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Equations are obtained for the changes in the longitudinal and transverse ion thermal ener-

gies and also the energy of an electromagnetic field in an instability due to anisotropy of the
distribution function. Conditions are obtained for the applicability of the equations, and re-

duce to the requirement of smallness of the deviation of the initial plasma parameters from
the critical values at which instability sets in. The equations are employed to determine the
state which the plasma finally assumes as a result of development of the instability.

COLLECTIVE motion connected with the

ion oscillation mode 1] is excited in a collision-
free plasma placed in a magnetic field when the
anisotropy of the temperatures (longitudinal and
transverse) is sufficiently large. The excitation
of the collective motions is accompanied by an in-
crease in the longitudinal thermal energy in the
plasma at the expense of the transverse one (or
vice versa), until the plasma reaches a state
which is stable relative to the collective interac-
tion. In the present paper we analyze this process
in the quasilinear approximation.

A very important feature of the instabilities
under consideration is the fact that they are aperi-
odic (the real part of the frequency w® vanishes).
Usually (see for example, 2] the quasilinear
theory is used when the condition that the incre-
ment be small compared with the frequency (v
< wﬁ) is satisfied. However, as shown in the
present paper, the quasilinear theory can be ap-
plied also to aperiodic instabilities, provided the
condition yk < kZVT“ is satisfied (VT” — longi-
tudinal thermal velocity of the ions). The latter
condition, as applied to the instabilities connected
with the anisotropy of the distribution function,
signifies that in the initial state the plasma pa-
rameters deviate little from the critical values
at which instability sets in. Under this assump-
tion, we obtain here the plasma temperature that
sets in during the saturation stage and the collec-
tive-interaction energy of the magnetic field gen-
erated in the plasma.

1. According to (31, the dispersion equation for
the ion oscillation mode takes when |w | < wyj the
form

cos® gnt — (8q1 + € COS* @) N® + 11855 + gy = 0 ui(b)
1109

n = ck/wk, ¢ —angle between k and H,, and ky
= 0.

We confine ourselves henceforth to excitation of
the low-frequency part of the spectrum |w| <« WHi»
when €35 ~ (| w|/wyj)eyy < €59, and consider col-
lective motions in which the electric field is per-
pendicular to the plane containing k and H,. In

this case we have from (1) b’(.w-w—rstﬂ.q'lhl',
PR = O £y, (2)

Substituting €55 from (3] and assuming the follow-
ing conditions to be satisfied

2,2 2
kzuT I < WH.,

we reduce (2) to the form

Aot < ok (3)

PR N(:gz‘ : {defo [0312( 4k (vﬁ — %Uﬁ_) — & Ui]
— i fava ot 2 Y o, @)

Following[ﬂ, we consider separately two cases.
(a) k; = 0. We have for wy from (4)

: k2 T, =T, = H}}4nN
Wy = —

1+ H2 [ 4sN Mc? M

T
ST kg Il (5)
M (1 + HZJ/4mN Mc?)

Here

Pt Ele s T

i:'WS L [odV, = ngzfodv,

¥ T,— T, —H}/4nN

Ty

When Y < 1 (we henceforth confine ourselves to
this case) we have |wi|® < kzzv?r”. The condition
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for the occurrence of instability ( wf{ < 0) reduces
tor = Pt H%/‘LTI’N.

(b) k; = 0. In this case it is sufficient to retain
in the dispersion equation only the terms that are
linear in wg. Calculating the integral with respect
to vy in (4) under the assumption that | wk]|
< kzvry, we obtain

2

M (Yo H;
vt 162 [SN S* wo LT o+ oy

v

e oo I

=1

(6)

x [S et ‘;vf; (01, 0) v, ]

Since for any function f; which has a maximum at
vy, = 0 we have

&,
(ot 2L (o), 0) dv; <O,

the ‘condition for the occurrence of instability in
this case reduces to
Mo af o,
“‘WS o, T d">Tl+ SN
The instability arises thus, unlike in case (a), only
when the transverse temperature is sufficiently
large.
The condition Yk < szT”, as follows from (6),
is satisfied when

e[ e

p-2

Hy M ¢ oY o
+Ti+8nNJ/W8 oo el

It also follows from (6) that when Y* « 1, the
greatest growth occurs in the oscillations with

kg <« k| (kzz/ki ~ Y*). In the case when the dis-
tribution function f; is Maxwellian with two differ-
ent temperatures

0 Mo? Mo?
f(,:N_M——,/zexp[—_i _»ﬁi], (7)
(27) /zTJ_T 2TJ_ I

the increments obtained from (5) and (6) coincide
with those obtained in [1]. We retain in the dis-
persion equation only the terms of lowest order

kv i /wHi. Account of the finite Larmor radius

shows [4:5] that when k_Zvar /whi 2 Y* the inves-
tigated instability becomes stablhzed Thus, in
our case, when Y* « 1, we have kJ_le Jwhi < 1
for the entire unstable part of the spectrum.

2. We now turn to the derivation of the equa-
tion of the quasilinear approximation. We break
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up the ion velocity distribution function, which is

a solution of the nonlinear Boltzmann-Vlasov equa-
tion, into two parts—one oscillating in space and
characterizing the collective motions of the plasma
excited during the instability, and one homogeneous
and monotonically time-varying, characterizing the
“‘background’’ against which these motions occur:

f: fO (t’ V) + fl (t, r, V).

If all the quantities characterizing the collective
motions of the plasma are represented in the form
of a superposition of Fourier harmonics

f, = %_kaezkr+ c.c., E:%ZEke[kr_f_ C.C.,
K X

OE,

=i —iokEy, szai—[kﬁf(]-

By averaging the Boltzmann-Vlasov equation over
distances that are large compared with the oscilla-
tion wavelength we obtain for f;= (f) the follow-
ing equation (in the averaging it is necessary to
take it into account that (E) = 0, (H) = Hy Il Oz,
and that f, does not depend on ¥4 —the azimuthal
angle in velocity space):

a7 e Y‘ kv
4= -3

In this equation it is convenient to go over to the
polar coordinates v, vy and 6; 6=4—-&; 4 and
& are the azimuth angles of the vectors v, and k.
In this case, when Ef does not depend on &, inte-
gration with respect to & in the right half of (8) is
equivalent to averaging over 6. The dependence

on ¢ in the diffusion coefficients of (8) then drops
out, and the axial symmetry is time-invariant.
Equation (8) is reduced to the form

}?2_1; + e.c.
(8)

7] a
afto = (60 )Z(]lcosﬂ+J951n6)—}— 2-13
k v > S
I o {M( :;i Ekfksmﬂ—}—c.c.),
w7 k *
e [(1__%_ imki cosB)Ekfk—[—c.c.},
k v *
Jg:‘— o ’ZLM< Zm;J_ % fksine+ C.C->. (9)

We have used here the fact that Ei is perpendicu-
lar to k and Hy; fx in (9) depends on the ‘‘back-
ground’’ distribution function f;. To find the spe-
cific form of this dependence we use two assump-
tions that are customary in the quasilinear theory.

A. We assume that the variation of f; is adia-
batic:

NGl i
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(see [6]). In the case under consideration, when
the instability is aperiodic (w' = 0) and the ther-
mal scatter is the small (kaT” < Wyj) we ob-
tain the strongest condition when n = 0. Inasmuch
as |fg19fy/8t] < v, this condition can be written
in the form? y « kzvT)- From (5) and (6) it fol-
lows that this condition is satisfied when Y or Y*
« 1, i.e., when the deviation from the critical
plasma parameters at which the instability sets

in is small.

B. We also assume that we can confine our-
selves to the linear approximation in the descrip-
tion of the plasma collective motions. In Sec. 5 we
shall clarify the condition under which we can neg-
lect the nonlinear interaction between the different
harmonics of the collective motions.

Under these assumptions we have for fi the
usual formula of the linear theory

expi(n—n’)0 l:@fo

:~—__2J” J (}»)nwﬁ—k v, + o, “k|odv

k, of of
_4<v25"——vi af” _ (10)

Ok

Substituting (10) in (9), averaging over 6, and sim-
plifying the obtained expression by using the fact
that w¥ = 0 and conditions (3) are satisfied, we
reduce (9) to the form %

o & o, S1HLE

o~ 2M2 D_L 60 = et
o [ Tx R oh )\ of
X <‘m§ <k§v§+ Rt sl

k% 0 Y a 0 | Hy |
! i-?._L _“-_k“—zkzvz d£0>:|+ ov 2 k> (11)

of  Koi+ri

DIt is assumed here that the essential region of the quan-
tities averaged over the velocities is v, ~ vT, - This is sat-
isfied for all the averages with the exception of

vy a5f
S v, 0v dv,
in which the region v, ~ vy (W”)* is significant as t = o
[see (28)]. However, as can be readily seen, when t —  the
condition v, >> y, /k, is satisifed also for these v.

2In the derivation of (11) we have neglected the resonant
particles with velocities Ve = (0 + wn)/kz > vr,. An ac-
count of these particles in the dispersion equation leads to a
new type of anisotropic plasma instability, considered in [].
However, since the number of resonant particles is small
(Vres > Vi ) these instabilities cannot lead to any ap-
preciable change in the plasma parameters.

27
% [—— ‘ Fu, v %

o} 06|
k2 B2t Y
il k dfo
<k2 0 9 > }Q
o n Ty

3. To solve (11) we consider separately, as in
the solution of the dispersion equation, the two
cases k| = 0; k; » k,.

When k| = 0 the instability is connected with
all the plasma particles and not with some pre-
ferred group of resonant frequencies: the incre-
ment is determined by the average quantities T
and T) [see (5)] while the diffusion coefficients in
(11) are smooth functions of v, and v; when k|
= 0. For this reason it is sufficient to confine the
analysis of this case to the change in the quantities
averaged over the velocities, i.e., the moments of
the distribution functions relative to the velocities.
From (11) we have

S%dv:o, sz agt“ dv =

i.e., as expected f; remains in time an even func-
tion of vy.

For the second-order moments we have from
(11) for k| = 0 the following equations

=N§7k% <2T1|—T¢~%); (12)
N d:t” —SM 2 %’;0 dv = —%%zkﬂklflﬂz Ty /_w;l/z
:—4NZ Te lHk‘ (Tn—%)- (12%)

The change in the energy of the electromagnetic
field is determined from

4 | He P | EyP

dt - 8n

1 Tk "
= EnglHkiz (1—{—,22—62)- (12”)

From (12)—(12”) we get the law of energy conser-
vation

daT
N L+ g gt o S (P + B
1 Tel Hel? | o H
=i 2| T+ e
T, —T H2/4nN
+k2 L HM+ ol4m :I:O- (13)

The electrons make no contribution in this prob-
lem to the energy conservation law, because the
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maximum electron current is in a direction per-
pendicular to the electric field (and in this direc-
tion the electron current cancels the ion current).
The electron current in the direction of the elec-
tric field is pu = Mg /Mj times smaller than the
ion current.’? Therefore the energy absorbed by
the electron in the case of instability is smaller by
a factor u than the variation of the ion energy.
From (12)—(12”) we can easily find the varia-
tions of Ty, T}, and

W = %—ﬂ—IEHQ—Z[ Hk lz
k

during the instability. Dividing (12) by (12’) and
replacing T| and Ty by their initial values Ti
and Tﬂ in the right halves of the obtained equa-
tions, which is equivalent to neglecting terms
~Y, we obtain

4T, [dTy =~ — T4 /2 @T5 — T1).

From this we have a relation between the changes
of the longitudinal and transverse temperatures in
the instability: :

TO

8T, = — 8T = > (14)
2Ty — T9)

On the other hand, for saturation, when y — 0, we
have

TS = TT + Hy/4nN. (15)

From this we get one more relation between the
total changes in the longitudinal and transverse
temperatures:

8T% = 8T — YTY. (15")

From (14) and (15’) we have for 6T|°1° and 6Ty

2T, (2T°H —T%)

o — ¥
=70 0
aTH—ZTl

TOZ
5T“ —2TJ_

(16)
Analogously as t — «©, we have from (127) for W,

0
¥ T

e - 17)
4n 5TO — 2T

(lEkP:Vfi/kzcleklz"o o wke 0

As already noted, the quasilinear theory does not
hold when Y ~ 1. However, in view of the lack of a
more rigorous theory, it is of interest to extrapo-
late the solutions of (12) and (12’) to the region
Y ~ 1. In this case we have from (12) and (12’)

ar

5 of, — T,
aT

-2 -, (18)
. oT | — T | — H3 Jao

—_—

3t is assumed that the electron velocity distribution is
isotropic.
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Solving (18) with the conditions T| = T] when T
= Tﬂ and using the fact that (15) is satisfied when
t — =, we obtain for the transverse temperature
during the saturation stage the following equation:

o 9H? | 200N
N 0 72 900N
2T — T% — Hg/20nN
— (TS + 277 — Hy/ 4a). (19)

When Y < 1 we obtain from (19) formula (16)
for 6T{, but we must note that (16) and (19) gives
results that are quite close when Y ~ 1. Thus, for
example, for Tol = 0.5 T?l and Y = 0.4 the value of
5Ty determined from (19) is 0.12 T and that de-
termined from (16) is 0.1 Tﬂ.

4. We now consider an instability with k) =0,
which arises when the transverse temperature is
sufficiently high. Confining ourselves in the dif-
fusion coefficients of (11) to the contribution from
the most unstable part of the spectrum, for which
k, <tk =k (K ~ kiY*, see (6)], we obtain an
equation for the time variation of f:

UZ a
[ou (e 2

_ 4 Bt O >]+ 2 (kivi e B >}
L K2 U§+Ti ov,, dv, 2 U§+Ti du,
(20)

From this we get for the change in the ion trans-
verse temperature

dT e Mo? g
iy
N— —X 2 azdv‘%“‘

| Hy I
H3

(_S Mo’ fodv

2
kz v,

il dv> . 21)

2,2 2 U
kzvz—‘r’}’ka"'z

ie
+ SMUi
The last integral in (21) is equal to

k2
S MU4; e fio b=

- MY 5
L = X UL fo dv
kzvz+7k Z =

du,
1/v

AR Gou
2D 2
szzT'l'k

i

9 4
— Mo
Tk% 1 g,

- MY g Thsg o
== L ,__]iﬂ == Uk 4 Jﬂ v
__S T dy— = X Moty P (v;,0)dv,.

We thus obtain ultimately for T the equation
oy _
qr
7t

SMU“E—’ 0)dv
sa . LA O e

r4

(22)

Analogously, for the time variation of the longi-
tudinal temperature we have from (20)




