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physics mathematics

"

ad, o!YmYB
⇐ group

u
[ (linear ) representation

"

building blocks
"

E vector spaces
V vector space , group G
Guv) : general linear group

representation of G : R :C → GUV)



such that Reg ,
- ga = Reg , Rege)

g ↳ Reg) ugh Reg) u
- o -

Basis of groups and representations
"

groups
① et :(g¥ ctgnap G is a set with a map
T

: oxo→ G ,
called multiplication , suck that

Cil g , o ( ga u g , )
-

-(g , aging , Hg, ,gz ,GE G
"association "

( in Fee G : e og
-
- g Ages "neutralelement'



( iii ) AGE OFg 'EG : g
'

og = e
n inverse "

If g ; ga = gig , Hg , ,gzEG the group is called
Abelian

Rewewhi The left - in verse is unique antis also
the right - inverse . The left run 2 is unique and
is also the right unit . g

'
= g-

I

⇒ (g- ' j
'
= g , (gig gi

'
.gi

'

T T
both inverse to g-

' Thoth inoutof g. age



Reminder : Equivalence relations

Def :( Equivalence relation ) A relation nona
sets is an equivalence relation if

Li ) sus tfSES reflexivity
Cii ) Sr s ' ⇒ sins Vs

,
IES symmetry

Ciii ) s - s
' and sins

"
⇒ Srs " Ks

,

''ES transitivity
The epvimlueadass-rs3ot.se S is defined
as Ks ) = { s 'est shes } .

Prof Two equivalence classes are either disjoint
or equal .



r
.

Def g , . ga EG are called conjugate if
Fg E G : ga

-

- g g , g-
I
.

This is an equivalence relation . The
equivalence classes called conjugacy classes .

Defi (subgroup) A#Hof G is a
a non - empty subset Hc G which forms



a group under the multiplication G .

trivial subgroups : see } a 6
,
GCG

other subgroups : non - trivial
.

Hao subgroup⇒ Lethe ⇒ h
-'
en

Ciii) h . , heh ⇒ h, oh, e-H

For H c G sub -group we can define the equiv .
relation

g ,
-ga ⇒ gi

'
.ga E H E)

Def (Cobb ) The equiv . classes for (* ) are
called ( left ) co sets of H in G



GM = { gh the H 3
.

For finite groups (Link number ofelements 161) :
• every coat has the same number of elements (thesame as H )
• 161 = k IH l where he IN
• If IGI is prime ,

then G has no proper sub -group

them for kink group G : e -- go , g
'

, g
'

,
- .

.

.

3- h > e : gk = ge ⇒ gh - e
= e

the smallest pE N for which g
P
-

- e is called the

order of g .



RI : we can also define right aseh .

Det (Normal subgroups) A sub -group HcG
is called normal it ' g H = Hg kg EG
(left and right assets are the sauce)

H c C normal
,
as eh⑧= Eg M lg e G}" quotient space

"

forms agroup with multiple
'ahem

⑨ H ) (girl ) = (g, g.) N
neutral element oh G lU : e H = H

in verse of g H : g
" H



⑨ hill ) (gah . H)
Fgf hgwy

= (9. high. ) n
= (g , h, ga) h
= g ,

h gz = ging ,
= gaga H

DI :( Homomorphisms) A map f: G-s E
is called a group ) homomorphism if

fcg , age ) = fig.
) . Legal Fg , ,gzEG .

Ker (f) = fge G I fcg ) - E }cG"kernel "
Im Cfl = { fcgl I ge G KE

"

image
"



⇒ e E KerCL )
Remarks • feel = E ,

fCgi) = fcgj
'

• Her (f) is a normal sub group ofG
• Im Cfl is a subgroup of 8
• f one - to - one (injector )⇒ Her(f) See}
• f is onto (surjective )⇒ In CLK E

Theorem : ( Isomorphism theorem ) f : G→ E
honorpshism

,
then Gfw, Elm (t)

F bij . group home .



Representations
Basics
vector space V over If-IR or =E) , general
linear group Guv) = Hut(V) = {f: V→ U l
of linear t bijective }



Colin " ) - { uxu invertible matrices with realentries}
GL (Q

"

) = { n u u n complex n 3

Guv ) forms a group
GUV) acts on U : u its fcu)

Defencepresentation ) A representation Rot G
is a group homomorphism R : G→ GUV)

( V is vector space over F) .

The dimension

of R is defined as dim = dim
#
(V)

.

Remarks • V-- ④
"

or Q
"

,
RCgF is an uxu matrix



• Reg , .gs = Regi Rega)
• R Ce) = idv , Reg-

' I = Regi
'

CLC v ) c End( V) =ff.HU/flinear3gtneupIndoor space

Ddi (equivalent representations) Two npr. R, : G →GUN
and Rai G→ GLC K ) are cadet equivalent it
then I am isomorphism 0 : V

,
→ Vz S

-
t

.

R
, (g) = 0

"
. Rig ) o 0 Kg c-6.

In this case we unh R
,
Eth

,

or else
, Rz # Ra .



If R
, Eth ⇒ dim CRI -- dim

Often ,
there is additional structure : scalar

product La , a ) on V → V innerproductspace

unitary group MCU) = {feGUV)Kfcis, fears
= 2u

,
w) Hu ,WE

V }
= { TEACH l f to f= id }

U (IR " ) = { n x n orthogonal matrices I = 0cal
U (Q" ) = fu xn wintry matrices f = Ucu) }

Ulu) c GL (v ) sub group



Dedi (unitary rep r . ) A npr . R : G→ GUV)
is called miniday if Im CR) c UlU) .

Def (faithful up r . ) A rep r . R→a Cb)
is called faithful if it is one - to - one
(At Her CRI = fe } ) .

.

Dd : ( reducible and irreducible repo) .

A repr.

R : G → GUV) is called reducible if
there F a non - trivial subspace Mc V
( i.e

.
U t 903

,
V) s .

t
.
Rcg) U c U .

Otherwise
,
R is called irreducible or an irreg? '



basis of U
, complete to a basis of V

tacos = ( "on 99%74%1"Tan?motor.
-

- ( YM
Det (fully reducible upr. ) R :G→ 621b)rep r.
If V = M

,
to . - - ⑧ Mn

,
such that

Rcg) Ui c Ui Hg E G , it, . . . , k and
the rgm Ri : G→64Mil definedby
Ri Cgl =D (g) In

,
are irreducible

,
the R

is called fully reducible .

In this can



we write R = R,
. - - ①Rn

im 9.it E":" :*:D ?'m
Reg ,

) Reg . I = (RH" : pig .
,) ( R"? - peg;)h h

/ = (Ma' R'9" -

.

.

pug ,
,R. com )"

RYg
, .ge/-- (" ' '' ' ' " i .

pug, g .) )



⇒ Ri l g , g. I =P i Cg.)Ri Cgi )

If R = R ,
a .

-
- ⑦ Rn ⇒ dim (R) = dim (Ri )

Prof Unitary rep r. are fully reducible .

Pinot R : G → U ( V) on V
,

inner product space
with scalar product C. , . > . If R is an inrep
then its fully reducible .

Assume R is reducible
,
R(g) U all .

W = Mt = {WEV l Cw ,
u 7=0 the EU}

⇒ V = Not W



← writers
sew

,RegineWEW
,
well : CRCg) w ,

re )
w

⇒ R Cg ) w E W or = O C- U

Reg ) W c W
If Rlm ,

Rl
w
an Mpr . If they are in .

we are finished . Otherwise ,

iterate
. D

↳ Any rep r . oh a finite group is unitary and,
hence

, fully reducible .

Boot R i Gn 62 ( V)
,
introduce scalarproduct

C .

. Do on V
.

Define a new scalarproduct



Cu
,
w) = ¥, CR o

, Reg's w>o

⇒ (Reg) u , Reg) w) = Lo ,
w) to

,
well

⇒ R is unitary relative to L . , a ) B
CR (g) u , Regi w) = Rig ' ) Regio

,Reg 's Regno?

=g%gCRCg'g) u , Reg '

g)w).



Reg) : V → V V - Mio - - ① Ma

Rcglln
,
:Mi→N;

R'9) Nicki

R :O →GUV)
Reg ) .

oh,
'u→v }


