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Answer two questions.
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1. Consider the space-time metric

ds2 = −c2 dt2 +

(
R2

r2 + α2

)
dr2 +R2 dθ2 + (r2 + α2) sin2 θ dφ2,

where R2 = r2 + α2 cos2 θ and α is a constant. Find the geodesic equation for φ and
show that there is an integral of motion given by

φ̇ =
J

(r2 + α2) sin2 θ
,

where derivatives are with respect to t. [6]

Show that the geodesic equation for θ can be solved by θ = π/2 and θ̇ = 0. For
that value of θ, show that the geodesic equation for r has the following integral form

r2

r2 + α2
ṙ2 +

J2

r2 + α2
= B2

and that r =
√
D2 + (vt)2, where D and v are constants, is a solution. Find B and J

in terms of v, D and α. [9]

Consider the coordinate transformation

x =
√
r2 + α2 sin θ cosφ

y =
√
r2 + α2 sin θ sinφ

z = r cos θ

while t remains unchanged. Our original metric takes the form

ds2 = −c2 dt2 + f2 dx2 + g2 dy2 + h2 dz2.

Find the functions f , g and h. [8]

Given your solutions to the geodesic equations and what you have learnt from the
coordinate transformation, interpret your results. [2]
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2. Consider the space-time metric

ds2 = −c2 dt2 +A2(t) dx2 +B2(t)
(
dy2 + dz2

)
Show that the non-vanishing Christoffel symbols are

Γtxx =
AA′

c2
, Γtyy =

BB′

c2
, Γtzz =

BB′

c2
,

Γxtx =
A′

A
, Γyty =

B′

B
, Γztz =

B′

B
,

where A′ = dA/dt and B′ = dB/dt. [8]

Find the components of the Ricci tensor, given by

Rνβ ≡ ∂µΓµβν − ∂βΓµµν + ΓµµεΓ
ε
νβ − ΓµεβΓενµ

for this space-time. Show that the Einstein field equations for this metric in the presence
of an energy-momentum tensor with T00 = ρc2 and all other components vanishing are

2
A′B′

AB
+

(
B′

B

)2

=
8πG

c2
ρ

A′′

A
+
B′′

B
+
A′B′

AB
= 0

2
B′′

B
+

(
B′

B

)2

= 0

[8]

Show that, if ρ 6= 0, the functions B = B0t
m and A = A0t

m+A1t
n are solutions to

these equations, where m and n are constants. Show that m = 2/3 and find a possible
non-zero value for n. How does the density, ρ evolve as a function of time? Discuss the
evolution of this space-time for small and for large values of t and compare to that of
the FRW metric. [6]

Is this metric a good description of our observable Universe, and if not, why?
What observation might allow you to distinguish this metric from the FRW metric? [3]
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3. Write down the metric for a non-Euclidean, homogeneous and isotropic universe
with a scale factor a(t). Write down the FRW equations for such a metric in the presence
of a perfect fluid with an energy density, ρI , and a constant equation of state parameter,
wI . Write down an expression for the density parameter, Ω. Using the FRW equation,
find an expression for Ω as a function of the scale factor, a, and the Hubble parameter,
H. [7]

Express Ω purely as a function of a in the regime where ρI dominates and use
it to find the values of wI for which curvature becomes negligible at late time, i.e. for
which the universe becomes arbitrarily close to Euclidean for large a. [3]

Assume that now, through some strange physical process, the universe was com-
pletely dominated by an exotic perfect fluid with density ρI and curvature was negligible.
What values must wI take for there not to have existed an initial singularity (i.e. no
“Big Bang” for a finite value of cosmic time, t)? Write down the solution to a as a
function of t for wI < −1, and show that it has an event horizon. [9]

Consider the particular case of a non-Euclidean, hyperspherical universe with dust
and ρI . Find an expression for the deceleration parameter for such a universe in terms
of the values of ΩM and ΩI today. Find also an expression correct up to quadratic order
in the redshift z for the luminosity distance DL(z). [6]
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4. A massive particle, ζ, with mass, mζ , has an occupation number f(E) for states
at energy E satisfying the Fermi–Dirac distribution,

f(E) =
1

e
E−µ
KBT + 1

where E is the energy of the particle and T is the temperature of the universe, set by
the thermal bath of photons. When is this an accurate description of the particle ζ and
what conditions must be satisfied? [4]

What is the equation of state for particle ζ when mζc
2 � KBT and when mζc

2 �
KBT? If T0 is the temperature of the photons today, at what redshift, zζ , do you expect
the transition between the two types of equation of state to occur? Consider a spatially
flat universe, with fractional energy density in matter, ΩM and fractional energy density
in photons Ωγ = 10−4. Assume that Ωζ � ΩM to find a lower bound on mζ such that
the transition between the two equations of state occurs before matter-radiation equality
comes about at redshift z∗. [5]

Assume ζ can decay into a particle ξ and that 0 < mζ −mξ � mζ . Using the fact
that a particle with mass M and chemical potential, µ, in the non relativistic regime
has a number density given by

neq =

(
2π

h2

) 3
2

(MkBT )
3
2 exp

(
−Mc2 − µ

kBT

)

and justifying all your assumptions, find an expression for nζ/nξ as a function of tem-
perature, where nX is the number density of particle X = ζ, ξ. Discuss the consequences
of your result if the system remains in thermal equilibrium until today. [5]

The reaction rate for the conversion between ζ and ξ is given by Γ = Γ0(T/T0)
6

where Γ0 is a constant. Use the Boltzman equation

d lnNζ

d ln a
= − Γ

H

1−
(
N eq
ζ

Nζ

)2


to discuss the different regimes in the evolution of Nζ = nζa
3. Explain why freeze-out

may lead to a non-negligible nζ today. [5]

Assume that ΩM = Ωζ + Ωξ ' 1, that zζ � z∗, and µζ = 0 at freeze-out. Show
that

Ωζ ' 0.1Ωγ

(
Mζc

2

kBT0

) 5
2

exp

(
−Mc2aF

kBT0

)
a

3
2
F

where aF ' 3.3(Γ0/H0)
1/4 and ργ = π2

15 (kBT0)(kBT0/h̄c)
3. [6]
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