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The following notation is used throughout the paper: capital bold letters
(e.g. U) indicate 4-vectors; lower case bold letters (e.g. v) indicate 3-
vectors. Note, however, that the symbols E, B and A in questions 3 and
4 indicate 3-vectors: the electric and magnetic fields and vector potential
respectively.

1. For a particle of mass m moving along a world-line in an inertial reference frame,
S, define the proper time, τ , 4-velocity, U and 4-acceleration, A. Using the relation for
the γ-factor, γ(v) = 1/

√

1− v2/c2 of the particle, dγ/dt = γ3(v · a/c2), where v and a
are the particle 3-velocity and 3-acceleration, correspondingly, find A in terms of γ, v
and a.

Find the invariants of 4-velocity and 4-momentum. Evaluate explicitly the scalar
product, U ·A. [5]

Two events in S are characterized by 4-coordinates, D = (ctd,xd) and B =
(ctb,xb), where xd and xb are 3-vectors. Write down the condition for these events to
be connected by a time-like interval. In such a case, can we find an inertial frame,
S ′, where the two events are occurring simultaneously? Explain. What is the physical
meaning of the condition D ·B = 0? [5]

Define proper acceleration and pure force. A particle undergoing hyperbolic mo-
tion has a worldline given by x2 − t2 = L2, where L is a constant and the speed of light
is c = 1. Find the particle’s speed, v, the Lorentz factor, γ(v) and the acceleration, a,
as functions of x and show that aγ3 is constant. [5]

Now consider the motion of a particle of mass m, initially at rest under the
influence of a constant 3-force, f. Find β ≡ v/c and the Lorentz factor γ(t) of the
particle as a function of time t. Sketch the graphs of γ(t) and β(t). [5]

An electron is accelerated from rest through a gap of L = 10 m by an electric
field of strength 5MV m−1 that is constant throughout the gap. Find γ and β at the
other end of the gap. How much would β change if the accelerating field was reduced
by 20%? How long does it take for the electron to reach the other end of the gap? [5]

A13481W1 2



2. A frame S′ is moving relative to the laboratory frame, S, with velocity v =
(vx, 0, 0). A particle of mass m moves in S with velocity u = (ux, uy, 0). Let θ be
the angle between u and v in S. Using u = u|| + u⊥, where u|| is the component of the
particle’s velocity in the direction of motion of S′ and u⊥ is the component perpendicular
to it, show that the angle θ′ in frame S′ is given by

tan θ′ =
u sin θ

γv(u cos θ − v)
,

where γv ≡ γ(v) is the Lorenz factor. [5]

In frame S an electron moves in a uniform magnetic field, B = (0, 0, B), along a
spiral trajectory defined by the Larmor radius, R, and a constant longitudinal velocity,
vz ||B. The initial 4-momentum of the electron is P0. The ratio between longitudinal
and transverse components of the electron’s 3-momentum is p||/p⊥ = 1, while the
electron’s Lorentz factor is γ = 17. At t = t0 a constant electric field, E = (0, 0, Ez), is
applied in such a way that it decelerates the electron. After propagating 1 m along the
z direction, the electron’s longitudinal velocity drops to zero, vz = 0. Find the strength,
Ez, of the electric field applied and the factor γ at the end of the trajectory. Sketch the
dependence of the Larmor radius on z. Ignore any radiation effects by the electron. [7]

[Hint: Use the fact that the electron’s rest energy in eV is m0c2 = 0.511 MeV and
γ = 1 + eV/m0c2, where V is the voltage applied.]

Two photons of the same angular frequency, ω, and with 4-momenta P1 and P2,
move in the stationary frame S. The first photon moves along the x direction and has
vy = 0 while the second photon moves at some angle θ to the x direction. Both photons
have vz = 0. Find:

(a) the rest energy of the system as a function of ω and θ; and

(b) the velocity of the centre of mass frame relative to the lab frame as a function of
θ, making a sketch of the θ-dependence.

[7]

Photons with wave 4-vector K are radiated by a stationary laser towards a beam of
electrons. Each electron in the beam has energy W and velocity v along the x direction.
A single photon scatters off an electron. In the lab frame, S, find the maximum photon
energy after the scattering. If the electron’s energy is 2 GeV and the photon’s wavelength
is 1 cm, calculate the scattered photon’s wavelength. [6]
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3. Name three phenomena, each of which can be detected via the studies of emitted
or reflected light in astrophysics, that would represent a direct test of Special Relativity.
Explain what the relativistic Doppler effect is and derive the equation for the photon’s
frequency shift from ω to ω′ between reference frames S and S′, respectively, moving
with relative velocity v. The photon is emitted at an angle θ with respect to v in S. [6]

A plane monochromatic electromagnetic wave with angular frequency ω and wave
3-vector k propagates in a uniform medium with refractive index n. Define the phase
and group velocities, vph and vgr, and show that vgrvph = c2 for n = 1. [4]

An electron of mass me and a proton of mass Mp are moving in the lab frame
S in opposite directions but toward each other with velocities, v = (0, 0,±vz), respec-
tively. At some moment the particles collide and a photon is emitted in the direction
perpendicular to the z axis. After the collision, the electron and the proton are moving
as a single particle. The wavelength of the photon as measured by an observer in the
laboratory frame is λ. Find the minimal total energy of the electron and proton, Etot,
before the collision that would allow emission of such a photon. [7]

A plane, linearly polarized electromagnetic wave propagates in the z direction
through a uniform medium with the refractive index n > 1. The electric and magnetic
fields of the wave are given by

Ey = E0 cos(ωt− kz), Bx = B0 cos(ωt− kz) and |E0 ×B0| = 1.

Find the vector potential, A, the scalar potential, ϕ and the wave 4-vector, K, in the
Lorentz gauge, ∂µAµ = 0. Is it possible to find a reference frame in which either the
electric or magnetic field of the wave defined above would vanish? If yes, find the frame’s
velocity relative to the lab frame. [8]
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4. Write down the relation between the electric and magnetic fields, E and B, and
the components of the 4-vector potential, Aµ. Define the field strength tensor, Fαβ =
∂αAβ − ∂βAα and show that its components satisfy ∂cF ab + ∂aF bc + ∂bF ca = 0. Define
the 4-current, Jν , and show that two out of the four Maxwell’s equations can be written
in the form ∂µFµν = Jν .

Show that the Lorentz force acting on the unit volume of charge density, ρ, can
be written as fµ = JνFνµ. What is the physical meaning of the f0 component of this
4-vector? [7]

Consider a unit vector, Uµ
W = W µ/(m0c|s|), parallel to the Pauli-Lubanski spin

vector, W µ = (s · p, Es/c). Show without direct calculations that Uµ
W and the 4-

momentum are orthogonal to each other, i.e. Uµ
WPµ = 0. [Hint: Use the rest frame.]

[5]

A free relativistic electron (with γ = 100) moves (a) in a vacuum (refractive index
n = 1), or (b) in a uniform medium (refractive index n = 2). Explain whether the
electron emits a photon in either of the cases listed. If the electron in case (a) or case
(b) can emit a photon, at what angle with respect to the electron’s trajectory is the
photon emitted? [6]

A straight wire with the charge density ρ moves with velocity v along the z axis.
Find the electric and magnetic fields, E and B, generated by the wire in the frames:

(i) S′ which is co-moving with the wire;

(ii) the laboratory (stationary) frame S.

A second identical wire having the same charge density and separated by the
distance, d, from the first wire moves parallel to the first wire with the same velocity. Is
it possible to find such a frame that the forces between wires can be described as purely
magnetic? Prove the statement. [7]
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