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For a smooth (differentiabl ) selar £uld & (xy2), s

aarqal,{wf ¥ eh_{n'm.d ‘o~3

which s C—ovnpi‘lt.cl as o “ecor qs\‘nb "c,svhpm"t," thaf “ppear v

o compl ol of ¢ 2|06 B 4 2 oy R LT

;.h Caarvmm Fw\,u,:r no’tﬁ-bl:m .

6‘13 = (réi/r)i ?}R)

DK ’b'a/"b%

Example. ; by, 2) = x4y +32 > Vb= (‘31, 2xy,3) .

The wnotiien -Y_?b‘# Suaatsh The we ﬂ( the ((QLL\ OFGJ‘QTUPU
= 9

A9 n D s
YV = — Sy ==
Shox Tty ey T T
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3.1. Transformaliom PrOFarchs of Gradient

wWe n,u_J ‘(ID show 'Hz\gT 'V-;C# I a \fer:‘;?f_ as pfer our Jx{a‘n;'t.‘m_

(g2 D> (60Y,2)

. 2 - %] [x 289 22 [~
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It s cevenment Te use Index — na e ; (% %3 VW (9\1,7\;,13)

z 'éib (’zxm)

- Ko = ?:;::' = ’:‘m; (s«.e. Le_\ouo)
=7 &=, @’i;;'_) Lin = > | IZ;,\ (see below)
" " Wik,
Fies, nate ? Ki: Lin = Z '?—';;v; %%\ = ?:;: = Svn = Loun
W T &
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3.2. Geomelric PY‘OF::FT\.!-S Of GY‘OLJ-LL\’\t

The wte o change of (¥ qlmé a Curve ¥ (9)

3’_? = *V*"-ll’ j-f $¢ :l\‘(s)

In 2D Plup = difims conslant-d comfour lines,

1f 47 (T) i along a cofour line, & does wot dwnge o T 0t o
— "GCP L dr 5 T4 ¢ normal to Jr
Tn3D: $0uy,2)=c  dfins a surfac
_9—%43 5. nermal e Do Suefam e

v

A
—> N = —"_j‘ Norwmal  Gnit Veclor

| Vb |
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—tn "Hf\.L S‘*""FG\CL ‘dv_ (=N PﬂnT .F;:
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L N

Recall the defindkion of o 1D }u’Ceém\-. def(x) o 7_ f(xt)(:ﬂ;;x;_‘)

i=|

u\\t're. Q='7(°<D(‘<---<?(M=B
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4\{:(7"”

3 5%5‘,'?‘\\;'.‘1;% et hma o‘f (Xay) .
| |
|
|

Geomelyie %Terprcbtiﬂ = volume under )Cu,*a)-




LD \ln*&-‘a‘c’a‘s can be writfen ag Feraled D V.“%rq\s

(e;l’r\\ar) Suw Over cenlribiions fm-n verthead shiws
B200)
B x)
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_ d
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/

Notes ServeTimes we have o Sp“'\‘ Tl Ye.a(m R for Thic & wor\(

23
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2]\ /‘3':%1 > X
N
N\ ik
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£ \ B
d . S ] & .
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o
| Y =
4.3. 3D In_\'e.gr‘a‘s 0
&VF'::Q
N N 280
fav foxg,2) = 6o ) S av, AVp  pachiton v,
Vo N - oo F=1

provided  the Lt exists and s Cndopendent of the chotee of (%,90.2))

RS T the 1D CGISQ/ a 5D L;i‘l-'%ra,l Car Lo carrded out La‘derﬂ?na ip ;n'!f&atls,



4.3. Chot co Og Coor‘cllnc()f& SYSTem

® CarTesian coordinaleg

Z
A
~ 2 2 z
- Livne e.\e.me.r\”[: .-_-IS'L:: al’x-{- A\B-T ell
44
—Atea element: dA = {414‘1,43&42,4‘542} > y
B o
~Volume element: dVz quha dz
. i \ 2
& Cﬂm drical coordinales A
JZ\\"‘P
: ' A o 1 2 2 J ?_ \\\_‘dr
— Line ckment: ds = ‘r+t‘4g}+ % ® \$ dt
Zz Mrd@
— Avea ddemiedts: JA :{Jréz) rddz, Y‘J?ch“} | |
, ~
?‘J@| | TH
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S
%
@® Scpherical coordinale ¢ ,\Z
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p 3 nl
— Line element : 451: dry f‘zde +F?5J~}O .::I‘-t’l \C\
/ dr
2 ol
_Ares elevaeit « dA ={rded6, rsie dedr, rsu;aqzm} 8
~>

?‘ -
—Volume elemadt: dV = Y S8 Ja dgdr
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i ¢
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4.4. Ckahat of Variables tn 2D InTegrals

How <an we  sel e 3"\*% t’Wt-{:afa‘ 1= Sé'aul‘a {(m,‘a)

R
\-n ﬁk‘ms of New  Variables U\éw\el 1 ?
o
A
—
// == \h‘\‘
k )
N "
\\“—///
rR/

>
A

C]"\.ﬂ\ﬂ'at- °f Vo.rt'qb é_s
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The Mew ares elament : A _,__\?B-—‘t x%l dudv

. o 2
RV Cﬂﬁ‘”\?”\w’t{ 5 B ';\:b-?'\ %-——%‘%\ dudv-
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WX
o%ag) o B Y g% W
=3 () T 2w 2T CAVRE 1T N 2Y ?_‘31.
2w W
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K‘/\i’———\\ This 15 called
0")(013 = j du dv- J‘____




Tha deedal og k;w'h'-bra—tﬁm also c,kpmaes j[r-mm R 1 R/,

I = S’J'ﬁd‘;} 'fm,\a) = ijU\GI'U'-‘S. j((xmnf)) b(u,\)‘))
R R

EXG\MP(& : P’Dqu‘ C,u-ur“clt'nq—tls aj'xnf.la.—_ rclr‘dq’
' ! Co¥ _rsuy
X=rCod Y —rshe oy Bl b s
elr, ) Se? Y iay
od 2
_ —x
Example ;. Tl Gaussian InTear‘q/ < & S dx e
o0 7T 4 L o B
: 2 —x —4 — (&g
S9uare d’! I = galx & Sel*a e = gdxia e va)
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Za7 L

S = ;
Now change T polar cevrdingtes s i S dr v S d¢ e
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3 ) :
I - 2w ) Sé(r‘)& =T - T=yT (a e idhogmnddo)
\'_D,—\K’\/
f

E xercise : Prove Ahal Stwi¥) . {

2 (xy) 2(x,y)

LU )

EXC\W\FLL: Int«_ar—q“t‘jm over o fiuile reqiom

7 %47
g 5 1',
2 2 A=4 =9
1= SJXJB U""'ﬁ) 213‘:8
R
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X
D (Av) _ bt s %) -»23 - ér(?(?’:gz) N T 4("&‘31’ 4142
'b(x,»‘)) 7‘3 .
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3 9
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{ ¥
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4,5, C‘Mngt of Variables ' 3D InTe.cara\s

As v the 4D case, C_l’\anaq_ of varfiakles ('x,ta,;_t){\_) (U, V, W) Can
La f'c@‘\rc\‘c.l as aaa eml:@u?né of & XD qu;h (Vblqme.) ' a 3D

. —
Space. Uslha Y (wv,w)= (':L(u.v,w'), ‘a(u,v,w), Z(U«,‘U',w)) , We Can

Cllw(qt "Hn.k Yicean Valume, zlcman_t:

?
dV= ( TR _E) ?;»- dudvrdw
where the '\’rCﬁ:L ?roqlucf caiw__; Hoo o —— ///,—__/_7,
e o
’E)‘f The Pa'r""“QIe-F-lYe,d ma:l.a ‘fr—uvm A’;.; - ——‘,L :7/
ZZJQ !,
o= 2Ldu, In, :’@L;rw,g;;_,_dw iz

In C@mrmm—‘?.,"]‘h CmVe.rS;m'\ jcc\c:tor I'S cx«am”.n CT“AX g "H\& Cl-‘a-t\'m.lnqv:r

of the Jucobian ~vnatrix, which will Le shewnas 2%%:2) ,
2 (Wyv;, W)

-

W 22X

M 2P oW

AN TR Iy R N ] (?Fx?f)“f

(U, Vv, W) TN TV 2w U T2y ywr
22 22 32
PW v W
ThereSene :
dxdydz = J. dudvdw o |2
2 (w,v,wr)

18 tHu 3D JTacobian

Exercse . By Cﬁ[w(ﬂa‘ng the Jacobian, Show thal . volune

element g Srl&rfca( coovrdinatlis 5 . SV o rzsu'ns ded e dr



?10{\?\41‘w~v X2 —\Wwa\u

'EXQW‘P[& : Rg,'q_t[aw-\stulr J:x’jwu.n :]—c«t_ﬂ\o:qv\ Bl LMclMLul -\m:j'(‘\‘c_,
('1()11113) H (K‘;MZIM;) \.v\thx—-v'lq‘tqt’ﬁ'\r\
W, ar‘*bITrqra *curvilivaar coord(nalis, Kﬂi = ')TiQ Tacobian matrix

\N‘L\q+ ;5 ‘ﬂ‘\.k i-Y\cl\&C-t’.A—-—‘n'\ﬂj-r: & ?

451:? el‘xkrl'xk _ z [z ’axk s J[Z’}xk A“J :Z[Z 'DKk?Ik }e‘u;c]b()‘

k L J
5= 7;'2\9 J“C‘;“j Z?atk ),:\I Imduced — metric
5 S
Now wnsle : - ?_3_1(_}_'_7(3__ _ LY E-)'Xp
%U Z D U; ’c)ua- - E u; glf ’)q z KktIk( K.(
 vnalrix ‘gorm % = K-[: 1. E

T 2z
il O G5
=det (k) =| =25

— d = d_o.-t (3) +hi [ 1¢ Valid - q"\a &;w\e.v\s-lm
Thardfors, dV = /3 dudug-duy 15 the se-alled vovariant
voliwe elesvenil’ fm dedivmenflionst to any qrbii‘rqfa corrdinate

_(/jt?/w\ .
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A llne \.v\tfvaml S an l'u‘l'z.aml qima a Pq‘h« that ¢ &A{:\«ul 'o\a oL Curve F({-)'

_ﬂu. Weasuwre o

'( \.-4'1'&?]"'4\ eedd  ba Ha [y dewmed d%, o B vof it TeSymal

Qusfch&m%t \Jz,c'.tmr- J.\:‘

5.1, Line Infegral of Scalar Fids

ds (™ Sclt 4"‘2 (xt
i R W M s
funetiom of 1 Fumetion of €
-Et\ﬂ-nts bn'l_

P = (%6, w(t), 2m)

Example . b (my) = ® %Y an
&

T = (R, 90) = (2ent, 2601 ) 2Lt 4T o
A
z s

1= Sd’f \/é.z,s-:.t)7“+ (7_c,,tf 4ot Gt Swmt = g SLJ{ @etsat = 4«

=]

X

’EXO\"V\\”‘L: Grav.ttqt.”ma\ﬂ e/V\”VA‘a S‘t@r(é 'l"ﬂ a L\kll‘?ﬂ w"_H"‘ n ‘l_\M"nS

nd mass density A T(0) = (RG 6, RSN8, HO)  [see g @]

M

Sdm R ?\‘3845 z “)*'35 40 R4 - HE = AgR/REWE (2mnt)
fo
LI N
M= S‘JM & & SCIS v >‘5 do VRE 4" = NQm) VAW

s U= M"é(‘nnH) M‘g H ) HMH—:- amn H



5.2. Liviw InTaarql o—f VecTor Flelds

gai FE = Lae ‘i—ii-?(r) = {9+ (4R + (a2,

] Tird) ¢ z 4 E

An e.,)(o\\m‘att. In ?lfvaifcs \‘5 _ﬁ'-l. WDT']( c}GY\-k 'o‘a N :FQ"'U\ ?(?).

e ] i =3 1 )
EquPla_ : I= Salr- F(o with  Fy,» = (-pﬁz, XY+ 2, % )
BEEE = C

alonsy Fo paths eba{naé fom A= (1\,\,0) T gz(g_,lifg)
d
g 'i_ ) Z=0 \ A "
XL C R
Cot S'\’m‘vbk{‘ [ laz%'_—jix’ 2= 0 2 | . . -

C‘:

W dhoose AU ac hﬂa\raméia.(".

¢ drs(dn, =L ax, 0) E:(%,mz,x)

2
g i \ d Z “
I = SlJﬂ [\xx-;lx('l-kl)]: ._?.S - — :\\\: -
)
3 - % )
— 3
Cor 4 2 (dn) =Ln,0) |, F o (x4 A(3-1)02, )

In -H,‘;s E—v‘("\w\f”-ﬂf we obtacn Tha Same result for both f’qﬂd.

Exercise . Calemlaty T above u'utn.arqf o\frma a Third ]M"Hﬂ

crg- o owin cho'e .



5.3. (onservdlive Vector Fields

In eaem;z.r‘q\, H Tesult O‘{ a line ‘-h-\_&%ra] Lelwean Two f’m:v\t( A ond B
aLgFsz on The \'n‘\'@arq'tim fod‘\n, However, there 15 a special class of

veetor {fields fgr which e result s 1;\&—F¢,nJe_n‘t of Hw \oq‘H'\ J(er

ANY too pounily A and B, i

(a7 Fy = dB)- (A
CA—»B

where Cb(i:') 16« Sealar ‘ffe,lel. Such  vector -S:(e,l:ls are

czlled Cconservative ,

el A end B ave qrbi’\'rarua, we €an Censider a case uhare @
:N\{I‘Vl.lfe_jilw\qu‘a cloge 'to A » dI:t —F-.(F) = Cb(@) "QD(A) :4(.1\3
on the other Mauwd, we know thdt db = {;cb dr

ﬂu.ﬂ’ﬁr"- '\—:(_Yf)-cl}'_ = 'E"C{?ef? ” MJ ‘;\V\f—ﬂ- &Y—: fs qrgfh‘a\f‘a

S0, CemsServdtive veclor fields caw qlmq‘as ba writlen o
. ‘év‘a&:&nt a Suﬁ.ﬂr“ «Po'ttz/v\’b\.'ou, ”,

A %n&&"utn% o‘f Hae P«f'L\—'mcln-fcnc!wc:\ °§ Hu line 'w\taml 0{ Censeryalive

vedor fields 1s Hhat the |'ﬁ{'e6rq[ over any closed  path vamghas : ég?_’ﬁgo




o LB R PR BE VR, 'éfz‘._l?:m_.oW
R B T O T T A Ty Dy T &
2
Eﬂ. = _B_E.#_ = ’DF% Stcond dﬂ_‘(:\f‘\_b\‘/g - DFZ ?__ A -0
22 % % 2% 22
i C”“"/\Mufc_.
Rfy - )y ?_E: o
D Z ‘323‘3 ’3'3 3 ’)\a
The three quam"h"ﬂc.s bn The buix Gan be wesd &g Com prnsaits of
b8 6 ,
€x 4 2 VeJ&)r Pﬁ:cl»\c_‘\_ 0{ ‘H’\& {io,\
= 5 2 2
VX F == ,:2—;( .—5—6 ,%TZ . .
oPaquor V owd F py ‘foﬁmqna
F'JL Fa FZ

C_q“«zJ : CMr‘l -E’

‘ R T — =
50, I SI'\D'I’"‘t: |.F szq)’ "i‘hay‘\ V)(F —a

’I—LUL Teverse l‘S qlSD —rr'u_;_ 2 ;]f. '{?X’; il 5 B "ﬂuu\ F:%#

aAsS we will gee lale [see Fol-ge ]

A Lo-wao’mu. c;-f' 'ng above I.S -H'\QT 'H«A atmo_\”a.\ d,(ﬁ(gen‘h'd

F’?( ("\f‘a,i) Q"’\ -+ F\a ('K,'afi) Ala + FZ (.xl'd.rz)e(i o :F’. JFb

15 exact , bLe.

can Le wriffen as a HBtad QL\']C(e_re,;t;ta/Q 0149
N
;ﬁ —-V‘X-? =4

7 %
Show thal 224z dx+'xlzdg + x4 dz 15 an

X a & &Herevfbt‘q{ .
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6. SL«WFQGL IY\T”-arnu’S

A 5ur{au. \kf&‘arq, |‘s an r.n‘h’_ar‘q} a,ema a SM\*‘{@.C& +i’\.¢‘\T s Ja..{;m-l
L.a awn em’o-.«l.l‘sné —'t-:(u,'\.r) o OmSTY'OU;V\‘t '4’-(7(,&6,1):0 4 The meqsure,

of s'u‘Te{)ra’ tould be either the ¢calar area elament d A, or Hewdor

A
area eliment C{?: dA M LQL\;LL\ \Otﬂ:v\{—S -tnmqr‘Js 'H‘K YIbY'mql \iE.(.TQY‘.

. A
n n

with bn\m-quie.;
We wse The ‘S’oubw‘l\"\a CmVe.nTCdﬁ ‘t: ‘fl'x _H'k\ &Ye.c't\-‘m ‘3"5' ﬂkhc’\”\mﬂ.‘a:

(;J If S |.s o c,{oqu Sur‘fqu. 'Hfuam /Y\\ ;5 TckaY\ TQ qluq'as pa{“{' Q‘I‘-WQT‘JS,

o I 50 open, we ovienl the lonmnd«ara amd  obtail,  the dredtiom

of 7 by The rida-hand rule.

é.1. Surface Int-_grq/ of Scalar Fields

éam $@] oy = S dude erxT | b (Fou)
oC 1n Mma& Tafftse.ﬂTq'ta:m [‘HM methed n-g \ovoje&&n]

jclfoa \/I_l.f%%)l_},(%_;_)z #(?ﬂ'ﬁﬂﬂx;ﬁ))

w hen ?(1,3)-: e W hxy) ) -




Example s Tilfed plate

Z = \n('x.;'a) = \""3

g (1,0,1)
S _axb
"= = "L‘(Df\ \)
'a x ) VZ I
dA = \/anlvkd‘a
\ \
S = ng&‘h}‘j—l = Vi
Loy =

-

\g ( dxdyvz zeuy) S 4154; Ja. (-y) =

-‘i (Uw\ eV v d&nﬁda)
Exa:mple :

A Pr’fng(es Crisp

can be J.Lsﬁr‘:l:-eal as a "\'are.rgoua Pa\roxLoio:'cl %
o SR
z=hoyyy = L (x—
4R

(% 4, where R 15 He radius O‘f curvalure

l:ol-u\clgd 13\} a C-yfu.nJr-i.ca_! Surfa.c,.__ of

, 22 1
radius a (Hn conlan er') JH-‘a La
‘ru. 'to"t'a.l Sl-\r-)(o\u_ ared o{ ‘HA-L CF;SF Cawn  Le Lnfu.\[-\m as

& = gAxAB%Jr

= Tk S Ju\/r

gcl-xq!t& e B E.1+ - J 2mr dr \f\-\-‘—'

csnali 3/5.
mw o (1+u) = 2‘3R [(u;) = I]
O




§£.2. Surfacs Ivﬂ‘e_‘ard‘ of Vector Flelds

T g — & = > r e
Sfa)s. Fa = g AN F@ L = faets () F (R
This 13#03"@! gives WS He ‘flt«x of The Yedter

q[n‘a,lé Far) 30';n3 -{‘kro—v\a\n Hu S\M‘f&a 5.

Exqm‘vl& «  Flux O‘( the (U.m'-{orm) vector ‘f&'@.u :
?(_‘r‘) = F. t/';\z Hr\rzma'n Hhe upper hami spheyical Cap &% "
A

.

B 9. AN
gols.F - SRS\;G‘J‘(JB Bety
S
1
2 2.
= 2mR FO _S 6 S 9Cho = "ITRZFO & —H-«\x ‘H\r'oua\w the base .

EXQMP‘C: PY‘OOJC o]( Gauss’  law in elecdyostatics |

Surqu vlatiara[ o-f the eledne field due = a Pt c\r\araqq‘fih origin g(?')_—_ .._q_ é\_r_
dre, pt

Around an arLIfmra closed s‘ur‘co.u u\f-"(@/cp) ____R(GI@)QV.

_a-\;‘ R A A P 'ér
—_— = 3._ %ef - ?& n ey /\
== eef+R{§‘qeef+Ree w
N -"R(S(Q)
3% 3k 5 26 _ 2R o ™
S R o o _BRig A
N —-—9er = RSwmB e, -—%RS\MG e-e_?c(‘Re"f
4T
—p —¥ 7« . N
SJGM nE[ = galedﬁ“ R4 5inb - aTi“e.,' 2, =L (santerr=d
=R(8,9)€, ' Res,@) T4, 3

2 A e
- 2€ . ~
Noles: 20 _ ey , 280 _ ¢ ¢ Sq [_SQQ iy @]

— A 2
NG, ¥) & = R(B,9) S8



Z, D;veramr_& rmad  Curl

ety

We have a]r‘c.qala mel T ‘rcl.a.l o[?cr-aTb\'““ v, which l.s a Vedlor

A«&Lfc.ﬁtw( ofe_ra:rof, 'ﬂnfo»\%\—\ the J—k—({n'\'t'm 0{ "aﬁxdl-«lf—“‘t_:

%
L 23 A 'aé.«
Vd&“’?'@::ﬁe“**qae“o"'xa z

= A T N )

The o\ﬂe.m‘(’or acls e a Scalar -‘Eanftn'em C\’ and Talives o vedor ?4’ )

onadl 5.{'(;‘_‘;-{{35 \clﬂ.zu\-t.'\?u./; whentid ‘frsvﬂ U\St«q‘ A_LY;VQ‘R;}QS, e_.a.

V(&) = T4+ Y

—p —
V(gd) = & Ve ( for constant o )
US;na 6 “e Can A&{:na.. TWO O'ﬂv-\" .l»nforfqﬂf‘ Ofemr‘t";\nf l‘h\fo}v:nﬁ

veiler 'Ffdels:‘ G&-’U"e,rge,y\ca. awmad C,Mr‘f.

M D}vzrganu

Le__t— F('K,lof ) 195- -8 el«-f)cerms’th/Qe_ VC.(TDP 'ffe.l
F‘('x,\g,z) Fa (wmz)cx—;-\-a(w.z)aa—f T la,y,2) e_,

than e df.w_r@e,nc:. Of '{:—-’ l; dx-'(l-vu.J Qs

div & _ _{7*.'—’ =3_f23. hK ’Q_FE
F % ¥ oy T 53

which 15 a  Sealar Held itself .

o



Ex«m‘?fe,-_ 2

e % By & L i«
F:@i+m)&x+1¢ﬂ+zeg

3 3

Syt Slabaaty w3 _ g b L F
v_{:_...____a._x____‘._;g_‘_\___a = 33 3%

LqT.:,r’ usnma Gau.S}, Theorevn we wifl glve o PL'a$;C.ﬂ’ 1‘nT¢,rPY{'I.d‘ts'm

o{ 6'—(:'. as the measure of e {lu”( o_f ? oul of (or info ) en small \olume

Sur“ronnl-ma a obivc.n Pnn‘t (\ur s o volume) .

EX““‘?“—: Vedlor fieds  waith Nnon— <o ela:\rz.r‘ae.ntq_
A ” - —> —>
(3
- —
. - — —
21N -
¥ N i
i\

BqS{‘(_ ‘lcl_q_m-b\'tu.-é :

v.(F+8)= W
('for censtant o()

7.2. Curd

ot o d\.:ﬁg,rfm‘t\;ti-/& vectar {;.Q{J, ?/ Tha ourﬁ O'f F s c!-l{tmi as

= o= (5 AV N LR AR

% Y
whieh 15 & vedsr freld ;'I'JEJ',C-



As can be done with o vedor (<ress) \oml“ttf we an alte writy TXF ag

a daferminant with the L\nc{LYST‘\HJ-;HB Hhat wrmt of T adt o C&nrﬁ%‘b 0{-1;

A A x
€. e_,a €s
—
—| 2 2 2
Xf = % ?3 o
Fa F'Z) T2
E’xaw\\ale_- A Py A
- ex e, &g
—% A A =% == o D
F=-y S b R By —> VXF:% 3y 82
.._\a x (&}
— 3("‘3) A ’\
VXF = ( (’c) 2 ( —
e \ >+ 2 \5¢ — = dCq
"-\ \’-\r\:a_./
Q -

Laler, ‘*S;ﬂa Stokes’ Heorem we will @;Vc. - ]g[nasicwf v'n‘to.rrre_Ta't*%

of “(;X? as a measure of the vali (amd the diredtiom of ﬂuqxis) of

relahin of F dnd « Aiver powt

EXG\MPQL: veelor -Efe_\cls w;'\'\q nsw— zero u«rl

\// *\'\\ ‘_-'?—:_?__:?
\\“—*"// = S0

BAS[C LJ—MAt\.w s

VX (F) = & TXE { fe comptival w()



7.3. Index—Notation

As we have O.‘rucja P—Nre.h'e..nuﬂ\) :Q.J._,(_y\é‘ta\ o ;S o \re.r} KSQ‘fu’ ‘tv-uj
for malrix m&n’\pulqt}ns) coordingly TMS'formM; , amd Frav'ma idanivtae,
l;mr'olv'mg Vector Dferad'ors. We ladel Cane,s:qn A.ir(c—bb'ﬂ'ﬁs with I.H&Lces

* @ & .
L!u.éasf-ﬂ'("t-f) 'H’\qj\’ Fake the V«'uu._s I: = %, 2, 3 (‘Sm—-u~ with 3.k,£,-~.),

— _ A - A = A A A N
Them F = 1"-;\(1-\-1:\060-\- ’f‘ze‘z = F\ﬁ\“\'FLE.Z_-\- F3€_2= ZE gt‘
To See how This n:fte.'tx-rh ](oko\(lt;.'e&, Ca(ok(q’ﬁnsmj/ Con$ider cnotler

-_-* LY
Vectsr G = -3265 20' (\nahc_u af‘c“::luvnm}/”} we towld Use ““a‘Hﬂ.:v\g );

a5 Q!
F.a:[zp.é-][zé.’;\}_ 7 F&: (2 2) ~A—
: |l 1= & 5 = ) R 2GR/ L
SRR | Eul A 1,“3 Z %:JJ?*
;-
MDT’. how we l&.SE.J ‘HﬂL KTDhE—C-kE_r A!-H'C\
\ L=3 ' ‘ .
S‘) = ) . to !‘en)la(_._, c.u\a OCLUrTen L o‘fa Lot'H'\ L
o L% ]
é\f‘ gj' = S;j La);ﬂakw\ a é.-swv\ma’k'm\ %C(Q F

A -Suw-“Hne.r‘ A———— S:Mpl{'ffcq_tfa—»\ resulfs l-F we qialo‘t'

EwsTal v Supmmaction C@m{an'tfm“ Haal Says

S e

whenever 1ndices are rf—E)eqTacl on ‘fm;d_n. of an e7uq"&'m

5 . - . - Y s A
a 5ummq_t\,m over 'Hn.L indices$ \6 I\N\Plﬂ'—el- (54}’ F= F‘.e;

% J R

'ﬂum 'F-n ZFSEFLQL][G(; 26}= FC'{ Q\QJ = FLGl,_ )
®

j



The notaliom can be applied o derivative s,
A ‘f‘nf‘chr szhvl{,ffcﬂ-ti

= R R LA G R B L2
v = e.-x:";‘-'rebzs"a'\- Qﬁ g & € 7 = ﬂ,LDL QL = x .
'-n'\ll-h _V‘c‘? = é;),_ 3 MJ

S:}

(\_N——‘\
— —7F A A .- A A. =
V.F = [eiﬁt][{{}ed] = 9y eie = HF;

NDT&.: we have bLSael 8‘23 = e N 1V above. i\fq(;.l ](or“ (que.s:qv\ CUI‘]

What aboul e vector (cr"oss) proncT? G oumﬁ7
To i‘b?feSe.n‘t s 3w mdix-nofation we nad to inboduce  Hha

Levi- Civita “e,\as}lm Symbo]n dg_no—tﬂ.é as €1 ,MJ Ax:f\'wu.ql as

1

+ | 1 ‘ljk 15 an even per mutafion of 123
€LJk :< — }F ljk 'S an a{i E"«rmb\‘tq-t'ﬂ“h a)c 123
k O i all other cases

In other wopds,

Eiék 15 anfSymmaTn‘c \‘vx q” 1‘{} ﬂance,s.

Eyon =il . B

—_—

Vag = {CKS Naeds one Swap Te ae_Téac_k'to 123 1
632] = —\ [qs needs 3 qij«u.n{“ parrwise SWaps o gel buack & 123]
€‘1\ =0 [qs helﬂux even nor odd permt\'t‘q't«‘m D]( \13]

Any Cc‘rwwrwum'\' with epedled Wddes Vanishes :

éu\ o 611 =5

o

]
0

333 Cup T €y = éu; =€ =
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Us]ng Q;Jk s we can wate the cmume_nTs Bf The vector EJWJML’(' belween

—0 AN — T
’\—\AD \/C’.Cjtof‘\s F:‘:-\Q‘: om d G:G‘deﬂ as
(v xa), = €k FGk
il 1
i = T Ay oA
R TR Iy Sk Tg Qi = ©123 T Qe+ €43, G, = F.6,-F G,

=2 5 (FXG)Z = 623)‘ Fﬁé\k = 62‘3 Fl G3 +z;~—;\F36\ = FSQI. ‘—F\ 63
".—.:3,‘ (FXQ)B = 63'.3k F’lek = 6.3'2 F' GZ"\"Z'\;;'I FZGI = FIG\?_—-— l:26||

E‘iw;vqlanT‘Qt\a, we. {an ‘-"‘"":ti. —H’\;S q s

—  —D A

Nole “HMT we —can TLPr"ase.n‘t the (— Syw\bo] as The Trf‘ﬂﬁ-. iarb&v\d"

A A A
og e Lag)s veclors: ei. (83 X ek) = étjk

Ao B A
o e-axek: 6!.:]1\ e .

Now, J‘Sor curl we have X
€jk €]

o ittt

ww_ = A A P A A
vXF = {ed DAXXF“;,LX = €ixeyx R = €k )Ty

e Bo mﬁ)m&ﬂ_\-_‘»: (_&X?) - éijnk QdFk

L

A 5 A
Nole : we have uSed QJ'C.k::O , whidh 16 valid ][or CarleSian Coprdinates .
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Lej‘ us nNow Wwse “nJJ,K_Y‘\QTG:\.’\.W\ _ta \aro\m a namber crf Hen‘r,‘-h'cs “ne.qr "\"\ %‘*:

—

¥ V. (Fxg)= 9i[€ijkﬂé'k] = ik % (Féék)

= €5 F) 6 + €5k Fé@;Gk)

+€k"

¥ Gk (BLFO) - eﬁlk F_J'()EGW)M
T = e Swayp
SxF) — Fo(GxE) Wemo

* V. (¢F) = 9, (4F) = duf+ ;2 = ¢(T.F) + £.F4)

{"t’) becanse 2 swaps
W Ek B> €G> )

I
o
—~
<
x
_-1—‘
I
-
/""-.
g
X
4
R

¥ V(¥ = &Iy + Vv T

Exercise: show that T x (dﬂ?) = §xf — EX -V_’aeb .

A EJG\\(T"-CM‘QV C\O&SS Df ‘IA.C_V\’\.I-.X-;QS ‘“’\a“- \.V\VD\\'Q T‘-‘Ja C¥oss Fﬂc}l{h (‘QTU\;‘(is
special  affedtion. Lef ue firt look a this sTecture in vedors.

[A % (B X C)]; = £5k Aj (Bxc)k = er)k €Ltm Aj B, Co.,
k—summr_é over

¥y 5
To proceed Turther, we ned & werk oul whdt é"J'k ékﬂm L5,

@1 - l [.I ?Al are el«:‘-}fe.re.n'\:l B{K}‘:A }
J=m

RL&m are different

- Er—h‘\
\ 2 X153
@) otherwise

This can be wrillen a¢

ék':j 6k1m: SI.Q S'c!"’"‘— 5 53'£




The combination  §;¢ By = Sl 957 ref lecle all The S)fv"w’-fva propertics

o €kjj €xg,r anlisyrmelry wilh Tespd b Lof swap or Lom swap eperitily
o d S]fvar-a with fe,specT T Simullansous [(-»)j % Qesm Swaps |

Gofng Laih 5 snr  yeilor che.n'h"ha:

. Ekl_}' S A", B < :(S;Q Sn'w‘-- Bz, S’,H) Aj g, .,

= (i BR)(85,,,. Bilon) = (81 €ia) (%x AiBy)

Now wWe afe e‘iu.HpLJ with e TOD\ Y\-uée,,l o TdeQ.L '{;X (T:’ Xa) .
¥ ‘?x (?x" = &= -F-;x_‘ = € € 9,
[ Q )lf 1k ') ( C’l)k 1k Skl b (FQ Qm)

= (Big Sjm ~ S1u551) 2 (FrGn) = %(F&y) = % (F, &)

v other word¢

M)
A
=1
<l
al
S
|
Iy
e,
t
|
O ia
T
<!
N

Tx (Fxa) = (&.9)
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§. Second Order Veclor Ope-"oj'or_c,

Mdng kea ﬂv\a{t}ms ™ ?%Sfts-—sml« a5 Wave Ul“"tc'm, Schriii-'naer’s Qg

Guﬂﬁmim <qn, Poysson’s g mvelve  exgressions quadratie w7, Us““ﬁ

-‘.L\A ‘t-o'ols We J-Q.\J:.lﬂr{q}l W tan lask dtﬂ“ Pof‘:ng_L GWL:nq_t'gsng O{ %‘_V‘ :

B.1. Tive ﬁ’s Ac.'tfna on Scalar Flells

X g(gdﬂf Mich 15 a sealar.
—_—P  ,—b A A A YA
L e;?;-(ﬁJ'gj‘#) :Kﬂl-'&j)gﬁj‘b = 5;{9;9‘* = 'D;D;L# =29

s ST LA . a
15 Slep poss v Carfesian cevrdinalys Smw 2:€: 2 o
&w ¢ )

T opectee it bd e Leglacin s F.(F4)=

—_——

% - 2 % : .
\vd Ci) = (?_;( 4+ .D_. _1.1) dﬁ v Slasmdasd  notakie

* ;X (?7;5#), which ¢« Va:cTDT‘.

Symm glric
[VXQVCP)]L - 61);,; gégk*) = 6"59)(%' C{D = —el‘}'k Dj')kft)
QHT('synmgtn'c YQ(QLK’ j&\'; 1 Swap N

= | L )
A = - A =8 A=t

—+| T x(FP) = o\

Tha cuy o‘f c\na ‘C\,r'qé\fant s 'ldenTCCs\“B ZelO,

&&r;'\fq"h'v‘s Lc."‘“h“bt—tl_




BeZs Tt 7l Ac‘ﬁna onn VecTor Frlelde

X ?.(ex?)) which 15 a  Salar,

z:“’“a’h‘c_
V.(FxF) = % (€ R = €k 2% F = 0 [asih $xT4]
£

ant, SYywmmel v ¢

o || Py \

_T\’L& ol:\Ve,f‘ﬁQ\"CQ' of amla c,u\r! s ;A.e_nTl-c;g“'d Zero.

—_s, — —¥ "
* VI(V.F), whichis a veclor,

P(EF) = &1 ( 2 F)

*x K_VJ. {7‘)5 , which 15 o vecor.

(T F = EJDJ' {Fres)] = € 'DJ e
betuie ?52;:0 ' Cartesian C,rpreb:hq_tp,

— — i p A 1 A 2. i 2- i . 3
(P¥)F = VF = exa VB, + & VF‘B + €z VF W Stewndard vefafion

* GX (%"XE), b-)\f\:c\/\ ;5 G\\fe.cj-ol"‘,
(%:( sJ\--n = B 53'2)

s - = A a .
VX (VX F) = e €50 (€ FL) = & €gl€iy, {F,

2.8 £ e ¥ F

£ 0ig 2jm 979 Fon
A o A 2
= BE o= B 4




* (VX¥).F = €l e = i Beafor)

NOT@.\ Dowe ‘Eo“nA '"H/\AT ;{ ?: V* ' ‘H'\L\R '—V*bx.Fub: 6 Y TI'\L Teverse IA_{ qlSO

+’(\.u_:l.‘F $XE=O,+LW“ E:Vd),’fOT"SML Cl) [Fc\a«_@]

Note 2 : we 'S"""“‘l that f F= $XE\° ,"ﬁu-n ;a-l?: O. Tha Tever¢e I1s also

—p

trae : .I-C QE:O,'H«-LY\ ?‘:;;XE, )LOT' Some G,

Exqu!!;; Sf’l’\er‘tcﬁl $)fmm€1-ra

I ¢ = P(IT]) = fur), we have [r’; s % el s § Pif ch]

2, P = b (o) T = 49” Lo s | Tb = d¢ e,
iy ar
5 d at) Sk d (,, ARSI
B = 2 [LISEY] 2R 1 d® o ).__i
25 ¢ Jr[r‘(ér:l == Feng B B == ‘#""\;‘" s +"‘;‘ S.J

\ 3
= A | xRy ‘ s

CP(Y') = - ‘BIQJ (F) = ---?1.5 [S;j_s _,i‘l,] (AAFD"N" jcre.“ )
V‘L(i—) = - -3- % = eV h t here The it :

-4 Y‘3 -“-—3 = i) :ra Where &xcep =0, whare caw celleition mlah’{‘

*n:ﬂ‘ Le well el.&.-(-.mtJJ
A
Fn = P(r) e, 3 Fr = Wery =4
v
NWE = 2 {'j’_‘i’] (‘P)a-x | d (\P
+ — o —_ 4 ‘xtx e

3 r i o e Y Jr( ) 9+ \") SIJ

V.F =MF = 4 (B3 . F < v
¢ rdr(r"f‘sr sy VF:(\I/-}——:-Z'F’\P




. GauSS’ Tkeorem

TL\L Sfa‘r(w\g,nf 04 un\SS, D;Vﬁraa'ﬂ& TL\LD\"QW‘\:
Le.f -\/‘ L:‘- o \rO\u\--\.e__ \‘h Sfa\u *L\a{' 1.5

L;oun.cl—f-i l'»a 'Hr\.g ClDSch SRFFOKUL S,

o d E('M'g,?;) be a C—m‘ﬁnuouj annd
Ja}(ﬁran'&;\l,ﬁ veclor ]('{Q_LJ c‘_g_’[l‘n.gef- IR | f0_6l‘6‘n, Thev  the fatud
-Ffux D‘{ ;1? Cﬂ"f"\;“é tnad' o( 'HM C-kDSLJ Smr{qu\ S ;'s e"u.n/( ’i; 'Hv\& VQl“mg

wtﬁrwq b‘f tu c:L..\fer-se/nu\ o{ ——FD:

f% symbel  dan otes

—_ —F — -
<§JS- ~ - f.Jv b #
ihTearq‘h,'a-.-\ over closed
= %
Sucrface S,

Le_“" us Sece how l{' I.JOI"‘]LS I|Vl ?mc:tfc_g 3 MP;ha W CF"‘\V(r't CC\"—t%qu\ volwme.

ond S“Pf‘&f-& vﬂ‘b«Br‘c&S sl ens Mo‘“‘m\", L.e-fafz we  prove ;\_

'Ex,am\?lﬁ_: The wdllme enclose L,a an quo;‘h—qfa S“f'fo\c.t 5 can be

= S I
caleddtil s - L @4 . [V-r— R3]
S -
{yﬁ.?:gdv Ve = 3 (dv = i
Nt
S V% 3 v

EXAW\P!Q : éag. (6}( E) = Q I'J.e_n"f;ml\g
S
3(‘”‘ ﬂt“bn—mra S | A d dng Z



Example ; Evaluste T over the CY“'HJTCLJ shell

2
= f\}f%&z 3 Y dzdx o '112 41;13‘3
<

3 Z 2
we have Fo= X F‘h: XY FE‘_"X‘Z
ST 3060y aiR) i i
BE= 2= 4 3 = 3%+ N +R = G

iE = Sol\/ S‘XZ 5 A Qy\melr:@.i covrdingtlaes V= rdrdedz y XaTGY

b X LAY i g a o
T+ ¥4 S rArSM ErCay = Bb g rde [ Jdg leﬁpz?b

] O k)

The PrDO‘f D‘f Gaqsgf :D;ve,rfschc& T\M_oramz
Llet us ‘f;rs—T ook at a 5qu,€ S‘imldlf- case whare The volume ;5 an

miindesimal cuboid af (%4, 2), with sides of lamgfh d% dy, evnd d2.

-—p —F

ds. F has Six Cenbribullions :

S whic ace, I
Q;ﬁjb 2 3 ;) 4
d JZ. F 3 Z Y'D!’l‘t o) (e ' —a
SRk (gu. X ) i? "((_m,‘t)
o [
du ! dx
—dydz F, (-x-—..._,\a 2) onnk y
3
d A
A docdz Fj(x,% %)z) riqht
Now we can yse
d
— dxdZ F.a(;()\a,_.%,'z) Qﬂ{-t

Tc\y ler EJK’M\Y\ 516V
R N

+J-xel'a F'z(if"bfz"’i;'> top
o s'umpl\'{la The vesult.

— dxdy By (x,y, ;_% Lottom

. A
dg.'l‘gpmgheé L} sulward yiormal vs e



~ Fx (x."a: 1)“' % axF-;( (‘x“a’z)
.

7 TN
5”“T+'°A¢k=0"342[ﬁ<(x+%,'3,2)— Fx(')(—i%,'a,z)} o J'xc‘\acjz
N =25

L -

d3
~ Ry Oy )+ g Fy (= 2)

r‘i%k‘r..]_lcfi':clxdl {F.a('x,‘g-i-i!gi,z) —W} = A‘xd\édz

i d3

dz

R, 2+ 5 Ogrz (%4/2)
= Py
AL

top + boltom = dxdy {(Fz (:cna, Z+ ‘%5\-—- Fz (:x,“é, [ .‘%z) } o= Jmela dz

= Fyly,2) — % oz F (x/4: %)

'Puﬂ:ma them ql\ 't‘oa*’-ﬂ\ﬁr':

@AS‘F = c]'xalael‘z (’Tb?—‘_:}_g—*—ﬂ = o‘\/ V.F

which proves the Hheorem '{or the infinitesimal cuboid,

o cemvle.t Tha pmf, We need e exlend
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Now mnote :

7 $45.F = §uT'F <
45 S _J\&;\J_ W
'TL\,L YeaSon IS ‘ﬂ/\qf a\“ l'thrnq] = sl

su\r-(:o\u_s %;Ve. Twe c.“Tr,:L“'ng __7 !

D-F &TMVQ Mqan:'h.gel.k and oYr)bs‘\Tz =

P Tl

§;bv\,aw,e| 'H'\KS CAHCJ O\J\T.

EXTQY‘Y\'\l \a\«a‘ue‘ﬁe_s, hswever, ""“TT:Z:KC 0'“{3 onee , eend add Up

‘to'form Yo exterior Lman,al"a S .

Nuraly, we alio have T (av BF o {4y BF .

. AV; V
Te vrnle The qrau\mw‘l- Precise, we val o t&h&—ﬂu [IER T
whith AS: and AV: tond & zero, and the numler of He culads

_tgm.eis hs l'/n-F-"n.'tb, T'/\.fs proves —H'v\ +L\Lofzm.

No—b« : ’ﬂm. ‘:'Vlfl‘ﬂ;‘l—ﬂf:m'ﬂ/ Version O‘f tha D‘\\/e\’o()&nu» %Tdm EP“O'L@}

Prov‘ncJe_.( Wi w"’ﬂ,\ awn Q\T&l"hq_t\,;l{ d&‘gl.m'(h‘ﬁ“ 0{ QJ_IV? a‘{‘ﬂ Pu{,v{t P 2

g - b
VE| =l LG4 F
fF AV

AV —y o Y boundary of A

.T\f\;s db‘glm'}]m r‘e_ak'H:l‘fMS oY \‘ﬂ"'\\'l't\:m 7(""' AAVT—; as 'H-u_ O‘dldqf‘l

—

flux of I (per wmt VOU\MQ) at mna ab;\/e_n ‘anv{f
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Moreover, the definition does nel axFL'cATQa ffer T Carfesan coondinales,
and tnfacdt providas a Locak coordinat, —imde pendant  definitiom

of div ?

Exerase o Apply the infinifesimad version of the Divergence thesrem

to & volume element 1 c,)zlfnir\‘caﬁ Coord inatles [\a«aa@] by t«sing
te rdevant area elemadls, amd  Show taat div £ iy Splindricad conntimbis
hlis BE = Lo (rf )+ L2 Fp + 3, F,  [F- R+ RSB
Do e Same Hhing in Spherical Coordinates, amd show Hgt dv E 1

. 4 " 2 F A
SPM‘L"’Q coordimalio 'S %l\f&ﬂ as: [F: FY"E_Y‘-"FBQ +‘F"€2T]

QE: j_'é (‘(”LF)—}-——-‘—-—-—:} (SQGF)-’(-—-—‘——D t
2% RRT peae Y 8/ Trsie ¢

_ ) gl e a B
E xereise . Discoversg Dirac Delta Function @

APP]r GCMSS/ Hheorewm To E: -—-V(.%T) — .-\— é\r' v A $P1’t¢r.\u1 volume

\n?,
of vadius R.

2 3 2ar

LHS=§ EF - (fodedg & }}{4 e = Sosv;oaejjcf = 47

RH S .~.5 r?'sv;@elr.is 4 Lg E ) = B LHS (4m')qk RHs (0)
N —— .
=0 Sce P«at @, OF Previous Exarcisa}

W»\a\_t- I'<_. h&ﬁ?}?m\‘mz \/L(’XQ? HUUQ aan we "que_“ élCMSf’ Jf\ﬂwrzm?'



EXG\MPI({, s :D}He.rcnt;\] f‘DTM 9{ émus{ ,ﬂqw ;\n elG-CTT‘DSTG—t\-cS

Q= gelv €M)
v

}
=y
[
<
dl
ml

M

: gdvi i ng [E;.E_ i}:‘o
\/ A\Va éc v é'o
Svwta. V 1S a\v-"_-,‘;‘l'rara (éecs:wog & Gin qu;lTrqr'a), we wust have
‘-‘.-_‘d- -S—
YV-E = c.

T~ words, e ells ue it electvie dnqraa cl_cvng:_% acls ag

Hae source (whem +) and  Sink (when =) of the eleclre £iald s

L ack D{ exiglence o-f- Mqahﬂ-‘tu'C- MU“’\hV@lLS,@L\;QL\ ﬁfvts ws

§>AZ

S

o
{
0

eavy Bi i | < Ja +,—M,\5~F°rmn_sl l.\,\tw ||TS &\ﬁe_fwm f’a ehad

—D
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V.B — ©

These are Two of tha four Maxwell cquatims. Tha sther"Towe

e
wll vnvelve CtlE  and OerE:_



10. Stokes' Theorem

"ﬂmL S'\'a’\'e.me,n‘k_ a( STD‘“-S’ -n\e_oftw\,
el € bg & or':e.nTe.l Sur‘j[au. with lowqur'a curve C, e d ?(“f"bf%)
be a m“(‘m‘«ou.S o d di)(}[ef&nmé/&

veclor '](I.e_lr_l e[.n_{;vm_ol w This (e?)n'cm. T

B Jvee mTezjr‘a«Q D'f F arsund lqmvwcl_«ra s ﬁifww( T ‘H\.\{Qu;g 0{
CJ.U’-QF %jﬂ'LnB 'H/Uun\alﬂ —H‘\L S\'\r‘gqc& : § ;ymLaI ot

§dF= (4. (3F)
c S

tiegretiom svar

cto sed Curve C,

Let us  sce how \t_ werlks 1w F"’““Q_C:QL[ M‘]V\a us C.ovwe_r:'f Cexlaiin S‘«r'chg\

OVVIA '.m.{ \‘w%mls SY\.t:) & Moﬁu(r, .Le__f;:rg e, Provra. ft,

= A A A |
EXAMP[Q»: S\&FPDSQ r= ﬁ%‘é Cy K ﬂ\a + 1€ . Eegludly 1= gJS. (Vﬂ:)
4

over Huw ‘-ﬁ@rer hewmi s‘flure. of vadinsa defined via 'll-i-baz-t Zl—; d\z and Z Do,

$4LF = (4T (@ =T
5

C: r(@)—&m@.aw, A= adg(-52@Cogo) & AN

=
\‘& —\E\ a (4a5wg>) a La @, o)

277
I= (49— 45l 9] = _3ma®
o -3
— = A — — N\__-T /8
Note:  { JT.(FxF) = [ dxdy 5. (F5F) = § dndy [?bi (;)l= ~3Ta =1
s e "
This Swmestr Hral ‘fof 5‘\’01%5" Hheorewma MB 5‘“"?‘“ beanded L‘a C ould be used,



The prof of Stokes” Theorepm .

Letus fied look at o speciad siwple case, where the surface 15 an
wfinidesimal Yedangle ( Plaquélie) o (x4, 2)  oriented within e %Y
Planc (e mormal (s €5 ), with sdes of lengfl dax o d dy .

éd?'? L"qs ‘Eov\r ““.Trl‘L:u(t»&nS 3

AC which otde?

= 4 dy T, (x+ 23, 2) rlaht
~dy F, (x_i%,%,z) ledt
—dx B(oyet,z) T
4+ dx F (1)3_%@_,1) bottom Trlor expamsion

Cl_d_Te-rYV\.rnQ.l loa cl-,? VS €L- i te s'msr(;'fa Ha result

Ry 2)+ % Ay 0y 2)
. e e,
aght - left = Ja{ﬁa(awé%,g,z) - F 'x--—-,‘a 2) = dudy [ 978 oh
\'—\,—‘_\/ 'B‘X.

Fsgf"‘/'})f?) — % 'Qx Fa (‘xsz"-—o

Py )+ 3 Ogf iy
F‘M\
Tor-\-LoﬁDM-'Ax{—F ('7( UB"\’ f%)"- F(x ‘6" E,Z)] = J"K,CI.‘A (_?a%)
W—“*/
Pl :
«( .3,2)——-} 9y Fy (hig, 2D
Putting them all fogether :

§TF = aniy (BT

A — =¥ —t — -
€ « (UK = dS,
- dA €5 . (VXF) (9xF)

Il

w\ntg\n hmwu. ‘ﬂu. ﬂu.ore,vn ](or 'HM. \'w{\'n:{'es:ma‘ ququﬂe,.



Inthe lasT sfep of Hu arqumed, we made ue of e Jact that
e m-{%,é specad alemt Hao  Specific orieitdti e had chosen,
and st e Tesult e Cmrel»(nqt—\‘w&fw&al\' forw.

To tovpldis the proof we nead Fo exfend
Hoe argumedt fo arbitemey finik

SL\\"‘FQ\.Q‘LS_ This ean be aebievel lwa

O\ffrox;m(h;é Hac S‘«rfau by n‘mfzﬂ:hsiml

Elqc(uke_ﬁej,amal c«c[it'na Up their  Comlvab ctioms.

Now nole :

|

e - —_— b A V
Z di.F = g)el.Q.F !
: IS G

s P

i

The teasmn 15 Fthat all \‘v\fe.rnq' sides 31\!@ Twis tenlr!butiions o{ 67'«&1

Mao\q”’w&«. ot d O]"roélTL S;jn,Mi tHus Cancel oud_.
Exrf.lﬁ’(\ﬂ\l S“J"'s‘/ 1’\0‘-"-’8-\{(‘(, OMTft'(;wt- % Hu l:m \ivﬁ‘e;am[ 6*\!3 MCe.. ,

S add we to fvr“m Flie QXT&H.OY“ ’ooundqra curve &,

Nafurally, we alse bave 5 (G (GiF) = § 922 (9F).
: BS; g

To wmake Hie qv’numcn‘t_ PReuse, we nead to ke Hu ik tn which A anmad AS tend

b 2ero, amd the wum ber vf Fl“““dTQS Fendic & l'”ﬂ"f';%- Tht proves the Hucorem.,



Bgs P Vroa‘f X e_ﬁsta’to deduce. that T Sqr{qu_

w\ton,uq caixms "H-u\ Savn e VG_QM,L ‘fo( G."l‘a Sur\f{:ﬂ(& ||

bm»\hé.ul L‘a e %:ve-q Curvye T 3

§f.f Sois FXT) = SJ?. (7xF)
< S\ S?..

EXLY‘CI_S'L.:. Prove the above sfa.Tc_mmt U\S:w\é ﬂmk C/brb”qr(a D‘F un\SS/

_ﬂnu:\fw 'H/\Q'i— %Q\f& us é A'; (-{7‘,}(‘%)__:0 o c\ma closed Sb\v{o\m £

Né‘—ef‘ N T\ML l.Y\ 13\-:'1'&9,‘:»0\«[ Ve.r‘sl.\bn DE STO’(&S/ T\'\Lore'm [Pm«at @]

erviale_s. ws with an alfernative Agf{,{,ﬁm o{: c,qu—{-:b aTa\Vﬁ“‘( P.

ER .

novrmal to AS of P AS 50

a—— — Vi
(vxF).n!‘ — i z'—<§>
AC owﬂiqrtg '{As

This A!-'gl.“‘ltl‘m R_O\{F:rms our fnfu'l'ﬁm ‘for curk E as tHe measyre

of the Lol rotadion ( v en]ation) D}C E (f’“ wrt “"’“) af o proal.

Moreover, dz{?n]ﬁ'nn doek gk &KP[IUTQ‘J Tc,ge.r t Carlesian coord ingles

and o fal provides o Gl Coordivati —independent  defiitin of



EK&Y‘C.‘\.S{. i Aﬂal'a ‘Hm l;V\F;V\'le.S‘lm'ﬂ’ Ve.rsimr\ o—f STOke_S/ ﬂu_a&..m -to Areo.

elements (,y\'malrim,( Covrdinates [Faae] loxd us"ma g DR O

\;m \.n‘\’c’d\’o\‘ measures , amd Show 'H\q'l‘ CMR-/QE I;\ C’/yl'“ml‘(:@.ﬂ COorchnaTta.S
= A A ~

Kead ¢ - [:F-_: Frer“!’“ F.fﬂcfﬁ- erz:]

— A A A \

VX = er[_;. ooty — ng‘e]‘*' (R [QZFF__';{,FE] + €, ?[Br(rﬁp) _D?Fr}
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‘ ’ ) i —D A A e ¥
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Mn?=$¢ [See F*aa @] A
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c o
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Tioe Fﬁ‘t:w‘h °{ A omd B We can b‘feﬂlk'l’f"’\ts
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we have ‘Hmas aDVDVG-A 'Hf\a.T thae \‘\r\‘h’.?)‘f"i Lefweew Two GU('UTT““"B Pﬂ-v\t(
A omd @ \.S Fo\‘t\r\—— lhAleJth'MJ Yomew o ‘(wn{tuav\ u{(‘/\nd-()&‘m‘h m‘y,
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c
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choosing the prnt T be ;,,{m,tcs'.mug close to esch “ther, ve

cam prove it FoYd as page @D .

T\«mre_ ;S, hnwwu, o mdﬁnam ajCCai Smb‘tQ&TB
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“ N KK

The Cr:Tar;on; a dormain 1 9"“?13 Ca— ;( . \\.\@
S 3 !

| s )

cloted Loep Suvrensliom o an b tofiugly S NGl

deformed (anmd Shrunk ) to zero. For eXample, af| of Sy W sl\mf%
Comnected a3 Sean From amy closed Goop [ihe C . Tn Sy, € endloseg
o Sheply commectid Yegion, bl Gy does mat, Tn the case of G L we
can See Hut Efmlaﬂmnm‘h‘ng Stekes” Hheorem will have problems, as we

oL'J nel have ‘Hm_ {ooSs\[jg'u\‘xta T clsse o swosth S\A\"{q@— bounded 'La Gy
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c ° ©
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What :S “"‘l’f‘""”a \MJ‘L? How can we “5“‘““ Stokes’ 'H«urem?

Example v Differedtad Jorms of Ampere’s law omd Facaday’s law

AMF&foS\C«N: A-F'E - "( 'I

€
$d26 « (45 @) Ta SJE’.:T
E.

S

— )y

S
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a s
il Fa’é’ —r — o
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Exaw\ffe_; Comservatuon o]( cl«arac omd the need far JA}FQAQM.:]‘
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-
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Extro(se.: ((unss IV\Vqrtqﬂ_t 'for closed CUrves 1m 3D
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