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Overview

e Inner product vector spaces, Hilbert spaces

e Fourier analysis
e Orthogonal polynomials

e Ordinary linear differential equations

e Partial linear differential equations



Inner product vector spaces, Hilbert spaces




What is an inner product vector space?

A: A vector space with a scalar product.

Definition of a scalar product:

Definition 1.9. A real scalar product on a vector space V over F' = R and a hermitian scalar product on
a vector space V over the field F = C is a map (-, -) : V x V. — F which satisfies

(S1) (v,w) = (w, V), for a real scalar product, FF =R < symmetry
(v,w) = (w,v)*, for a hermitian scalar product, F = C <«——— hermiticity
(52) (v,au+ fw) = a(v,u) + 5(v,w) <

linearity
(S5) (v,v) >0ifv#0 < positivity

for all vectors v,u,w € V and all scalars o, 3 € F'.

The norm associated fo a scalar product
[V [[:= Vv, v)
satisfies the Cauchy-Schwarz and friangle inequalities

[vow) <[ v wl] Iv+wil <[vI]+]w]



Features of inner product vector spaces

e ortho-normal basis: vectors € €V with (e,€;) = di;. oarsevals "
arsevals equation

n
coordinates relative to basis: v = Zo‘i € <— «a;=(€,V) j
i=1

mn
scalar product in terms of coordinates: (v, w) = E a; By
i—1

matrix describing linear map T : V. — V: A;; = (€, T (€j))

® hermitian conjugate I7":V »vVof T:V — vV : (v,Tw) =(T"v,w) for allv,w e V.
Ay = (€, T(€5)) , (Af)z'j — <€i>TT(€j)> :

® hermitian maps: (v,7(w)) =(I'(v),w) for allv,we V. or TT =T (observables in QM)
Ai; = (€i,T(€;)) is a hermitian matrix

Theorem 1.24. Let V' be an inner product vector space. If T':'V — V 1is self-adjoint then

(i) All eigenvalues of T are real.
(i) Eigenvectors for different eigenvalues are orthogonal.

e unitary linear maps: linear map U:v — v with {U(v),U(w)) = (v,w) for all v,w € V.
& UlU=id

Uij = (€i|Ul€;j) is a unitary matrix (time evolution in QM: U = ¢~ 41t



Dirac notation

The map:: V — V*defined by «(v)(w) := (v,w) is bijective, so vectors and dual
vectors can be identified. Dirac notation makes this manifest:

V)= v W |w) (V) (W) = (v, w) = (v]w)

bra ket bra-c-ket

matrix elements: T;; = (e;|T|e;) = (€, T(€j))

n

operators in terms of ortho-normal basis: T = Z Tri|€x) (€]
k=1

n

identity in terms of ortho-normal basis: id = Z €;) (€]
i=1

components of a vector: [v) =Y |e;){e|v)
i—1

n n

scalar product: (v|w) = (v|e;){e;|w) Lv) 17 = (v[v) = (v]e)(eilv)

In Hilbert space with ortho-normal basis finite-dimensional expressions
generalise to infinite dimensions.



Examples of inner product vector spaces

e k" or cwith standard scalar product (v.w):=> viw,

1=1

b
e function vector spaces, e.g.Cla, b with(f,g) = / dz f(x)"g(x). Interesting operators:
- multiplication with function, M, (f)(x) := p(z)f(x): M} = M, since
b b
FM(9) = [ do fa) ((@)g@) = [ (pla) @) gla) = My (.9

- multiplication with phase ¢™(®) is unitary since

MyoM,=M,,, M =id M’

e'L’U,

O Meiu — Me—iu o Meiu — Ml — ld

- translation operator T,,(f)(z) := f(xz — a). Its adjoint is TI = T_, since
Y=r—a

L) = [ def@ygle-a) = [ dyf+@)’se) = (T-u(f).0)
- the translation operator is unitary, since T} 0T, =T 40T, =id

d\"_ d d\' . d
- the differential operator D = d/dx has adjoin’r(g) =T (i2%> = il@ since

(f, D(g)) = /_OO dr f(z)*g' (z) = [f(2)"g(2)] 2 —/_OO dz f'(z)*g(z) = (=D(f), 9)

(assuming functions vanish at boundaries)



What is a Hilbert space?

Maths answer: An inner product vector space which is complete.
Physics answer: The arena for quantum mechanics.

Complete means that every Cauchy sequence converges.

- -
‘‘‘‘‘

-
~~~~~~

(Vk) Cauchy sequence

- -
‘‘‘‘‘

Vours V‘k+1

o ..':Vk
\‘~ ) .Vk—]_
B.(v) °v,

(Vk) converges to V

Hilbert space has an ortho-normal basis iff it is separable

-> previous formulae generalise . . .

Hilbert space which appear in practice are separable . . .



Examples of Hilbert spaces

e R" and C" with standard scalar product
(the latter for finite-dimensional quantum systems)

® generdal construction: measure set (X,%,u) -> L*(X)

1/2

o (N, 3., uc) with counting measure . -> (2 sequences (2;)52, (372, [#il*) ' finite

scalar product: {((z:), (13)) = » Ty
i=1

(Qquantum mechanics in “matrix mechanics” formulation)

e Lebesgue measure space(U,X.(U),ur), U ¢ R* => L*(U) = measurable
functions f : U — Rwith ([, dz|f(x)]?)"* finite.

scalar product: (f,g) = / dr f(x)*g(x)

U

(quantum mechanics in ““wave function” formulation)

® Generalisation to include weight function w : [a,b] — R>° s L2 (la,b]) =
measurable function f : [a,0] — R with (f[a,b] d:cw(:c)\f(x)P) finite.

scalar product: (f,9) ::/ dxw(x)f(z)*g(x)

[a,0]



Fourier analysis




(a) Fourier series

Maths idea: find an ortho-normal basis for L?([a, b]) based on sine and cosine

Physics idea: discrete frequency decomposition: coordinates=frequency strength

The Fourier series comes in four flavours:

e Cosine Fourier series on L3([0,a]) :

: 1 2 k
basis: 60:%, 5k22\/;COS(%$>, k=1,2,....

. - k 2 [@ k
series: f(z) = % + Zak COS (ﬂ) where ap = —/ dx cos (ﬂ) f(x)
0

a
k=1

: 2 |a0\2 S
2 = d )|? = 2
Parsevals eqn a/o x| f(x + E |a|

® Sine Fourier series on L3([0,a)) :

2 k
a a
) > kmx 2 [¢ kmx
seriles: = b:. si — h b, = — dx si —
f(x) ;ksm(a> where by, Cl/o :csm(&)f(a:)

, 2
2= d 2
Parsevals eqgn a/o x|f(x Z\bk|



e Real standard Fourier series on Li([—a,al):

: 1 1 kmx 1 . [(krnx
basis: co = —, ¢ =—=cos|— ), sp:=—=sin|—

2a Vva

e Complex standard Fourier series on LZ([—a,a]) :

: 1 rkmx
basis: e ;= ——ex ( ) , kel
k 5 P 0

vk 1 [
series: h = —
f(x Z aj €XP ( - ) where ay > /

keZ

’ 1 2
Parsevals eqn.: %/_adfvlf = lasl

a

dxr exp (

—ikmx

a

) £



Fourier series example

e Cosine series: f(z) ==z,

4 cos
-

3
2F
1F
CIZE[O,T&'] 0
-1t
-2t
-3 L . .
-3 -2 -1
kK up to 1
3F . .
2t
1E
0
-1t
-2t
-3 E | |
-3 -2 -1 0 2
kupto5
3p
2t
1E
0
-1t
-2t
-3 L .
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kupto 3
—I3 —I2 —I1 0

kupto7
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e Sine series: f(z) ==,

x € [0, 7]

—I2 —I1 0 1
kupto3

k up to 2
—I3 —I2 —I1 0 1
k upto 4
_3 22 o1 0 1




e Real standard Fourier series:

3
2L
1_
flz)=lz|, =z¢€[-m, :
-1t
(even extension) 2}
-3k




e Real standard Fourier series

f(:lj):aj, ZCE[—TF,TF]
(odd extension) :;
-3

K up to 1
3_- T T
2t
1t
0
-1t
-2t
00 -3 , g
(—1)k+1 . 3 -2 -1 0 3
flx) =2 E sin(kx)
k kupto3
k=1 3 : .
complex 2t
Fourier !
series 0
-1t
A 2
_(ezka:_e—zkaz) _3_3 e :

Parseval: 2_7T2:l/7r dg;x2:Z\bk|2:4ii
3 T k2

kKupto?2
-3 —I2 -1 0 1

kupto4
-3 —I2 -1 0 1




(b) Fourier transform

Maths idea: Fourier transform is a unitary map 7 : L?*(R") — L*(R")

Physics idea: frequency
position an

analysis, in QM: relation between wave fct. in
d momentum space

e Definition of Fourier transform

f10 = F(£)09 = o

F(P00 = G

/ " exp(—ix k) (%)

/ dk" f(k)e™*  (inverse FT)

e Interpretation

1
\ 2T

plain wave with wave number kg

flz) =

exp(tkox)

. 1
> JW) = 57 [ dwexplitko— )a) = 6k — ko
-> FT has sharp peak at kg



V2m

superposition with wave numbers k;

fo) = ==Y expliki) = f(0) = 3 dlk—k)

2
_ ¥

fa(x) = e 242

Gaussian with width a

Ar~a, Ak~1/a

->

=

FT has sharp peaks at k;

J/C;(k) _ ane—a2|k|2/2

Gaussian with width 1/a

Ax Ak ~ 1

<

uncertainty relation



2

f(z) =e % sin(kgx) (blue)

F(f)(x)] (yellow)
ko € [1,5]
1.0 e
0.5 |
0.0M
-0.5
-1.0




e How does FT intertwine with other linear operators?

translation modulation dilatation multiplication

Ta(f)x):=f(x—a),  Ep(f)(x):=exp(ib-x)f(x),  DA(f)x):=fAx),  My(f)(x):=g(x)f(x)

FoTa=E _a0F FoE,=T,oF “exchanges translation and modulation”
FoDy=pmDipaoF “dilation with A to dilation with1/\"
FoDy, =My, oF  FolMy =iDg oF “exchanges differentiation and multiplication”

e Convolution
(f*g)(x) = /n dy" f(y)g(x —y) = fxg=(m"%f§

X (x) f(x)

EXCUT\PIQ: nE :




Orthogonal polynomials



b
Setting: L2 ([a,b]) with scalar product (f.g) = / dzw(z) f(z)g(z)

Q: Can we find an ortho-normal basis of polynomials on this space?

(P)S° P, is of degree n (Ppy Py = hy 6nm

n=0

If we can find such a basis then every f € L3 ([a,b]) can be expanded as

00 ) b A )
f(x) = Z anPp(z) , Ay, = / dr w(x)P,(x)f(x) P, :=
n=0 a

We can indeed find such polynomial bases and thinking about the
different types of intervals and different weight functions leads to
a classification.

(An elementary method to obtain the orthogonal polynomials is to apply
the Gram-Schmidt procedure to the monomials (1,£IZ‘,£IZ‘2,$3, 0 ))



Types of orthogonal polynomials

2, ) o, P X w(z) name symbol
—11] |a>-1,8>-1|a"—1 (1 —2)*(z +1)" Jacobi P>
—1,1 a=0>-1 r® =1 (1—2)%x+ 1)~ Gegenbauer qua’a)
—1,1] | a=f=+1 |22—1|(1-2)*"2(x+1)*Y2 | Chebyshev | T}~
—1,1] a=05=0 ¢ —1 1 Legendre P,
0, 0] a>—1 T e "z Laguerre iR
0, o0 a=0 z e " Laguerre L,

|[—00, 0 1 e Hermite H,

Rodriguez formula:

- (b—a)a—2) for la|,]b] < oc
Plo) = Rty don WX X =y e ol =g b

e "(z —a)® for la] < oo, b= o0

— 2

w(x) =

{(bx)“(:ca)ﬁ for lal,|b| < oo

e for —a=b= o0



All these different types of orthogonal polynomials have common features:

Recursion formula: Poi1(x) = (Apx + Bp) Py(x) — Cp Py 1 ()

n—1

Differential equation: Xy + KiPiy —n (k1K1 + X”) y =0

Generating function:  G(z,2) =) Pu(z)2"
n=0

Where do they appear in physics?

e Legendre: problem with an angle 0 so that cos(6) € [—1,1],
problems with spherical coordinates (7,6, ¢),
Laplacian on sphere, spherical harmonics,
E&M: multipole expansion, QM: angular part of H wave function.

e Laguerre: typically function of a radial coordinate r € [0, o],
QM: radial part of H wave function.

e Hermite: depend on coordinate x € [—00, 00],
QM: essentially wave function of quantum harmonic oscillator.



(a) Legendre polynomials

e Orthogonal polynomials P, on L2([-1,1])

1 d"
2nn ! dx™

e Rodriguez formula: P,(z) = (2 —1)"

e First few: Po(z) =1, Pi(z) =z, Py(z) = %(3.@2—1), Py(z) = %(5333—3@, Py(z) = %(353:4—3051324—3).

1
® Expansion: f(z Zan : an=2n2+1/ dx Pn(2) f ()
—1

e Recursion formula: (n+ 1)P,11(z) = (2n+ 1)xPy(x) — nPy_1(x)

e Differential equation: (1 —2%)y" — 22y + n(n+ 1)y =0

oo

\/1—2:13z+z2 Z

e Generating function: G(z,z2) =

Application: Multipole expansion of Coulomb term

1 1 1 1

1 — r\"
V(r,r') = = — = -G(x,2) = - ZPn(cos 0) (—)
r—r’| r\/l—Z(%’)COSH—l—(%)z 4 "0 "




(a) Hermite polynomials

2

e Orthogonal polynomials H, on L2(R), where w(z) = ¢™*

e Rodriguez formula: H,(z) = (—1)%%2;—26—%2

o First few: Hy(x)=1, Hi(x)=22, Hy(x)=4x°—-2, H;s(x)=8z"—12x

e Recursion relation: H,, i(x) = 2zH,(x) — 2nH,_1(z)

e Differential equation: y" —2zy" 4+ 2ny =0

e Generating function: G(z,z) = exp (222 — z2) = ZHn(:U)%
n=0 '
Application: Quantum harmonic oscillator
7 S

|
s

define r = /772§, €

Hp = et H:l(_d—?w)



(i) wave function treatment if = 2n -> Hermite diff. eq.

into Schroedinger eq.
Y(x) = y(aﬁ)e_$2/2 Challhai 4 y" — 2xy —|— =0

1%(33) = Hn(w)e—x2/2/An €, =N + — E, = hw (n + 1)

(ii) operator treatment

define a = = (z+ f), d' = 5 (r— %) and N = dla
— H=N+3 [a,,aT] =1 [N, a] — g IN,a] = —a
1
define ground state |0) by a|0) =0 , and state |) by 1) = ﬁaun — 1)
1
= Nln) = nln) i) = (n-+ 3 ) In

(iii) relation between (i) and (ii)

n(z) = (z|n)



Ordinary linear differential equations




The problem

Solve ordinary, second order homogeneous or inhomogeneous diff. egs.:

a2 (2)y" +a1(x)y +ao(z)y = f(x) Ty = f } 9
as(2)y" + a1 (x)y + apg(x)y = 0 or Ty = 0 =D+ oD+ a
y()
Initial conditions: |¥(Z0) = Yo
/ _ T %=1z
y' (o) = Yo 0
Dirichlet von Neumann Dirichlet  von Neumann
boundary conditions: (d,y(a)|+{ay'(a] = cof, [ dsy(b)+{my/ (b) = et

r =20

focus



Solutions and how to find them

e structure of solution space

olol®

e\

2d space of particular 2d vector space
inhom. solutions inhom. solution of hom. solutions

Two solutionsyi,y2 € Vg form a basis of Vy iff the Wronski determinant

1 2

W = det < y, y, > () = (ylyé — ygyll)(x)
Y Yo

IS non-zero.

Example: 3" +y =0 N y1(x) = sin(z) , y2(x) = cos(w)

W = —sin?(z) — cos?(z) = —1 = (y1,y2) basis of Vi



e How to get an inhom. solution ¥ from a basis (y1,¥2) of Vg :

G ) — y1(t)y2(z) — y1(x)y2(t)
y(x) = /xo dt G(z,t) f(t) G(T’ ) as (L)W (¢)
Green function
d2
Example: Ty=f, T=_5+1

= Vg =Span(y; =sin yo =cos), W=-1, ay=1
= G(z,t) = sin(x — t)

yo(x) = /fE dt G(x,t)f(t) = /x dt sin(x —t)f(t)

0 0

Vi=vo+Vu



e How to find a solution to the hom. egs. (if you already have one)

Suppose v is a solution, T'y = 0. Then, another solution y can be obtained by

i) = y(@u(z),  o(z) = — S exp ( /j dt O‘l(t))

0 a9 (t)

Example: The other solution to the (n=1) Legendre diff. eqn.

(1—2*)y" — 22y’ +2y =0 solved by y(z)=Pi(z)==x

al(r) = —2x as(z) =1 — 22
1 v 2t 1
= u/(@:;exp(/ dtl—t2>:x2(1—x2)
1 1. 1+4+=x
= —— + =1
= u(x) az+2n1—x
r. 14+=x




e How to find a solution fo the hom. egs. in the first place

0. @)

Power series Ansatz: y(z) = Z apx”

k=0

Insert and determine recursion formula for coefficients ar

Works well if a2, a1, ag are polynomial . . .

Example: Legendre differential equation

(1—2%)y" — 22y +n(n+1)y =0

oo

= Z (k4 2)(k+ Dagyo — (k(k+1) —n(n+1))ag] 2 =0
k=0
— CLk_l_QZk(k_'_l)_n(n_'_l) ]{52071,

k+1)(k+2) &
e How to satisfy the boundary conditions
- Find all hom. solutions, Vg
- Find all solutions in Vg which satisfy the right boundary conditions

- Construct inhom. solution which satisfies the right boundary conditions ¢—— 2?27



e How to find a solution fo inhom. egs. which satisfies boundary conditions

E.g. Dirichlet: as(x)y” + a1 (z)y’ + ag(x)y = f(x) | y(a) =0, y(b) =0

[ Cyi(Oye(@)8(@ — 1)+ yi ()y ()0t — )
o) = [ @G0 Gl - D ul
(where yi(a) = y2(b) = 0)
Example: Ty=f, T=-5+1 y(0) = y(w/2) = 0

Y1 :Sin7 Y2 = COS, V[/v:_l7 9 = 1

= G(x,t) = —sin(t) cos(x) O(x — t) — sin(x) cos(t) O(t — x)



Sturm Liouville operators

2
Every T = ag(x)% +oq(x)% + ap(z) can be re-written in SL form

where p(x) =exp (/9«“ dt 041(t)> | w(x) = p(x) | q(x) = ag(x)w(x)

o a2(f)

Why is this interesting?

b
A: Tg1, is a hermitian operator for the scalar product (f,9) :/ dz w(z) f(x)g(z)
(if boundary terms can be made to vanish) :

Consider Sturm-Liouville eigenvalue problem: Tspy = Ay

-> eigenfunctions are orthogonal w.r.t. above scalar product



Example: Hermite differential equation in SL form

Orthogonal functions can be understood in terms of SL eigenvalue problem:

name DEQ D q w Lsr|a, b] bound. cond. A Y
sine Fourier v’ = Ay 1 0 1 Ly([0, al) y(0) = y(x) = 0 — ”252 sin (kax
cosine Fourier v’ = Ay 1 0 1 Ly([0, al) v (0) = y/(7) =0 — ”a’;’ COS (I“?FT“”
Fourier y' = \y 1 0 1 L,([—a,al) periodic — ”;';2 sin (EZ22
Legendre (1—2%)y" —2zy’ =Xy | 1—2% | 0 1 L([—-1,1]) —n(n + 1) P,
Laguerre zy'+(1—2x)y =Xy | ze ™ 0 e~ " L([0, o0]) —n L.,
Hermite y" —2xy’ = Ny e~ 0 | e | L£L([—o0,00]) —2n H,
2 2 Z2 ~
Bessel y" + %y’ — Ly =Ny T — 7 x Ly([0,a]) y(0) = y(a) = 0 — vk




Partial linear differential equations




Laplace equation

e typical problem
On some region V C U C R" solve

no 09
Ap=0 or Ap=p (whereA:Z%)
i=1 "t

with boundary condition ¢|sy =h (Dirichlet) or n-Ve¢lsy =h (von Neumann)

amm e e
- ~
- -~
PR -~
- ~§
- ~

~
-
~~~~~
i -
- -
-y -
------------



e Laplacian in different coordinates

- 2d Cartesian:

- 2d complex:

- 2d polar:

- 3d Cartesian:

- 3d cylindrical: A = -

- on sphere:

- 3d spherical:

o 0?
Ao = — + —— oy
2= 55 + 012 «—rectangular boundary conditions
82
Ao «—"2d slices”, use holomorphic fcts.
828z

10 0 1 9?2
A o - - — : .
2,pol = 50 ( m) + 2 —agp <«—— circle boundaries

0> 0> 0>
z2? i Oy? i 022

é r,ag _A’_ia_Q_n’_a_Q—A _1’_82
or) " r2op2 T 92 TEPLT 52

Ag =

<«—rectangular boundary conditions

82
9_
sm@ 00 (sm ) sin 9 0p?
Ag,sph — 7“_25 (T E) T 742 [Sinﬁ 89 (Slneﬁ) * sinQQ 8@2]

10 5
= 35, (r m) ‘ «— spherical boundaries

— —[L? -> quantum mechanics




e Green function of Laplacian ( = Coulomb potential)

_ 1 1
G(x —a) =Ga(x) = { (n—2)vn [x—a|"2

-+ In |x — a for n =2

for n > 2

= AG(x—a)=4J(x—a)

Then, we can write down the solutions to A¢ = p as

6(x) =6 (x) + | dy" Gx-y)ply) where Agy =0
SR

can be chosen to satisfy
boundary conditions

check:  Axo(x) = Axdn(x) + | "y AxGlx ~y) ply) = plx
=0 =0(x—y)

And now for explicit solution methods . . .



Example: Point sources in three dimensions Yy

(X1,q1) ® z
G(x) = ! p(x) = Z q;0(x — X;) /,

(x4,94) ® *(xs,3)
= o(x) = / A’y G(x —y)p(y) = - Z%/ Py X Sy
R3 i R3 47T|X_Y| : 47T|X—XZ|
Example: Rod in two dimensions 7t
Glx) = om In(lx]) plx) = { 0  otherwise - % v

x=(z,y), y=(@y)

= 00 = [ PYGE-y)

1/2
_ 4£ da;’/ dy' 5(y" ) In((z — 2')* + (y — ¥')?)
T J-1/2 R
_ 4 l/2 dz’ In(y* + (x — z)?)
4 —1/2

— a bit horrible . . .



e Quick and dirty - separation of variables

2 2
e.g. 2d Cartesian coordinates: A¢ =0, A — 4 4+ 0
0x?  Oy?
separation Ansatz: ¢(z,y) = X(2)Y (y)
S T@EFW=0 S XX, ¥ -a
— X (x) = aq cos(ax) + b, sin(ax) , Y(y) = coe™ + doe™ Y

o(x,y) = Z(aa cos(ax) 4 by sin(ax))(cqe™ 4+ doe™ )

8

Fix range of & and constants from boundary conditions



Example: Potential on an infinite strip

é(z,y) =3 0

Y4 4 (1) ¢(z,y) = Z(aa cos(ax) + by sin(ax))(cae™ + doe™Y)
Ca — 0 o
0,y) = )
o0y) @ (2) o(x,y) = Z by e T/ gin (@)
k=1,2,... @
>
t kmx
o(x,0) = b - (3) do=0(x,0)= ) bysin (T>
k=1,2,...
ao, = 0 a = km P
a — Y, — 7 B g a . kﬂ'—gj B ﬁ for £k odd
(4) bk_a/O dxsm( a )¢0_{ 0 for k even
- @ 1 . (Zk + 1)71-'7; —(2k+1)my/a




® More systematic - expanding in an orthonormal function system

. 10 0 1 02
e.g. 2d polar coordinates: A¢ =0 A= I (7“5) + 2 0?
Fouries series in ©: ¢(r, ¢) ) cos(ke) + By(r) sin(ke))
k:l

= rA’ )+ Z ( (rAL) — k—Ak) cos(ky) + Z < (rBy) — k—Bk) sin(ky) = 0
k=1 k=1

= Ao(r)=ao+aolnr,  Ax(r)=apr®+ar™,  Bi(r) = bpr® +bpr"

~

00 ©.@)
O(r, ) = % + % Inr+ Z(akrk + apr ) cos(kp) + Z (b + br ™) sin(ke)
k=1 k=1

Fix constants from boundary conditions



Example: Potential on a disk
Y4 o(a,p) = go(sin(p) + cos(p))

>

/ (1) o(r,p) = 04 Wyt Z(akrk + apr ") cos(kp) + Z (bgr® + br ") sin(ke)
k=1

2 2
> k=1
x
/|

(2) finiteness of potential on disk: a; = b, =0

oo

Br. ) = 5+ Y r*(ax cos(kp) + by sin(kep))
k=

1




e Laplacian on the two-sphere

eigenvalue problem: Ac f = \f

eigenfcts. are spherical harmonics:

- 2041 (0 —m)! _ . im
Y, (9,@)—\/ ym EH—m;!PZ (cosB)e"™? | [=0,1,..., m=-1,...,1.
20+ 1
Y0, ) = 4;; P;(cos) —— @independent problems

=  AxY"=-ll+1)Y"

The spherical harmonics form on ortho-normal basis on L?(S?) w.r.t. scalar product

(f;9)s2 = o f(x)*g(x)dS,  dS=sin0dfdy



e Laplacian in 3d spherical coordinates

want to solve A¢ =0 A3 sph = %g (rzag) + E Ag2

expand in spherical harmonics:  &(r,0,0) = > Y  Rin(r)Yim (0, ¢)

[=0 m=—
d i
= - (PR,) =0+ DRwm = Rin(r) = A’ + Byor ™
o(r, 0, ) S‘ S‘ Alm’l“ + er_l 1)Y2m<‘97 )

[=0 m=-—I

0. @)
— Z(Alrl + Blr_l_l)Pg(COS ) —— @independent problems

[=0

Fix constants from boundary conditions




Example: Sphere with constant potential

$(a,0,0) =do, ¢(r,0,0) =30 or.0.6) =3 Z (A" + B ™) Yim (0, )
[=0 m=—I
inside: outside:
(1) finiteness implies B;,,, = 0 (1) vanishing at infinity: A4;,, =0
(2) ¢(a7 97 90) — ZAlma’lYYlm(ea 90) ; qu (2) ¢(a7 97 90) — ZBlma’_l_liflm(97 90) ; <b0
l,m lm
= A;,,=0forl >0 = Bj,=0forl >0

(3) &(r.0,p) =¢o for r <a (3) ¢(a,0,¢) = iforr>a

r



Helmholz equation

A+E) =0, (A+k)=f

homogeneous eq.: eigenvalue problem for Laplacian

inhomogeneous eq.: Green function G = AG. + BG_, A+ B = 1 where




Example: Infinite spherical well

Problem: solve eigenvalue problem —Ay = Ey with boundary cond. ¥|xj=, = 0

1 0 0 1
(1) recall: Asgpn = hm (T2§> +3 Ago Ag2Yim = —I(1 + 1) Y,

1

Bessel diff. eq. for v =1+ 5

(2) expand: (. 0,0) =32, ,, Rim(r)Yim (0, ¢)

(3) insert and find eq. for radial part R; ,, :

(4) radial part: R;,,(r) ~ —=J141/2(VEY)
(8
2 .
(5) Rim(a)=0 = P Zl_zn <«——— zeros of Bessel function J;11/2
a
1 Zl,n
(6) Vnim(r,0,0) ~ WJZ+1/2 ( . ) Yim (0, ¢)
. L | \//\

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0



Time evolution

Many problems in physics are of the form

. 1. . i
(i) Hy = E¢ (i) HyY =1
e.g. Schroldinger eq. e.g. wave equations in E&M

where ¥ = ¥(t,X) and H is a second order diff. operator in x.

f (¢i):2is an ortho-normal basis of eigenfunctions of H,
Hp; = Ni¢i

we can expand (¢, x) ZA . The full solution is then

(i) ¢ t X Z CLZ¢Z CA't (i) ¥(t,x) = Z (ai Siﬂ( |)\7;|t) + b; COS( |)\Z|t)) ¢;(x)

)

)\7;<0:

Fix constants from initial conditions on (0, x) and (0, x)



Example: Evolution of a spin system

Hilbert space: H = {c| 1) +d|{)]|c,d € C} TN ={h=1 (114)=0

Hamiltonian: H;; = (i|H|j) = adij + Y ba(oa)ij . €.

= H|F:) = E4|Ey)
1

V2

eigenvalues E4 = a * by

Ex)=—72(T=£[]) eigenvectors vy = (1,+£1)7/v/2

time evolution: |¢(t)) = Bre P+ EL) + p_e =t E_)

initial condition: [¢(0)) = | 1) = —=(IE4) + [E)) = |b(t)) =

V2 (e7™1HEy) + e E))

probability of finding spin down:

= sin®(byt)

p= (L W@ = 7 [((By] = (BE_)(e”™|E4) + ™| E-))

N

pr = {1 [¥(6))]* = cos®(bit)



Wave equation

0? O?
(an-g)o=0 (angm) v

e Solving the homogeneous equation by (spatial) Fourier transform

. 1 ni. 7. —k-x
B(ExX) = | ki ke

S D= = K = g g (ke

h(t, x) =

| @@ 41 hine i

(27)n/2

| =

initial conditions ¥(0,x) = vo(x) and $(0,x) = do(x) = vz = 5F (Yo F rgvo)



Example: Evolution of a 1d wave

Initial condition: vo(z) = v(0.x) — ﬁ/ J(0,) =
1 . 6—k2/2

recall: o(t,x) = ! / A"k (14 (K)e®It o (k)e kit e—ikex

(2m)™/2 Jg

— i dk 6_k2/2 (ei(|k|t—kx) + e’i(—lklt—km)) _ e 2
21 g
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e Solving the inhomogeneous equation with Green function

) 0?
1 1 33 ./ / / /!
¢(taX) — whOm(t7X)_E/]R4dtdxG—'—(t_t7X_X)f(t’X)
o 1 / 3/5(t_t/_’X_X/D !/
— whom(tox)__/]R4dtd5’7 x— x| f(t,x")

4
1 f(#,x')
= m t, T d3 : )
Yho ( X) A ~/]R3 o (|X—X/| t' =t—|x—x']|

Gaod. uch!



