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1) Vector spaces and vectors

Def. of vector space:

® vectors in V, scalars in field I'=R, C, ...
® two operations: vector addition and scalar multiplication . . .
® ... subject to a number of rules

Def. of sub-vector space:

Non-empty sub-set W C V' “closed” under vector addition
and scalar multiplication.

“Lines, planes etc. through 0 € V' ”

Key examples for vector spaces:

R™, C™, n X m matrices, function vector spaces



Key concepts in vector spaces:

® Linear combination: a1vy + -+ Qp Vg = Zle Qi V
1 2\ [ a+28
(2)oo(5)- (5%

® Span: Span(vi,...,Vg): {Zle ;v | a; € F}

() ()5 1)

The span is a (sub) vector space.



® Linear independence: Zle o, v; =0 — all a; =0

1 2\ o+ 20 1 o
oz( —2>+5(3>_(—2a+35>_0 — a=0=0
—> linearly independent

1 3 1 a+ 368+ |
al -1 | +8| -4 |+ -2 | =| —a—48—-2v | =0
2 0 —4 200 — 4y
solved fora =2, 8 =—-1,vy=1 = linearly dependent
x =0 a+8=0
ae” + Pe 0 x =1 ea +e?B =0 a=p
—>  ¢%, ¢%® linearly independent




® Basis:1V1,---,Vn} is basis if it is lin. indep. and spans V'

Standard unit vectors in R™, C"

0 U1 n
/ f \ V = f :sz’ei

0 o U i=1
e, = 1 < 1 component
0

Zaieiéﬂ — all a; =0

Lo/

— e1,...,e, basis of R" C"

Standard unit vectors in R?, C?

xr
1=e1,]=e k=e3 r—(y)—xi—l—yj+zk

aitBj+rk=0 — a=8=~=0

— i, j, k basis of R?, C?




e Every vector is a unique linear combination of a basis.

Vector as linear combination of basis

V1:<_1 >,V2:<_§> basis of R?

V::<_?>:&V1+5V2:<_zi_§g>

— — a=4,=-1

® Dimension of V: number of vectors in a basis for V

dimg (R™) = dim¢c(C™) = n

real n X m matrices : dimension = nm




2) Vector spaces R", geometrical applications

® Scalar (dot) product in R™

al bl
a— / \ ., b= ( \ Z ib; _5zgaz
\ an / \ bn / =1

(1 i =

0 if i

Kronecker delfa: 9;; = <

n 1/2
Length of vector: |a| :=+va-a= (Z a?)

1=1

Angle between two vectors:  cos(<(a, b)) = |;‘|'|t{) —

a-b =|a||b|cos(<(a,b))

a, b # 0 perpendicular <= a-b=0 <= <(a,b) = =



Angle between two vectors

2 1
a<1)’b( 2) a|=|b|]=v6, a-b=3
1 —1




® Vector product in R*

a1 b1 azb3 — asbo
axb=| a | x| b = | asb; —aibs or (axb);=e¢raibg
as b3 a1ba — asby

) “cyclic permutations”

+1 it (4,4,k) =(1,2,3),(2,3,1),(3,1,2
1,3 : 1,3,2) “anti-cyclic permutations”

1
Levi-Civita tensor: ez-jk{ —1 if (4,5, k) = (2,

0 otherwise

Calculating vector products

Proving vector identities with indices

(ax (bxc)) =c¢€xa;(b X C)y = €ik€kmnaibmnn = €kii€kmntibmen (2.16) (0im0in — dindjm)a;bmen

= CLjCij' — CijjCi = a- Cbz‘ —a- bCz’ — ((a ) C)b T (a ) b)c)z

(VX (V)i = €x0;(V )k = €ijk0;0kf =0




Geometrical interpretation:
laxb|=|a]|-|b|sin<(a,b)=area of parallelogram defined by a,b
a,blaxb

® Triple product in R?

(a, b, C> = a- (b X C) = det(a, b, C) — eijkaibjck
= a1bacs + asbscy + agbica — a1bsca — agb1c3 — aszbacy

= volume of parallelepiped defined by a, b, c

= vanishes if two arguments are equal

det(a,b,c) #0 <= a,b,c basis of R’



® Lines in R5
vector form Cartesian form

x(t)
X — — A
I‘(t) — y(t) —p +tq < > b Pz _ Y — Py _ Pz
Z(t) 4x dy qz

Line through two points A=(1,2,-3)t, B=(2,-1,1)*

1 1
-3 4

Minimal distance of line from point Py: duin = '<P‘|1:;0|>><q'
Minimal distance of two lines r;(t;) = p; + t;q;:
q1 X q2

dmin = |(P1 — P2) - 1| n =
a1 X q2 |



® Planes inR3

vector form n— ’q i S‘ Cartesian form
qXs

ZE(tl,tz) d:np n-r=4d
r(t,ts) = y(t1,t2) =p+t1q+lss < >

2(t1, t) NgX + nyy +nz2=d

Plane through three points A

(2,1,0)7, B=(-1,2,-1)T, C = (3,-2,4)7

2 —3 1
p=A=| 1], gq=B-A= 1|, s=C—-A=| -3
0 ~1 4

qxs=(1,11,8)"

% -3 1 p-(qxs)=13
I‘(tl,tz)(1>—|—t1< 1>—|—t2(3)( );U—|—11y—|—8:/;:13
0 —1 4

Intersection of line r.(t) =a+tb and plane rp(t1,t2) = p +t1q + t2s:

. . <p — 4, (q, S> . . . . .
tisec = b with intersection point at rp (fisec)




3) Linear maps and matrices

Def. of linear map f:V — W

(L1) f(vi+v2) = f(v1)+ f(v2)
(L2) f(av) = af(v)

Kernel and image of a linear map (sub vector spaces):

Ker(f) ={veV|f(v)=0}CV
Im(f) ={f(v)[veV;CW

Rank of a linear map:

rk(f) = dim Im( f)

Dimension formula:
dim Ker(f) 4+ rk(f) = dim(V)






Basic matrix properties:

[ain - aim )
\anl anm/

An
® Row and column vectors: A; = ( ; ) . AT = (

® nXm matrix: A =

® Multiplication of matrices and vectors:
[ AV
\ Ay

Av =

(Av)i = > Ay,
j=1

Multiplying matrices and vectors

1 —2 4 (1,-2)T - (—=1,5)% —11
Av=1] 0 3 — (0,3)1 - (-1,5)% — 15
(5 1)< 5> ( (5,—1)T - (—1,5) ) (10)




® Lin. maps from matrices: A:F™ — F"
v — Av

Every linear map f : F'* — F™ given by a matrix A in this way.

How to find A ? f(ej) = ZAijei

Matrix for a linear map f : R® — R”

f(v):=(a-v)b, a,becR?’fixed

3
f(ej) — (a . ej)b — ajb — Zbiajei — Az’j — biaj

1=1




® Unit matrix: 1,

|
~—
- —
[ -
N—
N\
=
S
N—"
S
|
@
S

d; 0
® Diagonal matrix: D= ( ) —: diag(dy, ..., dp)
0 dy,

® Transpose and herm. conjugate: (A%);;:=A4; AT := (A1)
A= é—? AT:(l 20)

© 3 —1 4
3(1122' Z2z) BT:< Lo 1t 3_i>

54 A —1 21 4

® Symmetric and anti-symmetric: A = A' A=-A"

® Hermitian and anti-hermitian: A=Al A= _—AT




1 2 0 4
Asymm — ( 9 _3 ) ) Aanti—symm — < 4 0 )

B 2 344 B 2%  2—b5i
Bherm - ( 3_47/ 1 ) , Bantl—herm - ( _2_52 _Z )

Rank of a matrix:

rk(A) = dim Span(A',--- , A™) = maximal number of lin. indep. column vectors of A

Note: Row rank equals column rank for any matrix.

Rank of a matrix by inspection

-1 21 A, Ao lin. indep. and A3 = A1 + As




Matrix multiplication:

)

X

r m

Q‘_

n X

/ B,-Al ... B{-A™

A= z s
B,-A™ ... B,-A™

Cit = ) BijAj,=B;- A"
j=1
associative, A(BC) = (AB)C, but in general not commutative.

2 X3 3% 3
0 1 1
B:(;g'g>, A=12 0 1
B 1 —1 1
2 X3 3% 3 2 X3

0
1 0 —1
m- (3403

Note: (AB)! = BT A"



Matrix inverse: For n x n matrix A
® defined by AAt'=A4A"14A=1,
® exists: A~ ! exists <= rk(A)=n
® properties: (AB)"!=B71471 (A)H1=4, AH)1=AH

row operations:

(R1) FExchange two rows.
(R2) Add o multiple of one row to another.
(R3) Multiply a row with a non-zero scalar.

upper echelon form:

(Lo e

a2j,

CLr,aj,r

o »

rk(A) = r = (number of steps in upper echelon form)




Rank of a matrix by Gaussian elimination

0 1 -1
A= 2 3 -2
2 1 0

O 1 _1 R1+R3 2 1 0 Ro—Ro—Rq

2 3 2| ——1 2 3 -2 >
2 1 0 0 1 -1

2 1
0 2
0 1

0
—2
—1

R3s—R3—R2/2

g

S O N




Inverse of a matrix by Gaussian elimination

l =

AN O am O Oamn © O am 7 N
| | | | o o —~

S MO OMmo oOoMmo oA o O — 0O

Lo N MO0 HOO HOO HOO HOO —H OO
~— - S~~~

A PR PR PO PO PR PR
3 o o= w  Ee =
| <t | ™ ™ o | AN
. 4 | | T |
Dﬂ s £ &5 &£ 1
. 4 0 0 s
=~ & & =




Relation between linear maps and matrices: f:V — W

Vi,...,Vy a basis of V and wi,...,w,, a basis of W
™m
F(vj) = Z Aij Wi A = (a;j)describes f
i=1
vi =w; = (1,2)7
B=(1 U).r2R2 pmw=
O —2 Vo — W9 — (—1, 1)
1 —1
BVlz(_4>:—1V1—2V2, BV2:<_2>:—1V1—|-0V2
p —1 -1 . :
— B = ( 9 ) describes B relative to {vy,va}

Change of basis:

basis of V matrix
V1, c e ,Vn

n

A
f: V=V I -1
V,l,...,V, A’ A PAP LV :ZPZ]V



3) Systems of linear equations

® m equations in n variables:

m X n
! a1r1 + -+ 4+ apr, = b
Ax =Db or
aAm1Tly + - + AmnTn = bm

® associated homogeneous system:
aj1xy + -+ + apr, = 0
Ax =0 or

amir1 + -+ + amprn, = 0

Interpret matrix A as linear map A: F" — F™

solutions of hom. system = Ker(A)
with dimKer(A) = n — rk(A) free parameters

inhom. system has a solution xg < b € Im(A)

solution of inhom. system = xg + Ker(A)



® structure of solution:

(1) rk(A) =m : solution zy + Ker(A)
dim Ker(A) = n — m free parameters

exists for any b
(2) rk(A) <m
(a) If b € Im(A) : solution x¢ + Ker(A)
dim Ker(A) = n — rk(A) free parameters

(b) If b ¢ Im(A) : no solution



Solving lin. eqs. by explicit calculation

by 20 +3y—z=-—1 2 3 _1 1
Es - —x—2y+z=3 A(l —2 1) b( 3)
Es - ar +y—2z=09. a 1 =2 b
E1—|—E22 :c+y:2 :> (CL—Fl)Qj:b—I—lQ
Es+ 2Es : (a—2)x—3y=b+6
b+ 12 2a — b — 10 7a—b—>5 :

1) a#—-1: x= = = unique
) o7 L 4 a+1 - a+1 ( d )
2a) a=—land b= —12: £ =2 —y z=5+y (line)

2b) a = —1 and b # —12: no solution

® Augmented matrix: A" = (A|b)

® Criterion for existence of solution: b € Im(A4) <= rk(A) = rk(A’)



Solving linear eqs. with row reduction

r+y—2z = 1 1 1
2 —y+32 = 0 A= 2 -1
xr—4y+9z = b -1 —4
1 1 =2
1.) Bring A in A’ into A—|o -3 7
upper echelon form: 0 0 O
Solution exists iff b = —3
1 1| —
2.) Set b= -3 0 —3
0 0
1 0
3.) Red block — unit matrix: Az, = 0 1 —
0 0
1 1
r+ -t = =
4.) Convert into lin. egs.: g X =
V73" T 3

O W~

O LOIN| =

O WIN|—




5) Determinants

Definition: det(ag,--- ,ay,) is
® linear in each argument
® completely anti-symmetric — det(--- ,a,--- ,a,- -
® normalized: det(eq,---,e,) =1

Formula for determinant:

det(A) = det(Al, Z sgn(o 0(1 Ag(n)yn = €i1-inQigl " Qign

oESH

n! terms, “pick one entry per column and row”

n=2: dlet(a1 by

by ) = €;ja;0; = €12a1b2 + €21a201 = a1b2 — a2,

ai bl C1
N=3: det as by o = ez'jkaibjCk — a1bocg + asbzcy + asbico — asbicy — azbacy — a1bzco
as bg C3
= (a,b,c) =a- (b x ¢)



Properties of determinant:
o det(A) = det(Al) o det(PAP™!) = det(A)
® det(AB) = det(A)det(B) ® det(A™1) = (det(A))™ !

@ A has an inverse <= det(A) #0

Co-factor matrix: Cj; = (—1)"7 det(A ;)
Ag

) A without row ¢ and column )
Expansion by column: det(A) =) (—1)"*7 A;; det(A ;)

1

det(A) = A1 det(A(l,l)) — Ao det(A(2,1)) + A3y det(A(S,l))

2 -2 —1 0 —1 0
—2-det<3 4)—1odet< 3 4>+O°det< 5 _2)

—2.14—1-(=4)+0-2 =32




Matrix inverse with determinant: A=! = ! ot

~ det(A)

Inverse of a 2 x 2 matrix

Az(i Z) C’z(_db —ac> det(A) = ad — bc

_ d —b
Al:adl—bc<_c a)




Cramers rule: Solution for Ax = b where A is n X n, invertible:

U det(B))  det(Al,--- AL b, AL AT
Codet(A) det(A)




6) Scalar product

Definition: (-, ) : V x V — R(C) satisfying
(S1) (v,w) = (w, V), for a real scalar product, ' = R
(v,w) = (w,Vv)*, for a hermitian scalar product, ' = C
(S2) (v,au+ pw) = av,u) + B{v,w)
(S3) (v,v) >0 if v#£0

Norm (length): |[v|:=+/(v,v)

Examples of scalar products

n
(a) Standard scalar product in R” (v,w) =v-w=vlw= Z Vi Wy
i=1

(b) Standard scalar product in C" (v, w) := viw = Z vEw;

7
VP=(v,v) =) Juf
1=1

(c) real n X n matrices (A, B) :=tr(A'B) = Z A;;B;;




Ortho-normal basis: basis €1,...,€, of V with (e;, ej> = 04

Examples of ON basis

(a) e;-e;j =0;,; = eq1,...,e, ON basis of R”,C"

1 1
(b) &1 = 7 < 1 ) - es5 ( _1 ) ON basis of R? w.r.t. dot product

1 2 1 1
(C)V1=E< ; >, V2:ﬁ<—2z’) ON basis of C?, VZVj:(Sij

Properties of ortho-normal basis:

mn
® coordinates: v = ZO%G@ = o = (ez-,v>
i=1

Real case: v = (2, —S)T: ((1€1 + 9€9

— (1) (D) meed(2)(2)




Complex case: v = (2, —S)T = B1v1 + Povg

T
:>51=u]{v=i<2.)< 2):4+3i 1 1\ 2 2 — 6i
V5 \ 7 -3 V5 BQ_VQV:\/S<—22'> <—3>: \/BGZ

® Scalar product:

V= Z&iei : a; = (€;,V)
: — N
W = Zﬁz@ 7 Bi = (€;, W) <V7W> N ;%5@' - ;<V’Ei><€ivw>

i
vTv:< 2 ) ( 2 )_13 , 4+ 3i
B S, = Bil? + 2:‘

® Matrix elements: f(e;) = > Ajyei <= A = (e, f(€))



Gram-Schmidt procedure: Start with basis vi,..., v, :

k—1 ,
_ Vi ;o _ Vi
= — — v — —
€1 Vi Vi Z<eiavk>€’i ) €L /
’Vl‘ i—=1 ‘Vk’
—> €1,...,€, 1s on ON basis

Every (finite-dimensional) vector space with scalar product
has an ortho-normal basis.




Adjoint map: For f:V — V adjoint map f7:V — V is defined by
(v, fw)=(flv,w) forallv,weV

f self-adjoint: f = f7

For ortho-normal basis €1, ..., €,, 4 = (&, f(€;)) = (e, fT(€;)) = (AT

Orthogonal and unitary maps: f:V — V satisfying
(f(v), f(w)) ={v,w) forallv,weV <= [fif=id <= [f'=[fT
is called orthogonal (real scalar product) or unitary (complex scalar product)
For ortho-normal basis €1,...,€,, A;; = (€, f(€;)) =
ATA=1 — A'=AT — (AYAI =y

(Real case: + = T)



Real case: orthogonal matrices
ATA=1 = A'=4" = A" A=§; — (Av)-(Aw)=v-w forallv,w

—> det(A4) = +1

ATA =1 and det(A) = +1 : rotations
AT"A =1 and det(A) = —1 : rotations combined with reflections

2d rotations

cos) —sinfb
sin @ cos 6

R(0) = ( ) rotation by angle 6

R(61)R(02) = R(61 + 62) RO~ = R(O)T = R(—0)




3d rotations

1 0 0 costly 0 —sinby cosfl3 —sinfz 0O
Ri(01)=| 0 costh —sint, Ry(62) = 0 1 0 Rs(03) = | sinf3 cosfs 0

0 sinf; cosby sinfp 0 cosbs 0 0 1

¢, around x 65 around y 63 around z

R((gl, (92, (93) — Rl ((91)R2((92)R3((93) general 3d rotation




Complex case: unitary matrices
ATA=1 = A'=4 = (AYA =j; <= (Av)I(Aw)=v'w forall v,w

—  |det(4)| =1

ATA =1 and det(A) = 1: special unitary matrices
ATA =1 and det(A) # 1: special unitary matrices times a phase

2d special unitary matrices

84

U:(_Oé* E) where |al® + 8] =1




6) Eigenvectors and eigenvalues

Def. of eigenvalues and eigenvectors:

A eigenvalue of A:V -V <<= Thereis a v # 0 with Av = \v

Then v is called eigenvector.

Characteristic polynomial:

XAA) :=det(A —AL) = (—=1)" A" + (=) tr(ADN*1 + ... + det(A)

To find eigenvalues: solve x4(A) =0
To find eigenvectors: solve (A — A1)v =0 for each A

Key statement:

A can be diagonalized <= A has a basis vy,...,Vv,, of eigenvectors

diagonalization: P = (vy,...,vy) P AP = diag(A1, ..., \n)



Useful statements for hermitian matrices:

® All eigenvalues are real.
® Eigenvectors for different eigenvalues are orthogonal.

® There exists an ortho-normal basis of eigenvectors.

Eigenvectors and eigenvalues for hermitian matrices

Recall: (v, Aw) = (Av,w) for A hermitian

Av =)\v —
MV, v) = (V,Av) = (v, Av) = (Av,v) = (Av,v) = X\ (v,v) = A= X"

Avi = Mvy, Ava = XAava, A #F Ay —

A (V1,Ve) = (A1v1,Va) = (Avy, va) = (v, Ava) = (V1, Aava) = Aa(Vvy, Va)

— <V1,V2> =0




Diagonalization of symmetric matrices

1 -1 0 1—Xx -1 0
(1 2 1) XA()\)det( -1 2-Xx -1 ))\()\1)()\3)

0 —1 1
— A =0, Aa=1, A\3=3

1 —1 0 x T — '
AMM=0: A-01)v=| -1 2 -1 y |=| —z24+2y—2 | =0 = zx=y==z
0 —1 1 z —y + z

(1,1, )" so that viv; =1

0 —1 0 x — '
A =1: A-1l)v=| -1 1 -1 y |=| ++y—2 | =0 <= y=0, v=—2
0 —1 0 z —

1

A

Vi =

il -

(=1,0,1)" so that vavy =1

-2 -1 0 x —2x — vy '
)\3:3: (A-3l)v=| -1 -1 -1 y | = z—-y—2 | =0 <— y=-2z, z==x
0 —1 =2 z —y — 22

S

1
Vg = —6(1, —2,1)" sothat vivs=1
I S 1
ooV T -
P = (Vl,Vz,Vg) =1 i3 0 NG — P AP = dlag((), 1, 3)
1 1 1
V3o V2 VB




Diagonalization of hermitian matrices

a=( 4 F) =) ) =e-sne

— )\123,)\2:—1

Al =3: (A—S]l)V=<__222. E;)<x>;0 — T =1y

Y
1 T
— V] = ﬁ(z, 1)* so that vivy =1
Ao=—1: (A+1)v= _2% 222)(5);0 — =1
— Vg = %(—i, )T so that vive =1
U= (vy,vy) = ( ? —%75 ) —  UTAU = diag(3, —1)
2 2

Note: A, B simultaneously diagonalizable <= [A,B]=0




Functions of matrices:

9(x) = ap + 17 + axa” + - - g(A) = apl, + a1 A+ asA® + - -

@ Evaluation by diagonalizing: P~1AP = A = diag(\1, ..., \n)

— g(A) — Pdiag(g(A1),... ,g()\n))P_1

Function of a matrix by diagonalization

1 2 o 7
A= ( Y 1Z > U = ( \f f ) UTAU = diag(3, —1)
V2 V2

g(z)=2" = g(4)=Udiag(3",(-1)")U'

_ 1( (- +3" —i((—-1)"—3") )
2\ 2((—=1)" —=3") (—1)™ 4 3"




Function of a matrix by explicit evaluation: Pauli matrices

Pauli matrices: 01_<O 1>7 02_(9 —i>7 03_(1 0)

1 0 0 0 —1
_ 3 T
o = (01,02,03) a- -0 — a;0;
0'7;0']- — ]]_2570 -+ ieijkgk — (a. O-)Qn _ ‘a‘ZnHQ 7 (a _ 0_)2n—|-1 _ ’a’2na o

a=160n with |n|=1:

U:=exp(in- o) = Z (@6)" (n-o)" =cos(f)ly +isin(f)n- o

n!

n=0




Quadratic forms: q(x) = »  Quuix; =x' Qx
ii=1
® diagonalizaﬁon: QVZ' = \;V; Pl = (Vl, e ,Vn)

PQPT = Q = diag(\1, ..., \n) y = Px

—  q(x)=x"P'QPx=y"Qy =) \y;
1=1

® quadratic curves and surfaces:
All points x satisfying ¢(x) = ¢, ¢ > 0 constant

all \; equal: circle/sphere
all \; > 0: ellipse/ellipsoid
otherwise: hyperbola/hyperboloid

e for ellipse/ellipsoid: direction of semi-axes: v;

c
length of semi-axes: ,/—

Ai



1 -1 0
q(x)x%2x2x1—|—2x§—|—a¢§2x2x3XT(1 2 1)X!1

A\ J/

=A

) PTAP = diag(0,1,3) y = PTx

P = (V17V27V3) — (

&‘H o&"i
|

S-S5
SESkS-

!
— =y +3y;=1

cylindric in direction vy with ellipse cross section in direction vo, v3

length of vy half-axis: 1
length of vs half-axis: 1/v/3







