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1. Closed Universe

(a) Show that

a(n) = C (1 — cosn) (1)
t(n) = C (n — sinn) (2)

satisfies the closed, matter dominated FRW equation and find an expression for C' in terms
of Hy, €2 and the scale factor today, ao.
(b) If the parameter n that occurs there is used as a time coordinate, show that the metric

takes the form

ds* = a*(n) [=Pdn® + dx* + sin® x (d6” + sin® 0d¢?) ] . (3)
Solution:
(a) The FRW equation is
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The value of p such that £ = 0 in the absence of a cosmological constant is known as the
critical density p.. The critical density is time-dependent: p.(t) = 3H?/87G.
In the matter-dominated Universe, p = pys, with ppa® = pM,oag. Introducing the cos-

mological parameters

87Gparo kc? Ac?
Q = Q = —— Q = — 5
M 3HZ k HZ' AT 3HZ (5)

where Hy = H (1)), the FRW equation can be re-written as
D\ Qurag O
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da = C'sinndn (7)

In our case,

dt = C (1 —cosn)dn (8)

and therefore @ = da/dt = C'sinn/a. Therefore,

2
a C?sin’n
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But cosn = 1 —a/C, and thus sin? n = 2a/C — a?/C?. We find therefore

-5

a’t  a?’
Comparing this to the FRW equation (4), we find £ = 1 (closed Universe), A = 0, C' =
47Gprro/3. A comparison to the FRW equation in the form (6) gives C = Qy a3 H3 /2.

(b) Observations suggest that the Universe is spatially homogeneous and isotropic on a
large scale. Assuming this is true for the whole Universe (this is known as the ”cosmological
principle” hypothesis), one finds (see e.g. S. Weinberg, ” Gravitation and Cosmology”) that
the metric of the Universe must have the RW form (i.e. be a metric whose hypersurfaces of
constant time are maximally symmetric spaces in three dimensions):

2

ds® = —c*dt* + a*(t) (1 frk;ﬂ + Tdez) , (11)

where dQ? = df? +sin? 0d¢?, and k determines the scalar curvature of the three-dimensional
space: R = 6k (the parameter k can be positive, negative or zero, k = 0 corresponds to
flat three-dimensional space). If the radial coordinate r has the dimension of length, then
k ~ 1/L? (since kr? in the metric should be dimensionless). Thus k is inversely proportional
to the square of the scale of the corresponding space. In the RW metric one can rescale
variables k — A2k, » — r/\, a — )a, so that in the new metric k = 0, %1, the radial
coordinate is dimensionless, and the scale factor a(t) has the dimension of length. Another

form of the RW metric is
ds* = —c*dt* + a*(t) (dx2 + FQ(X)dQ2) , (12)

where F'(x) = x,sin x, sinh y for £ = 0,41, —1, respectively.
In our case, dt = adn and k£ = 1 which immediately implies that the corresponding RW
metric is given by Eq. (3).



2. Linearly Expanding Universe

Consider a homogeneous, isotropic cosmological model described by the line element

ds* = —c*dt* + (é) [da® + dy* + d2?) (13)
where ¢, is a constant.

(a) Is this model open, closed or flat?

(b) Is this a matter-dominated Universe? Explain.

(c¢) Assuming the Friedmann equation holds for this Universe, find p(t).

Solution:

(a) Comparing the metric (13) to the standard RW metric (11), we find k£ = 0 (i.e. the
geometry is flat): da? + dy? + dz? is written in spherical coordinates as dr? + r2dQ?.

(b) The scale factor is a(t) = \/t/t.. Thus a/a = 1/2t, H> ~ 1/t> ~ 1/a*. Therefore,
the model corresponds to a radiation-dominated rather than a matter-dominated Universe.

(c) Since (£)? = ;5 = 321, from the FRW equation we find p = 3/32rGt2a*.
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3. Hubble parameter

Assume that the Universe is dust-dominated. Take Hy = 100 km s~ Mpc=1.

(a) Give a rough estimate of the age of the Universe.

(b) How far can light have traveled in this time?

(¢) The microwave background radiation has been traveling towards us uninterrupted
since decoupling, when the Universe was 1/1000 of its current size. Compute the value of
the Hubble parameter H at the time of decoupling.

(d) How far could light have traveled in the time up to decoupling (assume the Universe
was dominated by radiation until then)?

(e) Between decoupling and the present, the distance that light traveled up to the time
of decoupling has been stretched by the subsequent expansion. What would its physical size
be today?

(f) Assuming that the distance to the last-scattering surface is given by part (b) of
this question, what angle is subtended by the distance light could have traveled before
decoupling?

(g) What is the physical significance of this value?

Solution:

(a) For the dust-dominated Universe

2
a HZad
Z] = . 14
<a> e (14)

With the normalization choice ag = 1, the relevant ODE is @ = Hy/y/a. The solution is

given by
1
t:C+—/\/Ed:c, (15)
H,
0

where the integration constant C' is set to zero by the initial condition a(0) = 0. The age of

the Universe is given by

1
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to = — de = —. 1

. HO/\/M o (16)
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Note that 1 Mpc = 3.086 x 10*2 m, and thus ¢y ~ 6.52 x 10° years. Thus in this model the
age of the Universe is 6.52 Gyr (this is shorter than the age of some stars in the Universe, and

thus the model cannot be completely correct). (Note that the current standard cosmological

model gives to = 13.69 £+ 0.13 Gyr.)



(b) The light emitted at » = r; at time ¢t = ¢; and received at the origin r = 0 at
t =ty (now) travels along the radial null geodesic given by the equation ds? = 0 or cdt =

—a(t)dr/+/1 — kr? (the minus sign reflects the direction of propagation: dr/dt < 0 in our

/0 / - W a7
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coordinate system). We have

The proper distance (determined at time t = ¢) from the origin » = 0 to a comoving object
at r = ry is given by

to

d(’f’l,to t() / m (to) / % (18)

t1

For the light emitted at t; = 0, t, is the age of the Universe, and so a(t;) = 0, a(ty) = 1.
Using the FRW equation for a matter-dominated Universe, a = Hy/+/a, we find

to

1
d(te) = calto) 0/ % _ j‘i _ Hioc— Sty (19)
With Hy = 100 km s~ Mpc™! one finds d(to) = 6000 Mpc. The distance d(ty) is known as
the ”particle horizon”.

(¢) The Hubble parameter at the time ¢t = ¢4 of the decoupling is H(tq) = a(tq)/a(ts),
where a(ty) = a(to)/1000. Using the FRW equation for the assumed matter-dominated
model, & = Hy/+v/a, we find a(t;) = Hyv/1000. Thus, H(t;) = Hy10004/1000 =~ 3.16 x
109 km s~ Mpc=!.

(d) Assuming the Universe was dominated by radiation until the time of decoupling t = ¢4
(this means the FRW equation gives a(t) = a(ts)+/t/ta for the time dependence of the scale
factor), the distance the light could have traveled during the time from ¢ = 0 and ¢t = ¢4 is
given by

P odt 7ot
d(td) = Ca(td)! % = C\/ﬂ(/ % = QCtd . (20)

During the later matter-dominated epoch, the scale factor evolves as a(t) ~ t2/3, so

td 2/3 . a(td) . 1
to ~a(ty) 1000




and tq = to(1000)~%2. The distance is then d(t;) = 2cty = 2(1000)~%23ct, = 2(1000)*/2d(t,) ~
0.126 Mpc.

(e) Since d(tq) = a(ts) r and d(tao) = a(to) r, we have d(tao) = 244d(ta) = 1000 d(t4) ~
126 Mpc.

(f) The corresponding angle is 6 ~ d(tq0)/d(to) = 126/6000 ~ 0.021 rad ~ 1.2°.

(e) The significance of this value is in the fact that in this model the distance traveled
by light at the decoupling as seen now (i.e. d(tso)) is much smaller than the size of the
observable Universe. The regions that could be in a causal contact with each other at the
time of decoupling thus occupy a small patch (with the angular size of about one degree)
on a present day sky. This poses a difficulty for the "old” cosmological models, since the
observed CMB is highly uniform throughout the sky. This problem is resolved in the "new”

inflationary cosmological models.



4. Conformal time

We can define conformal time, 7, in terms of physical time, t, through dt = adn, where a
is the scale factor which is a function of ¢ or 7.

(a) Show that 1 o< a'/? in a matter-dominated Universe, and 7 o a in one dominated by
radiation

(b) Consider a Universe with only matter and radiation, with equality at a.,. Show that

(c) What is the conformal time today? And at recombination?
Solution:
(a) For the matter-dominated Universe, the solution of the FRW equation is a(t) =

2/341/3 Expressing this through a(t), we get

(t/to)¥?. Direct integration gives n = 3t
n = 3tgy/a. Similarly, for the radiation-dominated Universe, where a(t) = +/t/ty, we find
n=2ta.

(b) Including matter and radiation only, the FRW equation reads

2
a . 2 QM QR . 2 1 aeq

Since dt = adn, we find
da

H() QM(a+aeq) .

Integrating with the initial condition a(0) = 0 we obtain

1= e (Vs o — V) (23)

(¢) The conformal time today, in a matter-dominated Universe, is n(ty) = 3to\/a(ty) =
3tg, where to = 2/3H,. Thus, n(ty) = 2/Hy ~ 20 Gyrs. At recombination, n(t;) =
ton/a(tq). Since a(ty) = 107 3a(ty), n(ty) = 3te107%/2 ~ 0.632 Gyrs.



5. Contributions to the dynamics of the Universe

(a) Suppose the Universe contains four different contributions to the Friedmann equa-
tion, namely dust, radiation, a cosmological constant and negative curvature. What is the
behaviour of each as a function of the scale factor a(t)?

(b) Which will dominate at early times and which will dominate at late times?

Solution:

(a) The FRW equation reads

i\’ 8tGp k2 Ac?

3 a? 3

For dust (cold matter), the energy density p is essentially Mc?/Volume, so p ~ 1/a3(t). For
radiation, from e.g. the Stefan-Boltzmann law we have p ~ T* ~ 1/a*(t). The curvature
term scales as 1/a*(t). Finally, the cosmological constant term is independent of the scale
factor.

(b) Since a(0) = 0, at early times the dominant contribution to the right hand side of

Eq. (24) comes from radiation. At late times, the cosmological constant term dominates

(provided A # 0).



