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Part |
Lagrangian Formulation of Gyrokinetic

Vlasov-Poisson-Amperesystems

e Variational Principle and Noether @ Theorem
e Vlasov-Poisson-Ampere System

e LieTransformation of phase-space coordinates
Gyrocenter coodinates

e Gyrokinetic Vlasov-Poisson-Ampere System
Conservation of total energy



Foundation of Gyrokinetic Theory

Gyrokinetic ordering f e F B K %~'—<<1
/

T B kg & L

Recursive formulation
Perturbative expansionin p/L, Ballooning representation
Equation for of

L agrangian/Hamiltonian for mulation
Lietransformation of phase-space coordinates
Equation for F =F,+ df
Exact conservation of u and phase space volume

L agrangian for electromagnetic Pelds E Sugama, GGyrokinetic beld theoryQ PoP(2000)

Equationsfor electromagnetic belds ¢, A
Exact conservation of thetotal (kinetic + beld) energy, Noether @ theorem

Review by Brizard & Hahm, RM P(2007)



Variational Principle and Noether@ Theorem

t
Field variables " ,(X,,?) Action I:det

Part of Lagrangian associated with "+ and G

L. (# ,4) = $d" x. L.[# (x. 1), & (x.,1),%# (X. 1)L ]

Variational Euler-Lagrange "| &l el& + (& +
principle "1=0 = equationsg ’ " 4 %&#$' &t* i & # =
$ $ )&;@33’ )
InPnitesimal ) )
transformations ! EIFSL 0 Xg" XET X+ EXe,  &fXep1) " EHXHH = & (X 1) + $& (X, 1)
Variation of action 1= 181 =% &jt ) &j'/x% %(J%/ ?
t, %
‘) ,
Noether @ Invariance Conservation of G G=”t:& $d"x, % (y; ( L'
theorem "1=0 —>  dG/dt=0

+&$d'#x+x/00/g ' 0/9

%;'_

L agrangian with gl
no explicit time S1/St=0 —> Conservation of E.= ObHd" x. $. ="' L =const
dependence total energy . &$.




Lagrangian Formulation of the Vlasov-Poisson-AmpreSystem

Variational principle  §] :5ftt12|_dt:0
Total Lagrangian
L"$ Ha’), HdV, f,(XoVor )L, [X, (X0 Vor o1V, (X Vs i ), K, (Xo, Voo tr 1), 1] + L,
S nglaepartilce L agrangian

L XaoVart) " B, v, + 2 A, 000 8, * S mIv, F e 40,0

pa)ma * Ha
Field part

L, doesnot contain "A /"t
—> Electromagnetic waves with the speed of light are not described.

Coulomb gauge condition " #A =(Q isderivedfrom "|/"#=0



“1/"x,="1/"v, =0
—> Nonrédativistic Newton@ paricle motion equations
X, =v, mu =e|E(x,t) +%x B(x_,t)
where E="#$"c"9A/% and B=" #A
Distribution function f_ at time t

f (x,v,t)="d%, " d®v,Z[x S x_(X,, Vol )] Z [V V, (X0, Vgt )] F.(Xq, V1)

Vlasov equation

-1 m

a

n f
1 %B(X’f)i#r(%fa (x,v,1) =0
Y

51/6¢ =0 =—> Poisson@ quation
" (x,1)=%$4% e, v (x,v,t) ( $4% en,

a a

“1/"A =0

—> " ZA(xt)#— $(x,t) = #—%'

0
e, &d°v f_(x,v,t)v ( #J)j

a



Currentdensity j=j_+]j;
Longitudinal (or irrotational ) part 1 (%t) " #(4$)7%" d°x&%6&j(x&))/|x # x4

Transverse (orsolenoidal) part ()" (4#)$1%&(%& (d3x'j(x',t)/|x $ x|)

SI6A=0 . "ZAGu)#I" $(x0)=#2
C C

n 4$ . ~
—> Longitudinal part “A(x,1) :#?JT (AmpereG law)

—> Transverse part —VA(X,t) =-4xj, =oE /ot ~ DarwinMode
’ - - Kaufman & Rostler, PoF (1971)

Noether@theorem — conservation of total energy dE,/dt=0

0
Total energy E.=H# "d%"d% f(,i(x,v,t)-g/i;ma |v P +ea$(x,t)§+ L,

= "dx"d’ fa(x,v,t)%ma |v [

a

1 n 43 2 2
+2"d x(\, S+, - A(x,t)\)



Perturbation Expansion of Single-ParticleL agrangian

Electromagnetic belds

E = "E,(x.t) B=B.00+ "B (x.1 |
. " ' ) & : ordering parameter for
= #"($ %x.1) + C"'&A (x.1) =$ " [A,00+"A, (D] erturbation

Single-particle canonical momentum

n e 111 e e
p" mv+—A,+7A)" mv,+-A, where mvy=mv+e—A,
C C C

Single-particle Lagrangian

L= I—0 + 8'—1 + 52'—2 -Pp- xi- H Hamiltonian H = HO + "H1 + "2H2
, % 1
Oth order L," p#$H," 'mVO+EAO£#x|$_m v, |2
& C ) 2
! *
1 st order Llu #Hl " Heg " #ez%#ﬁgAll}
C

2 nd order L," #H," # 2|A1|
2m



Lie Transformation

Phase-space coordinates: 7 = (Zi)
Hamiltonian mechanics:

Motion equations are derived from variational principle " $#=0

Differential 1-form: " =Ldt=p#dq$H(q,p)dt="(z)dZ $H(2)dt

determinesLagrangian L, Hamiltonian H, and Poisson brackets {f, g}

Lietransformation : T=L T,T,T, T = Exp("" |_n)
M apping on the phase space
A : Expansion parameter Ln . Differential operator
Transformation of coordinates: z" Z=Tz
Transformation of 1-form : "# $=(T"""+dS

Construct T suchthat I (or Lagrangian/ Hamiltonian ) takesa simpler or desired form.



Single-particle phase-space coordinates

Position and velocity : (X, V)
2

- . _ _ " _ Mmvy,
Zeroth-order guiding-center coordinates: z= (X, Vo Hos 0), Uy = f
0
Hy isnot conserved exactly in inhomogeneous belds.
Guiding-center (GC) transformation: ~ T°° =L T°T,“T°° Littlejohn, PoF(1981)

TS =Exp("LS®), " # $/L (drift ordering parameter)

Guiding-center (GC) coordinates:  Z =T;.z=(X,U,1,")

M isconserved in equilibrium pelds.
W isnot conserved in perturbed belds.

Gyrocenter (GY) transformation : T =TT Brizard & Hahm,

RM P(2007)
T =Exp(" L"), "#e$l(mv®/2)

Gyrocenter (GY) coordinates:  Z =T_,Z = (X, U, )

[ isconserved in perturbed Pelds.



Gyrocener Coordinates

Gyrocenter coordinates  Z =Tg,Z = (X U.L, F)
=7 +#{§,Z} +O(#2)

Gyrocenter Lagrangian

L(X, 0,7 %, t)-—A (X, 0, M)#Te’+ MCGHUSH(X,U, i t) ) independent of
gyrophase "

2
. mc—._ , mc _
where A "Aj+—Ub#—IW ﬂ
: . © © Conservation of
Gyrocenter Hamiltonian magnetic moment 14

AU, B Y =m0 + 1By(X) +e(” (Z.0),

¥ <\A > c({s@n. @),
Electromagnetic Buctuation " = #$ E%l
C
Gyrophase aver age (");$ &b d# Gyrophase-dependent part =1 - <1/J>g

Generating function for gyrocenter transfor mation S = ? 07(# d$



Poisson Brackets

Nonvanishing Poisson brackets between gyrocenter coordinates

{Y,Y}:eia,;b"l {Y,Lﬂ:mB—S;
{Y,}:eilb#w {U,_}=#%
where
B " # $A B, " b#B’
A A+ T b# ™




Gyrocenter Motion Equations

Euler-Lagrange equations I_ # $L(ZL?’t) %g $L(Z’Z’t) =0
"Z $7 dt g7

arerewritten as Hamiltonian equations (jj_z :{Z, H(Zt)}
t

Gyrocenter motion equations

g dli 0

dX 195 e #(Z1) .. 7| -
b ANl Y B +c* & +B, ++# (Z,t
z % ¢ &B 0 ( )z% dt

dt a’;'_% m "U

dU . B - d” dX € 9R(Z1)
EF =2 dn 9 —— =+ WS+
T#ﬁ[u$BO+e$/c)(Z,t)] ™ dat “me o

dt B

Potential for electromagnetic Buctuations

(JAsX -+ a0)) &%<{§(Z,t),#(zt)}>§:

"(Z4)=(#T.), +zﬁecz



Gyrokinetic Vlasov-Poisson-AmpereSystem

L agrangian

L=# e,"dZ,D,Z)F,Zoto) L|Z,Zorti) 2, Zortoi).1]

1 n ;3 +O 2, 2 2 * .
53 d*X-[%&x, 1) |%( [A(X) + A (X.0)]|+=) (x,1)% Al(x,t)}]
) C
F, (Zo,lo) Initial distribution function
Da(zo) Jacobian

L, Za(zo,to;t),ia(zo,to;t),t] Single-particle L agrangian

Governing equations for gyrokinetic Vlasov-Poisson-Amper e system are derived from

t;
variational principle Ol =5det:O

t

"1/"#=0 —> " #A, =0 (Coulomb gauge)



Gyrokinetic Vlasov-Poisson-AmpereEquations

Gyrokinetic Vlasov Equation: "1/"Z_, =0
S ZHZ ) ey FLZ 1) = 0
St : "z

Gyrokinetic Poisson@ Equation: " J/"#=0

") =$4% e, &d°Z D,(Z)((X+7.,o2)$X)[F(Z.) +{Su(Z.0). F,(Z.0)}]
Gyrokinetic Ampere@Law : "I/"A,=0

A0 = H [ (0 jo(x)]

Equilibrium current density ~ j, =" ﬁ$ ’A,
| (x&t)
X ( x&

)
Transverse part of total current density jr(x,t)" 4—;$ %S %' d>x
*

Total current density
i(x1)=# e, " dZ D,(Z) HX + %o(Z) &x)

a

1
ALK+ %o (Z)0)-F(Zo1) + 0,02 S uZ 1), F(Z. )

a 1

ea

Rva@)e
/)



Energy Conservation

Total Lagrangian L doesnot depend on t explicitly.

Il

Noether (3 theorem ensures conservation of energy Eg' of the whole system

% ,(Z, Z‘t)
oF

a

ES = # "4°Z D, (Z,)F.(Zot) 2. $

:# "d°Z D, (Z)F,(Z,t)H,(Z,t) &L,

2

- # " d6z Da(z) Fa(zlt). % mas(kvao(z) & rre]aC Al(Y + +a0(z)!t)'

a a ’

s ("_ _ . 1 " — -I4
T ORI S LAY

GAL

> +18 9[A,(x,1) + Al(x,t)]\z)



Summary of Part |

Gyrokinetic Vlasov-Poisson-Ampere equations are all derived from the
L agragian for the whole system.

Total energy conservation is shown directly from Noether & theorem.

Simplibed gyrokinetic system of equations, which satisfy total energy
conservation, can be obtained by simplibed L agrangian in limiting cases.

Examples) small electron gyroradius
guasineutrality
linear polarization-magnetization

References

Sugama, Phys. Plasmas, 7, 466 (2000)
Brizard & Hahm, Rev. Mod. Phys. 79, 421 (2007)



Part Il
Entropy Balance in

Neoclassical and Turbulent Transport

e Gyrokinetic Equation with Collision Term

e Particleand Energy Balance Equations
Anomalous particle and energy R3uxes

e Entropy Balancefor Toroidal Plasmas
Entropy associated with turbulent Ructuations

e Slab I TG Turbulence

Kinetic and Buid simulations
Entropy transfer from macro to microscopic scales in velocity space

e Toroidal ITG Turbulence



Gyrokinetic Equation with Collision Term

(Boltzmann Equation)

dF :
Boltzmanneq. |— =C(F) dF _F +{F,H}
dt dt "t
"F "F e%

stationary part & Ructuation part _t+V#_+E&E+E $B§#_

H=H,+H, "F dX "F dU

_ —#—+— #—

F=F+HkK "t dt "X o dt "U

Stationary part of Boltzmann equation
{FO H()}=C(F()) FO =FM +F01 FM — |:|\/| (Y9H()) k/logf\ivelllan

—» Drift-kineticeq. =¥ Neoclassical transport isderived from F,

Gyrokinetic eg. for Buctuation part of distribution function

”F 'IF
T,[1+{F1'H0+H1} +{Fy,H,} =C(F) F1:H1#+h
@ 0 % Nonadiabatic part
—+{h H,+H} = C(Fl)#ii#{x H } $- "Fy Anomaloustransport is
T "H, "X derived from h




Gyrokinetic Equation for Nonadiabatic Part
of Perturbed Distribution Function

F=f(xvt)+" f(x,vt) p» function of particle coordinates

=F(X,Z0,t) =F,(X,Z0,t)+ F(X,Z[,t) —  function of gyrocenter coordinates

— 1
Perturbed particledistribution function X=X+
" =F +[e#(xt)$H,] 4t = e#(X t)%“" +h(X,&u,t)
1 1 ' 1 %_Io 1 ’ %|0 ’ ’
adiabatic nonadiabatic
part part
WKB (or Eikonal) representation " (X) =$ "(k,)exdi S(x)] k. =#S

Gyrokinetic equation for  h(X) = h(k. )exdi S(X)]

&" . .
(q + Ik# $/D +Vllb$%1|g!'h(k#) , <e|k#$ C[h(k#)e iky$ ]>

= ; F, ‘f‘_t +i/ ] +v”b$)/q&+0(k#) +% 3 [bski2kD]okHhkD

K+k"=k

Gyrophase-aver aged potential K V=7 (k { k)2 VA (k }” v oy e Bk,
of electromagnetic beld wk,) = Jolk, o)y ¢k, ) =~ Ak ) e+ Ak, p) ===

1



Equationsfor Electromagnetic Fields

Poisson@ equation

Amper e law

(K2 +243)g(k,) =47 Ye, [divh,(k,)Io(k,v, /2,)

, 172

&
Debye length "o # (489006 /T +
' *

a

k2A(K.) :4?# e, $dvvh, (k. )Io(k.v. /1%,)

4%,

"’ k# a|(k#) = T ea %3\/\/# ha(k#)‘Jl(k#V# /&a)

a



Anomalous Transport Fluxes of Particles and Heat

Anomalous particle Bux A ) .
(in theradial direction) Ja <<;$ #d3vha(k" )Vda(k" ) /&I‘>>

#myv? , 5&
Anomalous heat Rux =+ *d3V0§6— h. oK) ) vy (k) ), -
2 <<k) 2 ( d

Nonadiabatic part of distribution function  h_(k. )

Gyrocenter velocity dueto electromagnetic Buctuations

V(K. ) =#i— (k $b)%4K. )

- , + ) k.1
=# E(k.. $b)0d,(k &)£ (k. )#Xcﬂﬁm(k" ), + 3k &)‘%51%5



Particle and Energy Balance Equations forT oroidal Plasmas

dt ="t m C

Ensemble
average F=f+f  f=(F), E=(E)*E  B=(B),*+"B

" " 0 " 0
f f e'/{)E> +}V$<B> £#—f=C+D D:"E<'/;3E+lv$#43£+’#f>
ens m \& C ) Vo

, " & "/
aF — + VHD +E(E+}v0/cBi+#—" 6F =C(F)
v

n + V n + o 7]
t X m& C ens) -ty
Particle balance "n, 1 "(V8,) 0 Particledensity Ma ={N.)
tV#E T Temperature 7, =(T,)
Pressure p.=nT,
3'p. 1 "% % 5. -
Energy balance “ My - VH +2]
2t Ty ety ""22{

3, P o1 :
-2 "4 102 — 3 C+D
- +<uaq a)>+<40I v2ma(v u,)*(C+ )>
Particle Bux Heat RBux

T =0, (U, "Hr) = 05+ 3+ 95 2= o0, ") = T+ T4 T



Entropy associated with turbulent Buctuations

Microscopic entropy per unit volumeisdebned intermsof F =f +§f by

Sre =" Hdv F, InF, =" #dv (f, +$f )In(f +$f))
M acr oscopic entropy per unit volumeisdebned intermsof  f :<|:>enS by

Smeed = H93y fIn f,

Entropy associated with turbulent Ructuationsis debned by

Vope LY\ 1/ gpe (L)
sl i)

" Sa — Sflmacrc) #<S§lmicro)>

ens

fa

Jam

A S(macrc)
)




Entropy Balance for Toroidal Plasmas

Flux-surface-aver aged entropy balance equation for macroscopic entropy — g(macrg
a

O')<S‘(amacr@>+i0’,(vgsa) .,

A Entropy production rate
ot V' oo

a

Radial transport Bux of entropy ~ J, =S u_+ qT_ = i—a(Jg'l +J" + le) + (15'2 +J" + J;“Z)

a a

Product of gradient forces (X X X2) :(., N p. 1), (4T, /#r),<BE”>/<BZ>1/2)

a2’
and transport Ruxes (I J. Je) = ((naua -Vr),(ng, - Vr)/T, <Bq|>/<82>1/2)

yields entropy. HT" =H# [(ng1 +J 4 Jﬁl) X, + (J;i'2 + 30+ JQZ) Xl + I Xe

Balance equation for entropy associated with turbulent Buctuations

A . A 5 #f,
>_( (Ja1Xa1 + Ja2xa2) + (a Ta<<) dv P Ca(#fa)>>

( Ta#Sa +L‘%&'
a 8% A
v v v
Thisvanishes  pyoqyction dueto  Dissipation dueto

when using anomalous particle  collisions

quasineutrality 54 heat transport
condition

n

llt




Relation between perturbedparticle and gyrocenter distribution functions

Perturbed particle distribution function ") Isrelated to

perturbed gyrocenter distrbution function " e by
n " e
polarization

Entropy associated with perturbed particle and gyrocenter distribution functions

" Sff’) #dSV(" f(p)) " Sélg) #d3 (" f(g))

faM faM
eng ens

6SP and "GS9 arerelated with each other by

HT"SP=H#T,"S9+W>

a

where

WP = Ei_i [dvF, <[¢(X+ p) - (9(X+ P)>¢]2>

€ens

ener gy density dueto polarization

E E redudcesto ExB kinetic energy in the low ko limit.



Basic Equationsof 2D Slab I TG Turbulence

lon gyrokinetic equation

") ik R )+ (kKB & sfisv)

k=k$+k$

=91, &, F, () (v 9096¢) v, + C[ £, )

2D real spacgsymmetry in z-direction),
1D velocity V, space Maxwellian assumed fory, space)

M odel collision operator

C[ﬁ("n)] =v I [aﬁ(v“)

vy I +v||ﬁ(v||)]

Quasineutrality condition and adiabatic electron response

exp" b, /2)n, " noé[l" $,(b,)] =% for k, %0

i e

Zonal-Row components neglected f, =", =0 for Kk =0



Slab ITG Modes

Linear Kinetic Dispersion Relation of Slab ITG Modes

" { 1+ %(miVﬁ /2T, #1/2#b+b1,(b)/ Io(b))}

n 7—; 1
D (") =1+-1#= $dv F,
Mo 1

e

y Slab Conbguration

homogeneity in the z-direction
Nno magnetic shear

Za BO
VT V 9 ??z':'LT/Ln
— N nz' . 0
;/ ®_9‘Ln//oz
» V

" H Ky

(kg k) -plane
K

y

4 Imp)<o

stable

Im(! )

-
o

>0

/ >kG




Physical mechanism of theslab ITG mode

‘A
B uII ijon parallel Row
T k=ky+k? m_T ¢ quasine_utrality and
-VT —» n, n, 1, adiabatic electrons

/ y . #$%
c & 9t
2 B

, T fN~¢ U 8&o# r~" u &# T
+ . .

/ © -

B f Q -

/e

/e

propagation in theion diamagnetic direction

>
~

+ + + + +
)
OO,

+ 4+ + + + +o




An entropy balance equation is obtained by taking the phase-space
integral of the basic equation multiplied by f, (v) .

d
“fs+wl=1Q +D
dt } IQI
(s-$ #d\/”‘ﬁr/ZFM (entropy variable)
* k
1Q =9 #d\/”("/bkye%k /Z&k)V”Z . (turbulent ener gy Rux)

Ao« § 196 )+ (TT1960)) .2 (potential eneray)

k
tD=% #av(f, /Fy) C[f.] <0 (collisional dissipation)
+ K

Entropy paradox [Krommesé& Fu, PoOP(1994)]

For collisionlesscase,
we have no transport Q. = 0 in steady stated(6S+W)/dt = 0
or constant transport Q, = const with monotonic increase irdS

@ Constant thermal flux

d generation of thefine-
= con —> —1S= o
Q =const dt == const scale structuresin f



Entropy variable cosistsof all-order 3uid variables.

Entropy variable Fluid variables
2 2 ;$nk - &IV"E(
"sz$?”k‘ + U JTk‘ ‘qk‘ [+ Mg \ 1, = &My
S wa 2 !T ‘&'\mf i %a)

\f 6 9ev)

Colisionlessslab ITG simulation shows

1.5x10° 1

AS [ a quasisteadystate with
n,(p;/Ly)" | constant thermal flux Q. =const
1.0x10°
monotonic increase in S di_l S =const
t

saturation in amplitudes of
low-order fluid variables: n,, u,, T, E

!

Generation ofhigh-n moments
leads toincrease of 8S.

0.5x10°

" ‘2
nk

[Sugama, Watanabe & Horton, PoP (2003)]



lon distribution function in the velocity space

the linearly most unstable mode normalized by potential
In the collisionless case with no zonal 3ow

fo /1l . The monotonical increase of /S
B results from continuous generation
of fine-scale fluctuations of f, (Vv,)
due to the phase mixing.
) £
£
H 1)
Macroscopit structureof Im(f, /", )
< in the nonlinear stages is different from
that in the linear stage.
The phase relation between T, and ¢,
;"astj‘”abe i in the nonlinear stages can change from
gama 2 : .
POP (2002) that in alinear stage.

0
Velocity

Number of grid points in the parallel velocity space = 8193

When Pne-scale structures of ballistic modes reach the grid scale in the vj-space,
stop the Vlasov ssmulation !



CollisionlessK inetic-Fluid Model Equations

Equationsfor theion gyrocenter density, parallel velocity, and temperature
are obtained by taking velocity-space moments of the ion gyrokinetic equation.

b ew c
&nk -+ ?:k“n[]ﬂ,k — iw*;nn 1 — —k?]l, s — oy Z [b : (k! X k”)]q’k!nkﬂ = 0,
2 T B rdaTr
) : nopm;c / "
nom;O,uy + tk) (Tink + noTx + noe¥y) — B Z [b- (k' x kK")|¥rux. =0,
k' +k''=k
. . nyc ! " ;
no0, Tk + ik (2ngTiux + qx) — twininee¥y — —- Z b (k' x k")]|¥Tyn =0,
k/+k/=k

U = ¢k exp(—bx/2) by = k7 Te’/('miﬂ?)
Closure modelsfor g,

Nondissipativeclosure model (NCM)  [Sugama, Watanabe & Horton, PoP (2001)]

gk = Crinovi Iy + Cyxnolijuy  for unstable modes

Hammett-Perkins model
[PRL (1990)]
[ FLR closure by Dorland & Hammett PoF B (1993), Toroidal closure by Beer & Hammett PoP (1996) |

qQk = —noxﬁpik”Tk for stable modes



From equations of fluid momentsn,, u,, and Tk, we obtain
vi2 2
El O/H]k‘ +‘uk‘ ‘Tk‘ » dW_) Q|+I l((%
dt i go 2 2 4 é82 # _ 3
. ;$nk = &V

Using theHermite polynomial expansion ofﬁ(v”), ;!#Uk = &M ikVn
entropy balance equation in thecollisionlesscase is written as |T = &l\/”f (/”2 O/dL)

d) gjnk‘ZJuk‘zJTk‘quk‘Z nk‘ 4 dw . ( |)
d/ &2 2 4 12 n*42 g dt

In the case that the lower-order i = 0,1,2,3) moments are constant,
comparisonof the above two equations gives

nl
=" Re?l”qukg | T
dt kK n' 42

The aboverelation represents thatgrowth of the high-n momentsis
driven by the transport through the correlation betweenT, and q,.
When one considers a steady transport in eollisionlessfluid model,
thus, it implicitly assumes existence of the quasi-steady statdere
n. u., T, and g, are saturated but the highnh moments continue to
grow.



Time Evolution of Turbulent Thermal Diffusivity " =gq,/($n%,T)

[Sugama, Watanabe & Horton, PoP (2003)]

&' P -_
— 4 - :
. ‘—Fluid \'.
o .
$ l
(v L,)

3+
=
. ———
p—"
—
e




Phase mixing & collisional dissipation

Phase mixing Collisional dissipation
o o o o

Fokker-Planck-type collision
operator smoothes out fine-scale
fluctuations of f in the velocity
space.

V”! ”f term generates fine-scale
fluctuations of f in the velocity
space, €.g., ballistic mode.

* A balance of the two effects gives a statistically steady state of
weakly-collisional turbulence with constant drive of instability.

* In collisionless turbulence, low-order moments of f are constant in
average, while high-order ones continue to grow (a quasi-steady state).



Time evolution of "S=(1dy, f*/2F, )

Time-histories of

'S and

their low-pass bltered values

In the collisionless case

Collisionless
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Fine-scale fluctuations develop dt

in the velocity space.

Statistically steady statesare

realized for the case with
finite collisionality.




oS

Entropy Balancein Slab ITG Turbulence dg{ "S+W} =#Q +D
t

Collisionless
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Statistically steady state With finite collisionality, the
for the case with finite transport flux balances with
collisionality. the collisional dissipation.
d "S+W} =# D$ " #$D
a{ T } =#Q + 0 —> Q

[Watanabe & Sugama, PoP (2004)]



Collision freguency dependence of transport coefpcient

1,2 T 1] T 1] T T 1] T 1
: A 1/80  * T

For small ! , ion heat transport Ar=1/160 O T
coefficient /; approaches a value 08 RA=1/320 A T T 23

found 1n the collisionless simulation,
while it has a logarithmic dependence
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Xi (P7Vii/Ln)
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o
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on larger ! .
Collisionless

0 1 il 1 Ll 1 Ll 1 11
10° 10> 10* 100 107

Collision frequncy v

— The quasi-steady state in collisionless turbulence is
the ideal limitof the real steady state in weakly-
collisional turbulence.

[Watanabe & Sugama, PoP (2004)]



Spectral Analysis of thedistribution function

Hermite-polynomial expansion fk v)=H fn Ho V) By (V)
- 2
spectrum of entropy variable "S # $ "S  # $ 1 n!‘ ﬂ( i
in the n-space k | « 2 |
Entropy balance eguation in the n-space collisional dissipation
! Sn nl $ ‘#k n 1(y0&o(b )} = ‘]n%/2 n+1/2 "n,2 - iQi %2. n” Sn

a(

\
"om=1(n=m),0(n# m) A/A/ production (n=2)

by turbulent tansport in the

entropy transfer temperature gradient
by ph X1
Y PHase Mixing production
A £ x transfer
‘Jn"l/z #O/(ﬁ kyn'Im( fk,n"l fk,n) l
==

k A A ] - - -'
Jnar2 "J'-’EO/(ﬂ5 ky(n+1)!Im( fk,n fk*,n+1) n=2 E n-1 n n+1 E
“ a8

N dissipgion l




Ju-10/0

Problesof J,,, and "S, (simulation results)

Order of Hermitian n

For small collisionality,
microscopic (high-n) structures,
which are responsible for
dissipation, adjust themselves to
the steady state, while keeping
macroscopic (low-n) ones and
heat transport unchanged.

v=2x10" ———

OS),

Observe the region, where
Jn.1o= O = const
(no production, no dissipation)

1074 E
10—5 C

Order of Hermitian n

“flux determines dissipatién
(Krommes and Hu, 1994)




Analytical treatment of "S, In the steady state

For n>2 in the steady state, ~ "2#n$s =J . ." J.,, %%
n
Here, we use ) ) ) ‘
(n+ U2y 0k, IM(B, 110 £ 112) PALAIE
e k _. ~20n e =20n(k
oS, (n!/Z)E‘Pk,n‘Z " Eﬁﬂ‘z ”<‘ y‘>
k k

R Rl

averaging (L )"#L

2/#

approximations (N+1/2)! /nl="(n+3/2)/" (n+D#~n  and

BB, =i (ky/‘kvm Pkn‘ 2 (from the phase mixing factor)

Then, we obtain

d(2#<|k|>,nY265)/dn=-2%ndS
(for n>>1)




In analogy to the convection of a passive scalar in a [3uid with Faageltlnumber,
the E x B convection off, , causes exponential growth of wave number :

k, ()" exp(#t)
|
Using ) eX[:{I lv ] d— =#Kk, 3 (ballistic modes)
# 9fl| # $v/n # <|k|>,= Yy
we obtain the steady-state spectrum
' * Eq.(1
"&——ex %) for n>>1 )
2%n $ 4
%
where " =2# & %S dn' 2#( n$S =) Q
0 n

represents the entropy production (or dissipation) rate



Effects of Pnite k., (the upper limit of |k|)

In numerical simulation, there exists the maximum wave number k.. .

Therefore, saturation of <[k >, withincreasing n isanticipated.

#<[k|>,= % (independent of n)

we obtain # ' 2&[‘13/2*

,,%:Z%ﬁex%Weé 5 % for n>>1 Eq.(2)
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Effects of k., (the upper limit of |k|) observed by simulation
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Spectrum S, for k., =12.8

Comparison obS, to formulas
in Eqs(1) and (2) fok =12.¢

oS,
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Order of Hermitian »

Spectrum (for n >> 1) obtained by simulation can
be described by using the analytical formulas.




Gyrokinetic Equations (for Toroidal I TG Turbulence)
k. # $1, k #, <<l

lon gyrokinetic equation for 4 f(x, v, u, t)

Iz%+v“5"#$ + Vv, H#P O/qJ(Q#t"p&)— -f +—{ -f} :(v, %V, ()/a/”lg)#e%FM +C(-f)

Vit 0

°+ QU . . .0

, v, V=" Fl(cos + §rsinz)-= + sinz-— |,

Gyrocegter drift d QR, ( %) PR &x}

Di tic drift v, =-———i |1+ v’ 3 P u=i
lamagnetic dri sl Mar 2 20

Quasineutrality condition & Adiabatic electronassumption

%o, (k v. /#)% d*v&[1& O(k.?)]eT—_( 3(( &((), K =(k +8zK) +k

| e

lon polarization



Gyrokinetic Simulation of Toroidal ITG Turbulence

[Watanabe & Sugama, NF (2006)]

Time evolut!on of Structures of electrostatic
anomalous ion potential

heat diffusivity
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Cyclone DII-D €= r/R=0.18, q=14, s=(r/g)(dg/dr) =0.78
base case TJT,=1, =L /Ly =3.114, R/L; =6.92



Entropy Balance in the Toroidal
ITG System

%(”S"'W) =#Q + D,

"S:%$ <#&13V\f'k\2/FM> (Entropy Variable)

k

KD () =

P 5 2\ T 2, -
W zi%p%ﬂ%&oJrf# - >%T—e<- J "o (Potential Energy)

Q= %$ (k- | Hd W, T ) (Heat Transport Flux)
k

L %

' foie [ L L
Di=$<#d3V)(-w+F,+C(f1)> (Collisional Dissipation)

M



d Cyclone Base Case Parameters:

S ("S+W)=#Q + D, ro/Ro= 0.18, ro/p, = 80, g, = 1.4, 5 = 0.8,

dt R/L,;=6.92, 5, =3.114, .= 1
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Summary of Part ||

M acr oscopic entropy Simacro) jstransported and produced by classical,
neoclassical, and anomalous (turbulent) transport processes.

Entropy §S= Simacro). g(micro) gssociated with turbulent RBuctuationsis
produced by turbulent transport Ruxes and gradient forceswhileit is
dissipated by collisions.

oS consists of all-order moments of velocity-distribution function.
Therefore, 6S measures generation of Pne-scale structuresin velocity space
and transfer of S from macro- to microscopic velocity scaleis an important
processthat should be correctly described by kinetic-Buid closure models.

It is conbrmed by velocity-space spectral analysis of gyrokineticslab ITG
turbulence gyrokinetic that 6Sisproduced by transport Ruxesin

macr oscopic velocity scale and transferred by phase mixing into
microscopic velocity scale wher e collisional dissipation occurs.



Summary of Part |1 (continued)

Analytical formulasfor entropy spectral functionsin slab I TG turbulence
are derived and shown to agree with ssmulation results.

Entropy balancein toroidal I TG turbulenceisveribed by gyrokinetic
simulation.
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