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“Quaternions came from Hamilton after his best work had been
done, and though beautifully ingenious, they have been an un-
mixed evil to those who have touched them in any way”

Lord Kelvin 1890



GEOMETRY OVER THE QUATERNIONS
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• q ∈ H quaternions q = x0 + ix1 + jx2 + kx3

• algebraic variety? f(q1, . . . , qn) = 0

• q2 + 1 = 0: 2-sphere q = ix1 + jx2 + kx3, x21 + x22 + x23 = 1
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• submanifold M ⊂ Hn

• TxM ⊂ Hn

• TxM quaternionic for all x ∈ M ⇒ M = Hm ⊂ Hn
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INTRINSIC DIFFERENTIAL GEOMETRY
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• quaternionic structure on the tangent bundle T

• affine connection ∇XY

• zero torsion ∇XY −∇Y X = [X, Y ]
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• Hn n-dimensional quaternionic vector space

• left action by GL(n,H)

• commutes with right action of H

• GL(n,H) · H∗
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• metric ⇔ maximal compact subgroup

• Sp(n) · Sp(1) ⊂ GL(n,H) · H∗

• Levi-Civita connection ∇ : unique torsion-free connection
preserving metric

• Quaternionic Kähler ⇔ ∇ preserves quaternionic structure
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• GL(n,H) action of H on tangent bundle T

• I, J, K ∈ End(T ) such that I2 = J2 = K2 = IJK = −1

• metric Sp(n) ⊂ GL(n,H)

• Levi-Civita connection ∇ : unique torsion-free connection
preserving metric

• Hyperkähler ⇔ ∇ preserves I, J, K
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• SL(n,H) · U(1) action of C on tangent bundle T

• if a torsion-free connection ∇ preserves this structure, it is
unique

• complex quaternionic – complex manifold
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COMPLEX QUATERNIONIC MANIFOLDS

• SL(n,H) · U(1) structure

• unique torsion-free connection

• complex manifold

• D Joyce, The hypercomplex quotient and the quaternionic
quotient, Math Ann 290 (1991) 323–340.
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• SL(n,H) · U(1)

• SL(1,H) · U(1) = Sp(1) · U(1) = SU(2) · U(1) = U(2)

• for n = 1 complex quaternionic = Kähler complex surface
with zero scalar curvature

• n > 1 complex quaternionic is non-metric
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A.Haydys, Hyperkähler and quaternionic Kähler manifolds with
S1 symmetries, Jour.Geom.Phys. 58 (2008) 293–306.

S.Alexandrov, D.Persson and B.Pioline, Wall-crossing, Rogers
dilogarithm, and the QK/HK correspondence, arXiv 1110.0466

A.Neitzke On a hyperholomorphic line bundle over the Coulomb
branch, arXiv 1110.1619
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• Lecture 1 Quotients and moduli spaces

• Lecture 2 Twistor theory

• Lecture 3 The hyperkähler/quaternionic Kähler

correspondence
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THE HYPERKÄHLER QUOTIENT
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• hyperkähler manifold M4k

• complex structures I, J, K + metric g

• ⇒ Kähler forms ω1, ω2, ω3

• ωi : T → T ∗, K = ω−1
1 ω2 etc.
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• Lie group G acting on M , fixing ω1, ω2, ω3

• a ∈ g vector field Xa

• d(iXaωi) + iXadωi = LXaωi = 0

• moment map iXaωi = dµa
i

13
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• µ : M → g∗ ⊗R3

• If G acts properly and freely on µ−1(0) then...

• ... the quotient metric on µ−1(0)/G is hyperkähler...

• ... of dimension dimM − 4dimG
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EXAMPLE

• M = Hn = Cn + jCn flat hyperkähler manifold

•

ω1 =
i

2
(dzk ∧ dz̄k + dwk ∧ dw̄k)

ω2 + iω3 = dzk ∧ dwk

• G = U(1) action u · (z, w) = (uz, u−1w)

• µ(z, w) = (zkz̄k − wkw̄k + c, zkwk) ∈ R×C = R3
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ω2 + iω3 = dzk ∧ dwk

• G = U(1) action u · (z, w) = (uz, u−1w)
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3

choice

NJH, A. Karlhede, U. Lindström & M. Roček, Hyperkähler met-
rics and supersymmetry, Comm. Math. Phys. 108 (1987),
535–589.

K.Galicki & H.B Lawson Jr. Quaternionic reduction and quater-
nionic orbifolds, Math. Ann. 282 (1988) 121.



• µ(z, w) = (zkz̄k − wkw̄k, zkwk) + (1,0) ∈ R×C = R3

• µ−1(0) : ‖z‖2 − ‖w‖2 + 1 = 0 and zkwk = 0

• w %= 0⇒ projection µ−1(0)→ CPn−1

• µ−1(0)/U(1) ∼= T ∗CPn−1

Calabi metric, Eguchi-Hanson (n=2)
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EXAMPLE

• M = H + H and G = R

• action t · (q1, q2) = (eitq1, q2 + t)

• µ−1(0) : |z1|2 − |w1|2 = im z2 and z1w1 = w2

• µ−1(0)/R ∼= C2, coordinates (z1, w1)

Taub-NUT metric
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choice
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THE SWANN BUNDLE OF A
QUATERNIONIC KÄHLER MANIFOLD
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• metric ⇔ maximal compact subgroup

• Sp(n) · Sp(1) ⊂ GL(n,H) · H∗

• Levi-Civita connection ∇ : unique torsion-free connection
preserving metric

• Quaternionic Kähler ⇔ ∇ preserves quaternionic structure
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• Levi-Civita connection ∇ : unique torsion-free connection
preserving metric

• Quaternionic Kähler ⇔ ∇ preserves quaternionic structure

11

• principal Sp(1) bundle with connection

16



• T is a module over a bundle of quaternions (e.g. HPn)

• equivalently a rank 3 bundle of 2-forms ω1, ω2, ω3

• ∇ω1 = θ2 ⊗ ω3 − θ3 ⊗ ω2

• curvature K23 = dθ1 − θ2 ∧ θ3 etc.

• in fact K23 = cω1, c constant ∼ scalar curvature
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• P = SO(3) frame bundle

• θi well-defined 1-forms on P

• dimP ×R+ = 4n + 4

• define ϕi = d(tθi) (t = R+ coordinate)

• three closed 2-forms ϕ1, ϕ2, ϕ3
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• T (P ×R+) = H ⊕ V

• on H, θi = 0 and dt = 0, ϕi = tcωi

• on V , ϕ1 = dt ∧ θ1 + t2θ2 ∧ θ3 etc.

• algebraic relations for hyperkähler if c > 0

Lorentzian version Sp(1, n) if c < 0

23



EXAMPLE

• M = HPn quaternionic projective space

• P = S4n+3 ⊂ Hn+1

• P ×R+ = Hn+1\{0}

2



• P ×R+ = Swann bundle or hyperkähler cone

• G preserves quaternionic Kähler structure ⇒ induced action
on P preserves ϕ1, ϕ2, ϕ3

• Quaternionic Kähler quotient⇔ hyperkähler quotient on Swann
bundle
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EXAMPLE

• M = Sp(2,1)/Sp(2)× Sp(1) and G = R

• R = SO(1,1) ⊂ Sp(1,1) ⊂ Sp(2,1)

• Quotient = deformation of hyperbolic metric on B4

• self-dual Einstein

8



HYPERKÄHLER MODULI SPACES
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• Higgs bundles

• magnetic monopoles
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A.Kapustin & E.Witten, Electric-magnetic duality and the geo-
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M.Atiyah & NJH, The geometry and dynamics of magnetic monopoles
Princeton University Press, Princeton, NJ, 1988.

M.Atiyah & NJH, The geometry and dynamics of magnetic monopoles
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HIGGS BUNDLES

• Σ compact Riemann surface

• V smooth vector bundle with Hermitian metric

• A = infinite-dimensional affine space of ∂̄-operators on V

∂̄A : Ω0(V )→ Ω0,1(V )

∂̄A(fs) = f ∂̄A(s) + ∂̄fs

• ∂̄A − ∂̄B ∈ Ω0,1(End(V ))

5

HIGGS BUNDLES

• Σ compact Riemann surface

• V smooth vector bundle with Hermitian metric

• A = infinite-dimensional affine space of ∂̄-operators on V

∂̄A : Ω0(V )→ Ω0,1(V )

∂̄A(fs) = f ∂̄A(s) + ∂̄fs

• ∂̄A − ∂̄B ∈ Ω0,1(End(V ))

5

HIGGS BUNDLES

• Σ compact Riemann surface

• V smooth vector bundle with Hermitian metric

• A = infinite-dimensional affine space of ∂̄-operators on V

∂̄A : Ω0(V )→ Ω0,1(V )

∂̄A(fs) = f ∂̄A(s) + ∂̄fs

• ∂̄A − ∂̄B ∈ Ω0,1(End(V ))

5

HIGGS BUNDLES

• Σ compact Riemann surface

• V smooth vector bundle with Hermitian metric

• A = infinite-dimensional affine space of ∂̄-operators on V

∂̄A : Ω0(V )→ Ω0,1(V )

∂̄A(fs) = f ∂̄A(s) + ∂̄fs

• ∂̄A − ∂̄B ∈ Ω0,1(End(V ))

5



• M = A×Ω1,0(End(V ))

• TAM = Ω0,1(End(V ))⊕Ω1,0(End(V ))

• Hermitian form ω1 ∼
∫

Σ
(tr aa∗ + φφ∗)

•

ω2 + iω3 =
∫

Σ
tr aφ

• flat hyperkähler manifold
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• G = group of U(n) gauge transformations

• g = {ψ ∈ Ω0(End(V )), ψ∗ = −ψ}

• g∗ = {ω ∈ Ω2(End(V )), ω∗ = −ω}

• moment map µ(∂̄A,Φ) = (FA + [Φ,Φ∗], ∂̄AΦ)

• FA= curvature of Hermitian connection with ∇0,1 = ∂̄A
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• µ(∂̄A,Φ) = (FA + [Φ,Φ∗], ∂̄AΦ)

• hyperkähler quotient = µ−1(0)/G = moduli space

• ∂̄AΦ = 0 = holomorphic Higgs field Φ ∈ End(V )⊗K

• ∇+ Φ + Φ∗ connection

F = [∇1,0 + Φ,∇0,1 + Φ∗] = 0

flat GL(n,C) connection
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(2008),675-712.

complex structure I

complex structure J
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MAGNETIC MONOPOLES

• principal SU(2) bundle on R3

• A = infinite-dimensional affine space of connections

• φ = Higgs field ∈ Ω0(su(2))

• TA(A, φ) = Ω1(su(2))⊕Ω0(su(2))

• I(a1dx1 + a2dx2 + a3dx3 + ψ) = ψdx1 − a3dx2 + a2dx3 − a1

2



• ‖φ‖ → 1 as r →∞

• ⇒ flat hyperkähler metric

• G = SU(2) gauge transformations

• moment map µ(A, φ) = FA − ∗∇φ

• µ−1(0)/G = moduli space of solutions to Bogomolny equa-
tions FA − ∗∇φ
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THE KÄHLER POTENTIAL

4



• Kähler form ω ∈ Ω1,1

• dω = 0

• locally ω = ddcf = dIdf

• f Kähler potential

2



• hyperkähler ω1, ω2, ω3

• vector field X

• LXω1 = 0, LXω2 = ω3, LXω3 = −ω2

• non-trivial representation of U(1) on R3

3



EXAMPLES

• Higgs bundles: (A,Φ) !→ (A, eiθΦ)

• magnetic monopoles: rotation about x1-axis

3



• LXω1 = 0 moment map µ

• iXω1 = dµ

• Kdµ(Y ) = −ω1(X, KY ) = −g(IX, KY ) =

= g(KIX, Y ) = g(JX, Y ) = iXω2(Y )

• dKdµ = d(iXω2) = LXω2 = ω3
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