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Local 2D Geometry




The Equations

“Gyro-averaged” ExB velocity
The two-dimensional gyrokinetic system:

homogeneous
Quasi-neutrality forcing

g(vy, V|5 R, t) is the kinetic distribution of charged rings.




Collisionless Invariants of 2D
Gyrokinetics

“Generalized free energy”

Electrostatic invariant (only in 2D!)
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Nonlinear phase-mixing range

Strength of phase-mixing




Gyrokinetic particle motion




Cartoon of Phase Mixing

(Passive advection of tracer particle distribution f;)

fr-(t =AT,R = 0)




The importance of phase-mixing at
fine scales, k>> 1

Quasi-neutrality: the potential arises from the collection of
particles whose gyro-orbits intersect at the coordinate r.

Significant accumulation of this integral depends on a
resonance between the velocity and spatial distribution of
gyro-centers. E.g., a Maxwellian g produces no contribution:
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Phenomenology (ideology) in the
“nonlinear phase-mixing range,” k >> 1

Scale-by-scale relationship implied by quasi-neutrality:
Dy ~ /vvao(v/K)gg(v)

~ /81/2v1/2dv cos (v/l —m/4)ge(v)

Integral accumulates as random walk*, so:
e ~ 51/2&1/2906 ~ £go¢

Dual cascade already implied:
W, (k) ~ k*E(k)

* see Eqn (267) of [Schekochihin, et al ApJ (2009)]




Phenomenology (ideology) in the
“nonlinear phase-mixing range,” k >> 1

Scale-by-scale relationship implied by quasi-neutrality:
Dy ~ /vvao(v/K)gg(v)

~ /81/2v1/2dv cos (v/l —m/4)ge(v)

Integral accumulates as random walk, so:  [Figrtoft 1953]
1/2p1/2
o ~ 20 gop ~ Lgoy

Dual cascade already implied:
W, (k) ~ k*E(k)




Phenomenology (Continued...)

Forward cascade, k > k. (k. = injection scale)

% ~ 0200 do(0/€)ge ~ v VRT3 Rpp cos (v/0 — T /4) go

Constancy of free energy flux Scaling relationship

72
EW = /vdv—e = Const. Qe ~ ZQOE
TNL

“Collisional scale” fc : Balance collisions against NL term

6_3/2§0€C N VKC—Z
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Phenomenology (Continued...)

Forward cascade, k > k. (k. = injection scale)

% ~ 0200 do(0/€)ge ~ v VRT3 Rpp cos (v/0 — T /4) go

Constancy of free energy flux Scaling relationship
Y/

HNECE o1 ~ v~ \/Lp/R

ITER: 5x103
JET: 8x10*
DIIID: 2x10-2
MAST: 3x10°2

g2
EW = /vdv—e — Const.
TNL

“Collisional scale” fc : Balance collisions against NL t-~m

6_3/2§0€C N VKC—Z

C

Yo ~ %01f7/6




Kraichnan-Batchelor theory for inverse
cascade (forced stationary state):

Py, / vdv.J2 (v/0)ge(v)

TNL

W, (k) ~ k° = Const.




2D Gyrokinetics related to Charney-
Hasegawa-Mima (CHM) turbulence

Gyrokinetic system in CHM limit: k2~ t<< 1

0
a—g-l-VEO'Vg:C[Q]"‘]:

27T/vdvg = \p — V3

Inviscid CHM equation:
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Hasegawa-Mima (CHM) turbulence

Gyrokinetic system in CHM limit: k2~ t<< 1

0
a—g-l-VEO'Vg:C[Q]"‘]:

QW/vdvg = \p — V3

Inviscid CHM equation:




2D Gyrokinetics related to Charney-
Hasegawa-Mima (CHM) turbulence

Gyrokinetic system in CHM limit: k2~ t<< 1

0 .
0_§+VE0°V9=C[9]+]: Vo = 2X Ve

27T/vdvg = \p — V3

Relationship Between CHM and 2D Gyrokinetics

Wy = W5 + X Ecnm + Zeuwm

Invariants:




Cascade from small scales, k>>1




Cascade from large scales, k << A




Defining the phase-space spectrum

Problem: Define wavenumber spectrum for both position
and velocity space

W, = /dkdp Wy (k,p)

Solution: Hankel-Fourier transform

1 o0 .
g(k,p) = —/dQR/ vvaO(pv)e_’k'Rg(R,v)
0

27

Thus the spectra are defined:

W,(k,p) =m pk |g(k,p)|? B E(k) = B(k)* k™ "W, (k, k)




Core Theoretical Arguments

homogeneity, isotropy self-similarity

and stationarity scaling symmetry

third order result dual self-similarity

hypothesis
OVEOg? = el + C

Sg(N, Ny) = N'agg(e,0,)

Phase-space third NL phase-
order expression mixing range

veog? =<t + <!, L, < 1




Spectral Power Law Predictions

(Nonlinear phase-mixing range, k >> 1)

Wk k) o k=73 W, (k) oc k=4/3
E(k) o k~19/3 Wy (p) p~4/3

k=2p=1/3  for k>p
W, (k,
9( p) X {ka 1/3 for k< p




Final note: Freely decaying (unforced)
inverse cascade

* W(k) ~ k? E(k) determined by phase-mixing
process — unlike fluid turbulence

» Steady-state relationship of invariants possibly

set by initial condition of phase-space
spectrum

* Preservation of initial spectrum [P.D.
Ditlevsen, et al, Physica A 342 (2004)]




AstroGK

Developed and maintained by M. Barnes, W. Dorland,

G. Howes, R. Numata and T. Tatsuno based on GS2.
e Fourier spectral in x-y (perp. to field line)
 2nd order centered FD in z (along field line)
* Legendre + Laguerre spectral integral in velocity space
* 2nd order implicit trapezoidal scheme (linear convection)
* 3rd order Adams-Bashforth scheme (nonlinear term)
* implicit Euler scheme
(p-a scatt. + energy diff. w/ mom. cons. collision)

Open source code: http://www.physics.uiowa.edu/”ghowes/astrogk/




Collision operator

Requirements:

e smoothes small structures

e conserves particle number, momentum, and energy
e satisfies Boltzmann’s H-theorem

1 0 o 1
E= 202 v e FO@?JF

U; ,Ug : Momentum restoring terms, |z : Energy restoring term

Abel et al., Phys. Plasmas 15, 122509 (2008); Barnes et al., arXiv:0809.3945.



Dissipation scale

Collisional dissipation Correlation btw. position & velocity

i, 1
n
6 v Ty

Collisional cutoff

byo ~ bo v DT




Dissipation scale

Collisional dissipation Correlation btw. position & velocity

v 1

— ) —

72
é v Ty

Collisional cutoff

lye ~ by~ D735

Dorland number

o ~C

VT, | D3/5

Dorland & Hammett, Phys. Fluids B 5, 812 (1993).



Direct cascade

Setup

* Straight homogeneous slab: La: = [, =271
* Initial condition (decaying turbulence) Y

Ginit = 9o [cOs 2 + cos 2y + noise] Fy

Run table
(i) 5.2 x 103 32 16 642 322
(ii) 3.0x 103 48 21 642 322
(iii) 1.0x103 118 42 1282 642

(iv) 42x10% 440 72 2562 1282




Direct cascade

Time evolution
Results [E and ¢, from case (iv): D = 440]
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Collisionless invariants
* decrease of W
= creation of entropy
* initial decrease in W oc v
* turbulent decrease t/t;,, 2 10
 constancy of E
= inverse cascade

Evolution of ¢,
* instability & saturation



Direct cascade

Time evolution
Results [E from case (iv): D = 440]
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Direct cascade

Averaged spectra

Largest resolution run:

* D =440

*N, XN, = 2562, N¢ X Ne= 1282

* 36 hrs on 8,192 processor cores
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Free Energy Phase-Space Spectrum

Evolution

l0g10 [W, (k,,p) / W] @ t=5.0
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Preview: Inverse Cascade

Demonstrated
(Freely decaying)
100 log10 [W, (k,,p) / W] @ t=0.0 o
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Inverse cascade

Magical normalization:
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