details: HRG

@ The induced metric on the chosen cutoff slice is changed due
to the probe brane.

@ A new cutoff surface is to be constructed such that
75 (gl = 1=lg]

A = (Alg]s —Algls) 75 (8] = 1=g]

= | (Alg +gls — Algls) + (Alels(gg.) — Alely)

+ 0(t)
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Codimension-1 Randall-Sundrum type probe branes, or

D3/D5 Probe Brane Systems

We investigate the following 2 cases in AdSq.1:
@ Spherical entangling surface bisected by the defect: the
minimal surface is given by R? = w@ + w? + w? = y? + w2,
@ Strip entangling surface bisected by the defect: the minimal

- - 1
surface is given by % = %
LU -

3Ryu and Takayanagi 2006[1]
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Codimension-1 Randall-Sundrum type probe branes or

D3/D5 Probe Brane Systems

Recall:

54 = (o) [[(@* w3 (0" 2VE) (Th G Thse)

RV
y

on—shell

Y :e—>coshr:X(1+
€

*
Wh =
0 cosh r

@ Using Israel junction equations, the exact solution in the AdS4-slicing

coordinates is:

ds? = dr? + cosh® (M%C> dsf\dsd

with to = 4(d — 1) tanh (%) ~ M,
@ Changed to the Poincaré patch, it turns out to be:
(xtdx! 4 x0dx?)?

_ L2t0 ‘X1| g2 o (XCax +x7dxT)”
(%) = 2(d — 1)(x0)2 | /(x0)2 + (x1)2 (d TR ()2 )
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Codimension-1 Randall-Sundrum type probe branes or

D3/D5 Probe Brane Systems

Recall:

54 = (o) [[(@* w3 (0" 2VE) (Th G Thse)

RV
y

on—shell

Y :e—>coshr:X(1+
€

*
Wh =
0 cosh r

@ Using Israel junction equations, the exact solution in the AdS4-slicing

coordinates is:

ds? = dr? + cosh® (M%C> dsf\dsd

with to = 4(d — 1) tanh (%) ~ M,
@ Changed to the Poincaré patch, it turns out to be:
(xtdx! 4 x0dx?)?

_ L2t0 ‘X1| g2 o (XCax +x7dxT)”
(%) = 2(d — 1)(x0)2 | /(x0)2 + (x1)2 (d TR ()2 )
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Spherical Entanglement Entropy for Codimension-1 Probe

IENES

coshr\ 92 ond=4 s
VY= (1—-y%) 2 volj_3

1
Evabxgx,’gégw = —ctanhrx Tr[L4_o)] = —c(d —2)tanhr
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Spherical Entanglement Entropy for Codimension-1 Probe

IENES

coshr\ 972 ond=4 s
VY= (1—-y%) 2 volj_3

1
Evabxgx,’z,égw = —ctanhrx Tr[L4_o)] = —c(d —2)tanhr

1 bl (1—y%)
h=—V332 [ d de, [—c(d — 2)c? P —F—
V=g Va2 [y [ deleeld -2 5

1 1 Y(14e,[1-5) d—2
h=-——V3 32 / dy / ) " de, —~
4GN € % A/ CE -1 yo
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Spherical Entanglement Entropy for Codimension-1 Probe

IENES

coshr\ 972 ond=4 s
VY= (1—-y%) 2 volj_3

1
fvabxgx,’z,égw, = —ctanhrx Tr[L4_o)] = —c(d —2)tanhr

2
1 1 % — (1_.)/2)%
/1=KV5_32/ dy/ de [~e(d —2)e! PG —
L(lte1-5) @2 1-yA)7
h= 4G Vi 32/ dy/ der 2—1 yi2

-1

5 Y Y (14, /1—;22) cd—2
:>Iz—c(d—2)/ dc,c;j_3+/ de, ——
1 12
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Spherical Entanglement Entropy for Codimension-1 Probe

IENES

~ % %(14’6\/17%) Cd72
/E—C(d—2)/ dc cd_3—|—/ " de, ———
rCr r
1 z Ve -1

For the leading ¢ ~ ty behavior,expand out the second term in a power
series in ¢,

L(ltey/1-2) d-2 d-2 ;
/ " de, L — (X) +0(?) = T=c+0(?).
y 1 €
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Spherical Entanglement Entropy for Codimension-1 Probe

IENES

~ % %(14’6\/17%) Cd72
/E—C(d—2)/ dc cd_3—|—/ " de, ———
rCr r
1 z Ve -1

For the leading ¢ ~ ty behavior,expand out the second term in a power
series in ¢,

L(ltey/1-2) d-2 d-2 ;
/ " de, L — (X) +0(?) = T=c+0(?).
y €

Ve2—1

The probe contribution to the EE then becomes

d—a

1 Lo(1—y?)
Sa=—V3 dy ~———— =|ZLyH
AT 26y d—3c/e y yd—2 d—1 Yd—2

Han-Chih Chang Entanglement Entropy for Probe Branes



Spherical Entanglement Entropy for Codimension-1 Probe

IENES

~ % %(14’6\/17%) Cd72
/E—C(d—2)/ dc cd_3—|—/ " de, ———
rCr r
1 z Ve -1

For the leading ¢ ~ ty behavior,expand out the second term in a power
series in ¢,

L(14cy/1-5) d—2 d2 .
/ " de, L — (X) +0(?) = T=c+0(?).
Yy €

Ve2—1

The probe contribution to the EE then becomes

d—4

1 P -y
Sa=—V3 d =|Zoyh
A 2Gn d—3c/E y yd—2 d—1 Vd—2

VI, is exactly the structure to expect from a conformal field
theory is d — 1 dimensions: the EE for the defect degrees of
freedom has the same functional form as that of a CFT living on
the defect!
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Spherical Entanglement Entropy for Codimension-1 Probe

IENES

we can actually obtain the complete solution to all order of tp!

ds®> = dr’ + cosh? <|r|L— C) dsigs,

to = 4(d — 1) tanh (%) ¢ = tanh " (47Gy To/(d — 1))
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Spherical Entanglement Entropy for Codimension-1 Probe

IENES

we can actually obtain the complete solution to all order of tp!

ds®> = dr’ + cosh? <|r|L— C) dsigs,

to = 4(d — 1) tanh (%) ¢ = tanh " (47Gy To/(d — 1))

1 —coshc zd—2 1 (1 _ y2)% V({l‘/ )
sz—v{/ déri/d F(c
AT 26y 43 ), rﬁ—l e Y yi=2  2Gy (©):

cosh ¢ Cd72 30
F(C):/ dCrr7—>C+O( )
0

V1-¢?

2
al TSV + O(TF)

5A~>d

Indeed our previous result is reproduced.
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Strip Entanglement Entropy for Codimension-1 Probe

Branes, A Glimpse
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Strip Entanglement Entropy for Codimension-1 Probe

Branes, A Glimpse

For the Strip Entangling Surface, bisected by the defect, with
U9t = {(w°, W)} — AdSg1:
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Strip Entanglement Entropy for Codimension-1 Probe

Branes, A Glimpse

For the Strip Entangling Surface, bisected by the defect, with
U9t = {(w°, W)} — AdSg1:
dxt +1

Lot 1
= —
el (Wo)d’l\/l _ (M)Zd—z (w0)d-2,/(w0)2 — (w0)2d
Ly
(v**xtxsig) R S Y S < )
XX 08w 2-subspace /(02 + (x1)2 d-21 = (0% + (x1)2
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Strip Entanglement Entropy for Codimension-1 Probe

Branes, A Glimpse

For the Strip Entangling Surface, bisected by the defect, with
U9t = {(w°, W)} — AdSg1:

dx! +1

Lot 1
= —
el (Wo)d’l\/l _ (M)Zd—z (w0)d-2,/(w0)2 — (w0)2d
Ly
(v**xtxsig) R S Y S < )
XX 08w 2-subspace /(02 + (x1)2 d-21 = (0% + (x1)2

2
N (WP (w0 (w01
(—2¢|xY)) (d—2+ T (O (1 + (WU)L(WG)N) )

1 dw®
/{ (w0)d=2/(w0)Z — (w0)2d 12 + (w0)?

Ses ( 2ex! 1 )
Vol;;azn{m D)2+ (w0)2 (w0)d-2 wO_se
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Strip Entanglement Entropy for Codimension-1 Probe

Branes, A Glimpse

For the Strip Entangling Surface, bisected by the defect, with
U9t = {(w°, W)} — AdSg1:

dt +1
dwd 2d—2
()" -
L1 1
VA= 0\ 2d—2 - (WO)d—z (Wo)z — (WO)Zd
(WO)dfl\/l _ (YT)
—2¢|x| —28|x}|
AT = Tr[lly 5] = ———-ou(d — 2
(1"x55080 ). ppace = oo g A = T @ 2
i (W)= (W) X (w0)d-1 2
1 d? (—2e[xY)(d—2+ T (O 1+ (T
[ (WO):I72 (WD)Q . (WO)Zd (X1)2 + (WO)2
Ses ( 2ex! 1 )
Volg, ) G+ W (W2 )
L (d-1LEi? s, (d—1)Lg2 Lt
- = 2. =[2. for d € {4,5,6,7
=3y V] V°|§Pf,,{;v) 1Cyr TolL? (JcLz2 , for d € {4,5,6,7}
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Toy-2 Spacetime filling probe branes or

D3/D7 Probe Brane Systems

@ Recall the exact solution is just AdSyy1 with a new curvature
radius . s
L v
I=L <1 ™ 42(1(?71)) = (08)w = =1y oy
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Toy-2 Spacetime filling probe branes or

D3/D7 Probe Brane Systems

@ Recall the exact solution is just AdSyy1 with a new curvature

radius . s
L ”
=L <1 ™ 42(1(?71)) = (08)w = =1y oy
[d-1 1 (1— y2)(@-3)/2
Sa = —v$ dy S Y
A 4Gy d-2 /R/a y yd—1
Ld—l
- —__yH
4Gy 97t
et Sy 21T \/H 2
— iy Vali = Fg Vel | +0(%)

Han-Chih Chang Entanglement Entropy for Probe Branes



Toy-2 Spacetime filling probe branes or

D3/D7 Probe Brane Systems

@ Recall the exact solution is just AdSyy1 with a new curvature
radius

L2 uv
I=L <1 + 2d(2?71)> — (08)u = d(tgfl)(qu)?'

[d-1 1 1— y2)(d-3)/2
Sa = 4G vo?—2/ dy( d)fl
N R/a y
Ld—l
_ vH
4Gy 97t
et Sy 21T \/H 2
— iy Vali = Fg Vel | +0(%)

This also agrees with our result, and the result from Jensen and
O’'Bannon.
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Conclusion

@ We propose an formula for probe brane systems, and we
calculate the simplest examples of the toy models:

e spherical entangling surfaces,
e strip entangling surfaces,
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Conclusion

@ We propose an formula for probe brane systems, and we
calculate the simplest examples of the toy models:

e spherical entangling surfaces,
e strip entangling surfaces,

with perfect agreement with

o the Jensen-O’'Bannon calculation (spheres);
o fully backreacted solution (toy-models).
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Conclusion

@ We propose an formula for probe brane systems, and we
calculate the simplest examples of the toy models:

e spherical entangling surfaces,
e strip entangling surfaces,

with perfect agreement with
o the Jensen-O’'Bannon calculation (spheres);
o fully backreacted solution (toy-models).
@ Various Phases are now under attack: topological phases,
novel compressible quantum liquids...
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Conclusion

@ We propose an formula for probe brane systems, and we
calculate the simplest examples of the toy models:

e spherical entangling surfaces,
e strip entangling surfaces,

with perfect agreement with

o the Jensen-O’'Bannon calculation (spheres);
o fully backreacted solution (toy-models).

@ Various Phases are now under attack: topological phases,
novel compressible quantum liquids...

Thank you very much for your attention!
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