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Hybrid-kinetic numerical simulations of firehose and mirror instabilities in a collisionless plasma are
performed in which pressure anisotropy is driven as the magnetic field is changed by a persistent linear shear
S. For a decreasing field, it is found that mostly oblique firehose fluctuations grow at ion Larmor scales and
saturate with energies ∝S1=2 ; the pressure anisotropy is pinned at the stability threshold by particle scattering
off microscale fluctuations. In contrast, nonlinear mirror fluctuations are large compared to the ion Larmor
scale and grow secularly in time; marginality is maintained by an increasing population of resonant particles
trapped in magnetic mirrors. After one shear time, saturated order-unity magnetic mirrors are formed and
particles scatter off their sharp edges. Both instabilities drive sub-ion-Larmor–scale fluctuations, which appear
to be kinetic-Alfvén-wave turbulence. Our results impact theories of momentum and heat transport in
astrophysical and space plasmas, in which the stretching of a magnetic field by shear is a generic process.
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Introduction.—Describing the large-scale behavior of
weakly collisional magnetized plasmas, such as the solar
wind, hot accretion flows, or the intracluster medium
(ICM) of galaxy clusters, necessitates a detailed understanding of the kinetic-scale physics governing the dynamics of magnetic fields and the transport of momentum and
heat. This physics is complicated by the fact that such
plasmas are expected to exhibit particle distribution functions with unequal thermal pressures in the directions
parallel (∥) and perpendicular (⊥) to the local magnetic
field [1–3]. This pressure anisotropy can trigger fast
microscale instabilities [4–9], whose growth and saturation
impact the structure of the magnetic field and the effective
viscosity of the plasma. While solar-wind observations
suggest that these instabilities are effective at regulating
the pressure anisotropy to marginally stable levels [10–15],
it is not known how this is achieved.
We address this question with nonlinear numerical
simulations of the firehose and mirror instabilities. We
leverage the universal physics at play in turbulent β ≫ 1
astrophysical plasmas such as the ICM [16,17] and Galactic
accretion flows [18,19]—magnetic field being changed by
velocity shear, coupled with adiabatic invariance—to drive
self-consistently a pressure anisotropy beyond the instability thresholds. Our setup represents a local patch of a
turbulent velocity field, in which the magnetic field is
sheared and its strength changed on a time scale much
longer than that on which the unstable fluctuations grow.
This approach is complementary to expanding-box models
of the β ∼ 1 solar wind [20] used to drive firehose [21,22]
and mirror or ion-cyclotron [23] instabilities.
Hybrid-kinetic equations in the shearing sheet.—A nonrelativistic, quasineutral, collisionless plasma of electrons
0031-9007=14=112(20)=205003(6)

(mass me , charge −e) and ions (mass mi , charge Ze) is
embedded in a linear shear flow, u0 ¼ −Sxŷ, in (x, y, z)
Cartesian coordinates. In a frame comoving with the shear
flow, the equations governing the evolution of the ion
distribution function f i ðt; r; vÞ and the magnetic field B are,
respectively, the Vlasov equation

 

dfi
Ze 0 v
∂f
E þ × B þ Svx ŷ · i ¼ 0
þ v · ∇f i þ
mi
c
dt
∂v

(1)

and Faraday’s law
dB
¼ −c∇ × E0 − SBx ŷ;
dt

(2)

where d=dt ≡ ∂=∂t − Sx∂=∂y. The electric field in the
comoving frame
E0 ¼ −

ui × B ð∇ × BÞ × B T e ∇ni
þ
−
c
4πZeni
eni

(3)

is obtained by expanding the electron momentum equation
in ðme =mi Þ1=2 , enforcing quasineutrality
Z
ne ¼ Zni ≡ Z

d3 v f i ;

(4)

assuming isothermal electrons, and using Ampère’s law to
solve for the mean velocity of the electrons
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(5)
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in terms of the mean velocity of the ions ui and the current
density j [24,25]. This constitutes the “hybrid” description
of kinetic ions and fluid electrons [26,27].
Adiabatic invariance and pressure anisotropy.—The
final terms in Eqs. (1) and (2) represent the stretching of
the phase-space density and the magnetic field in the y
direction by the shear flow. Conservation of the first
adiabatic invariant μ ≡ mi v2⊥ =2B then renders f i anisotropic with respect to the magnetic field. If E0 ¼ 0, the ratio
of the perpendicular and parallel pressures is
R 3
3=2

Bx By0
d v μBfi
p⊥
B2x
2
≡R 3
¼ 1−2
St þ 2 ðStÞ
;
p∥
B20
B0
d v mi v2∥ f i
(6)
where the subscript “0” denotes initial values [28].
Method of solution.—We solve Eqs. (1)–(5) using the
second-order–accurate particle-in-cell code PEGASUS [29].
We normalize magnetic p
field
to B0 , velocity to the initial
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Alfvén speed vA0 ≡ B0 = 4πmi ni0 , time to the inverse of
the initial ion gyrofrequency Ωi0 ≡ ZeB0 =mi c, and distance to the initial ion skin depth di0 ≡ vA0 =Ωi0 . The ion
Larmor radius ρi ¼ β1=2 , where β ≡ 8πni T i =B2 . N p particles are drawn from a Maxwell distribution with β0 ¼ 200
and placed on a 2D grid N x × N y ¼ 11522 cells spanning
Lx × Ly ¼ 11522 . The electrons are Maxwellian and
gyrotropic with T i =ZT e ¼ 1. A δf method reduces the
impact of discrete-particle noise on the moments of f i
[30,31]. Orbital advection updates the particle positions
and magnetic field due to the background shear [32]. The
boundary conditions are shearing periodic: fðx; yÞ ¼
fðx  Lx ; y ∓ SLx tÞ. We scan S ¼ ð1; 3; 10; 30Þ × 10−4 .
These parameters guarantee a healthy scale separation
between the grid scale, the ion Larmor radius, the wavelengths of the instabilities, and the box size. In what
follows, h · i denotes a spatial average over all cells.
Firehose instability.—We
choose N p ¼ 1024N x N y and
pﬃﬃﬃﬃﬃ
set B0 ¼ ð2x̂ þ 3ŷÞ= 13, so that hBy i ¼ hBx i at St ¼ 1=2.
As B decreases, adiabatic invariance drives p⊥ =p∥ < 1
[Eq. (6)], with plasma becoming firehose unstable when
Λf ≡ 1 − p⊥ =p∥ − 2=β∥ > 0. Exponentially growing,
Alfvénically polarized (jδB⊥ j ≫ δB∥ ), oblique modes with
growth rate γ ≃ k∥ ρi ðΛf =2Þ1=2 and k∥ ρi ≈ k⊥ ρi ≈ 0.4 then
appear [Fig. 1(a); cf. Refs. [33,34] ]. Figure 2 shows their
spatial structure. Λf continues to grow, driven by shear
[Λf ∼ St; Fig. 1(b)], until the perturbations become large
enough to reduce the pressure anisotropy to its marginally
stable value (Λf → 0).
It has been proposed [24,35] that they do this by
canceling the rate of change of the mean field:
ð1=2ÞdhjδB⊥ j2 i=dt ≈ −d ln jhBij=dt ∼ S, giving rise to
secular evolution, hjδB⊥ j2 i ∼ St. Matching γ ∼ Λ1=2
f ∼
ðStÞ1=2 with the rate of growth in the secular phase
(γ ∼ 1=t), we find hjδB⊥ j2 i ∼ St ∼ Λf ∼ S2=3 at the transition from linear to nonlinear evolution (cf. Refs. [36,37];

FIG. 1 (color online). Evolution of firehose instability. (a)
Energy in perpendicular magnetic fluctuations hjδB⊥ j2 i,
whose saturated value ∝S1=2 (inset). (b) Firehose stability
parameter hΛf i, whose maximum value ∝S2=3 (inset; see text
for explanation).

“quasilinear saturation”). This scenario is indeed what we
observe: the evolution of hjδB⊥ j2 i and Λf is shown in
Fig. 1; note hΛf imax ∝ S2=3 [inset in Fig. 1(b)]. To test the
idea [24,35] that, during the secular phase, the average B
seen by particles streaming along the field is constant,
we plot in Fig. 3 a representative particle’s μ and B
(evaluated at the particle’s position) for S ¼ 3 × 10−4.
During the secular phase, the particle nearly conserves μ
and B ≃ const along its trajectory, as expected.
However, this secular growth is not sustainable: the
magnetic fluctuation energy saturates at a low level ∝S1=2
[inset of Fig. 1(a)] in a state of firehose turbulence. During
this saturated state, particles scatter off fluctuations with
k∥ ρi ∼ 1, μ conservation is broken, and B decreases at a rate

FIG. 2 (color online). Spatial structure of the firehose instability
with S ¼ 3 × 10−4 . δBz =B0 (color) and magnetic-field lines are
shown in the linear (left) and saturated (right) regimes.
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FIG. 3. Evolution of μ and B for a representative particle in the
firehose simulation with S ¼ 3 × 10−4 .

approaching −d ln jhBij=dt ∼ S (Fig. 3). The production of
pressure anisotropy is no longer adiabatically tied to the
rate of change of the magnetic field and marginality
(Λf ≃ 0) is maintained independently of S via anomalous
particle scattering. We calculate the mean scattering rate
νscatt by tracking 4096 randomly selected particles, constructing a distribution of times taken by each to change its
μ by a factor of e, and taking the width of the resulting
exponential function to be ν−1
scatt . In a collisional, incompressible plasma without heat flows, the pressure
anisotropy would be p⊥ =p∥ − 1 ¼ ð3=νÞðd ln jhBij=dtÞ,
where ν is the collision rate [24,38]. The effective scattering
rate needed to maintain Λf ¼ 0 at saturation would then be
νf ≡ −3ðβ∥;sat =2Þðd ln jhBij=dtÞsat ∼ Sβ. Remarkably, we
find νscatt ≃ νf in the saturated state (Fig. 4).
Mirror instability.—We
choose N p ¼ 625N x N y and set
pﬃﬃﬃ
B0 ¼ ð2x̂ − ŷÞ= 5, so that hBy i ¼ −hBx i at St ¼ 1=2.
As B increases, adiabatic invariance drives p⊥ =p∥ > 1
[Eq. (6)], with plasma becoming mirror unstable when
Λm ≡ p⊥ =p∥ − 1 − 1=β⊥ > 0 [39]. Near threshold, linearly growing perturbations have γ ∼ Λ2m , k∥ ρi ∼ Λm , and
k⊥ ρi ∼ Λ1=2
m [40]—they grow slower than firehose modes,
are more elongated in the magnetic-field direction, and
have δB∥ ≫ jδB⊥ j. Figure 5 shows their spatial structure.
The saturation scenario is analogous to the firehose: Λm
continues growing [Fig. 6(b)] until the mirror perturbations
are large enough to drive Λm → 0, at which point the

FIG. 4 (color online). Mean scattering rate νscatt for (left) firehose
and (right) mirror instabilities in the secular (crosses) and saturated
(plus signs) phases versus Sβ0 . The collision rates required to
maintain marginal stability in the saturated phase, νf and νm ,
respectively, are shown for comparison. See text for definitions.

FIG. 5 (color online). Spatial structure of the mirror instability
with S ¼ 3 × 10−4 . δB∥ =B0 and (last panel) rescaled δni =ni0 are
shown (color) with magnetic-field lines in the shearing plane.

perturbations’ exponential growth gives way to secular
evolution with hδB2∥ i ∝ t4=3 [Fig. 6(a), discussed below].
As Λm → 0, the dominant modes shift to longer wavelengths (k∥ ρi ≪ 1) and become more elongated in the
mean-field direction. Excepting the (nonasymptotic)
S ¼ 10−3 case, this secular phase appears to be universal,
lasting until δB=B0 ∼ 1 at St ≳ 1, independently of S. The
final saturation is caused by particle scattering off sharp
(δB=B0 ∼ 1, k∥ ρi ∼ 1) bends in the magnetic field, which
occur at the boundaries of the magnetic mirrors.

FIG. 6 (color online). Evolution of mirror instability versus S.
(a) Energy in parallel fluctuations of the magnetic field hδB2∥ i. (b)
Mirror stability parameter hΛm i, whose maximum value ∝S1=2 .
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FIG. 7 (color online). Evolution of μ, B, and v∥ (evaluated at
particle position) for representative passing (red) and trapped
(blue) particles in the mirror simulation with S ¼ 3 × 10−4 .

As foreseen by Refs. [41–43], trapped particles play
a crucial role in the nonlinear evolution. Following
Refs. [25,35], we expect the pressure anisotropy to be pinned
at marginal stability by an increasing fraction (∼jδB∥ j1=2 ) of
particles becoming trapped in magnetic mirrors, thereby
sampling regions where the increase of the mean field is
compensated by the decrease in the perturbed field, viz.,
−dδB∥ =dt ∼ dhjδB∥ j3=2 i=dt ∼ d ln jhBij=dt ∼ S, where the
overbar denotes averaging along particle trajectories (i.e.,
bounce averaging for trapped particles). It follows that
hδB2∥ i ∼ ðStÞ4=3 , as is indeed seen in Fig. 6(a).
Figure 7 displays μ, B, and v∥ for representative passing
and trapped particles in the simulation with S ¼ 3 × 10−4 .
In the linear phase, both particles conserve μ very well.
During the secular phase (St ≃ 0.2–1.4), one of the
particles becomes trapped and bounces while nearly
conserving μ; B ≃ const along its path, despite the growing
mean field. The other remains passing, with δB∥ ≈ 0. At
the end of the secular phase, the trapped particle scatters out
of the mirror and becomes passing.
The mean scattering rates νscatt are different for the
trapped and passing populations. During the secular phase,
the trapped particles (∼70% towards the end of the secular
phase [44]) have νscatt ≈ 0.002 (Fig. 4), while the passing
particles have νscatt ≈ 0.03. Excepting the S ¼ 10−3 case,
these values are independent of S, indicating that particle
scattering is irrelevant for St ≲ 1 and S ≪ 1. At saturation
(St ≳ 1), the percentage of trapped particles drops to ∼30%
(with νscatt ≈ 0.004) and the total νscatt ≃ νm , where νm ≡
3β⊥; sat ðd ln jhBij=dtÞsat is the collisionality required to
maintain Λm ¼ 0 at saturation (by the same argument as
for the firehose instability).
Firehose- and mirror-driven turbulence.—The saturated
state of both instabilities is characterized by super-Larmorscale driving and sub-Larmor-scale fluctuations. Figure 8
shows 1D magnetic fluctuation spectra for firehose and
mirror instabilities at saturation versus k∥ and k⊥ for

FIG. 8 (color online). 1D magnetic fluctuation spectra for (a)
firehose and (b) mirror instabilities versus k∥ and k⊥ , and (c) kshell-averaged density fluctuation spectra for firehose and mirror
versus k, all in the saturated state (St ¼ 1) of the S ¼ 3 × 10−4
simulations.

S ¼ 3 × 10−4 . Energy is injected at successively larger
scales as marginality is approached (cf. Refs. [21,37]) and
several power laws are established. Firehose modes with
kρi < 1 satisfy jδBz;k j2 ∝ k−3, a spectrum reminiscent of
that predicted for parallel-firehose turbulence [24]. Mirror
modes with kρi < 1 satisfy jδB∥;k∥ j2 ∝ k−11=3
. This scaling
∥
is obtained by an argument analogous to that proposed in
Ref. [24]: seek a power-law spectrum, jδB∥;k∥ j2 ∼ k−α
∥ ;
estimate γ peak ∼ Λ2m ∼ 1=t and k∥;peak ∼ Λm ∼ 1=t1=2 for
the energy-containing mode in the secular phase; recall
P
2
4=3
; and demand that this be consistent
k∥ jδB∥;k∥ j ∼ ðStÞ
P
2
1−α
−ð1−αÞ=2
. This procedure
with
k∥ jδB∥;k∥ j ∼ k∥;peak ∼ t
yields α ¼ 11=3. Finally, the k-shell-averaged density
fluctuation spectra [Fig. 8(c)] follows jδBjj j2 , as expected
for pressure-balanced mirrors.
Both spectra indicate that energy is removed at subLarmor scales by what appears to be a turbulent cascade,
whose spectral slope and polarization of the fluctuations
(δni ∼ β−1 δB∥ [45,46]) approximately matches observations of kinetic-Alfvén-wave (KAW) turbulence in gyrokinetic simulations [47] and the solar wind [48–50], as well
as of “mirror turbulence" in the magnetosheath [51]. This
marks the first time in a simulation of mirror or firehose
turbulence that a KAW cascade has been observed.
Nevertheless, we caution that our simulations were performed in 2D; a proper study of this cascade requires 3D
geometry [45,47,52].
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Summary.—We have presented numerical simulations of
firehose and mirror instabilities driven by a changing
magnetic field in a local shear flow. Both instabilities start
in the linear regime with exponential growth, a process that
is well understood analytically. The theoretical expectation,
that after linear saturation the growth becomes secular as
the pressure anisotropy is persistently driven [24,25,35], is
borne out by our simulations. For the firehose, the marginal
state is initially achieved via μ-conserving changes in the
magnetic field, but is subsequently maintained (independent of S) by particle scattering off k∥ ρi ∼ 1 fluctuations.
For the mirror, marginal stability is achieved and maintained during the secular phase by particle trapping in
magnetic mirrors. Saturation occurs once δB=B0 ∼ 1 at
St ≳ 1 via particle scattering off the sharp ends of the
mirrors. For both instabilities, the mean scattering rate at
saturation adjusts to maintain marginal stability, effectively
reducing the viscosity to v2th =νscatt ∼ v2A; sat =S.
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