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e M hyperkahler

e Sl-action, fixes wy and rotates woy,ws

e — there is a natural U(1) hyperholomorphic principal bundle
P over M....

e ... with a lifting of the S action.

Then, if U C P is the open set on which S1 acts freely, U/S?!
inherits a quaternionic Kahler structure




e U(1) acts on the quaternionic Kahler manifold U/S1

e Any quaternionic Kahler manifold with a circle action arises
this way.
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Sl-action on hyperkahler manifold M
Lxwi =0 Lxwr=w3 Lxyw3z=—wy
moment map p for wy: ixwi = du

then wy =dd5u w3z = dd3u

Kahler potentials

(ddS f = dIdf,ddSf = dJdf,ddSf = dKdf)
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PROP: (Haydys) wy — ddip is of type (1,1) with respect to all
complex structures.

L4 K’XY - VXY — (VX)(Y)

e Vy acts trivially on each Kahler form, Lx acts trivially on w1y

e SO VX cu(l)

o VX ~ ddip
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o A1dd§pu = —Ap

o Nqwi = Nowp = NApdd50 = —Ap

® SO Nj(wy —ddipu) =0

(e.g. in C?, wy — dd§p = i(dzdz — dwdw)/2)



o If [wy]/27 is an integral class F' = w; — dd{p is the curvature
of a connection on a principal S-bundle

e [ type (1,1) with respect to all complex structures

= hyperholomorphic
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LIFTING THE CIRCLE ACTION

e principal bundle P — M

e vector field X on M

o i x F =df = infinitesimal lift Lx =V x +1f

e two lifts differ by fiber action p — e . p

~ choices of f
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o ['=w; —ddip

o ixF =du—ixddip=du— Lxdip~+ d(ixIdup)

e Lxpu=0,Lx]=0

o ixF =d(p+ixldp) =d(p+ wi(X,1X)) =d(p+ g(X, X))



EXAMPLES

e the c-map

e monopole moduli spaces

e cotangent bundles



THE C-MAP



e M compact Calabi-Yau threefold, 3-form €2 = €21 4+ {25

e [21] € H3(M,R)

flat coordinates x1,...,xo, Of moduli space M

e skew intersection form w



e M compact Calabi-Yau threefold, 3-form €2 = €21 4+ {25

e [21] € H3(M,R)

flat coordinates x1,...,xo, Of moduli space M

e skew intersection form w

e circle action Q — ¢ b = /Mf21 A



e on M x R2" define

w1 +iwy = Y w,rd(x; 4+ iy;) A d(xy + iyg)

25 0 4una
w2 — 0
3 833](93% J Ik

e (indefinite) hyperkahler metric

e Sl-action generated by Hamiltonian vector field of ¢ wrt wq



o I'=wi —dd{¢ = Y wjrdy; N dyy



° ddiqb = Zijda?j A dxp,

o I'=wi —dd{¢ = Y wjrdy; N dyy

e R°"/\ = intermediate Jacobian of M

e Sl-bundle = Heisenberg extension



MONOPOLE MODULI SPACES



e SU(2) Bogomolny equations on R3

o FF=xV¢

loll ~ 1 —

ko Qz,x)
27“_ 4y T

e 4k-dimensional hyperkahler moduli space, SO(3) action

rotating wi,wo, w3



e Sl-action rotation about direction

e moment map
rotationally invariant

- SAICT 20w, w)
T (N+1(N+2) 9y 3t

7

NJH, Integrable systems in Riemannian geometry, in Surveys
in Differential Geometry Vol. 4, C.-L. Terng and K. Uhlen-
beck, (eds.), International Press, Cambridge, Mass. (1999),
21— 80.
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B 4 19(N+2)(O) 1
wi = dd ((N +1)(N +2) 9)(0) 3Q(”’U)>

e for v orthogonal to u

o F=uw—ddjp=—3dd§(Q(u,u) — Q(v,v)) =(-

e (Q(v,v) real part of an I-holomorphic function)

e trivial holomorphic bundle

e Hermitian metric exp(—Q(u,u)/3)



COTANGENT BUNDLES



THM. (Feix, Kaledin). Let M be a real analytic Kahler mani-
fold, then there is a unique Sl.invariant hyperkahler metric on a
neighbourhood of the zero section extending the Kahler metric.
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THM. (Feix, Kaledin). Let M be a real analytic Kahler mani-
fold, then there is a unique Sl.invariant hyperkahler metric on a
neighbourhood of the zero section extending the Kahler metric.

B. Feix, Hyperkahler metrics on cotangent bundles, J. Reine
Angew. Math. 532 (2001), 33-46.

THM. (Feix). Let A be a connection in a vector bundle over M
whose curvature is of type (1,1), then this extends to a unique

Sl.invariant hyperholomorphic connection on a neighbourhood
of the zero section.

B. Feix, Hypercomplex manifolds and hyperholomorphic bundles,
Math. Proc. Camb. Phil. Soc. 133 (2002), 443-457
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o ['=w; —dd{u restricts to w; on the zero section

e 2.g. Eguchi-Hanson

e e.9. Higgs bundle moduli space,

e M = moduli space of stable bundles

e the hyperholomorphic line bundle is the unique extension of
the determinant bundle

e — determinant line of the 9 -operator of the Higgs bundle



THE TWISTOR VIEWPOINT



holomorphic principal C*-bundle P — Z

TP/C* bundle on Z: Atiyah algebroid A

holomorphic extension

O—-— 0O —-A—-T—0

classified by H(Z,T*)
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e Sl-action, fixes wy; and rotates W, W3

o ( € CPL ¢ €9¢ fixed points 0, co

e fibres of Z over 0,00, Zp, Zx are preserved

e . — Zy holomorphic line bundle with curvature w;q

e (hyperholomorphic curvature wi — dd{p = holomorphically
equivalent by e# to bundle with curvature wq)



e 1ywi = du: lift of action to L

e = holomorphic section X of A

O—-—0O0—-A—-T—0

X —-X



e twistor space Z — CP1

e cotangent bundle of Z on Zj

0—-0(-2)—-T"Z —-T"Zyg— 0

o defined by (wo + iw3) " lwy € QO(TZy(-2))



° (wQ + iw3) . TZO — T*Zo(Q)

0O — O — A — TZg — O

e e

0O — O — T*Z(2) — T*Zp(2) — O

112

o XcA—0yecT*Z(2) on Zg

e repeat at o©



D = Zy 4+ Z~ zero set of ¢, section of O(2)

0= T*Z S T*7(2) — T*Z(2)|p — O

0 c HO(D,T*Z(2)) —» HY(Z,T*2)

defines the Atiyah algebroid of the hyperholomorphic line
bundle



THE CORRESPONDENCE



HAYDYS'S CONSTRUCTION (VIA TWISTORS)

Z i hyperkdhler twistor space, C* action

holomorphic C*-bundle P — Zp g

lift the action, take the quotient

Zgk = P/C* quaternionic Kahler twistor space



¢=20

Pl

(= oo

principal bundle P




principal bundle P

/ \ complex quaternionic

¢=20 P! ¢ = o0



THE CONTACT FORM
e we want a section of A*(2) = invariant one-form on P
e 0 ->T*(2) - A*(2) - 0O(2) —0

e HO(Z,A*(2)) — HO(Z,0(2)) — HY(Z,T*(2)) —



THE CONTACT FORM
we want a section of A*(2) = invariant one-form on P
0—->T*(2) - A*(2) - 0O(2) -0

HO(Z,A*(2)) — HY(Z,0(2)) —» HY(Z,T*(2)) —

extension class for A came from

6 c HO(D,T*Z(2)) — HY(Z,T*) S HY(Z,T*(2))

= ¢ € HO(Z,0(2)) lifts to A*(2).
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e M = hyperkahler quotient of Swann bundle



QK TO HK

S1 action on quaternionic Kihler M lifts to Swann bundle

M = hyperkahler quotient of Swann bundle

value of moment map in R3 fixed by SO(2) c SO(3) acting
on Swann bundle

= circle action on M



EXAMPLE
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circle action on cotangent fibres

SO(3)-invariant metric

S1 hyperkidhler quotient of H2



EXAMPLE

e Eguchi-Hanson metric on T*S2

e Circle action on cotangent fibres

e SO(3)-invariant metric

e S hyperkihler quotient of H2

(defines a hyperholomorpic line bundle)



e curvature of line bundle on zero section S2 is SO(3)-invariant

e = Mmultiple of w;y

e = by uniqueness of hyperholomorphic extension, this is the
natural line bundle associated to the circle action.



EXAMPLE: EGUCHI-HANSON METRIC ON T*52

e C* bundle = {(v,0) e V(1) @ V*(1) = Pl : a(v) —¢ =0}

e lifted C* action (v,a) — (Av,Aa,AQC)



EXAMPLE: EGUCHI-HANSON METRIC ON T*5?

C* bundle = {(v,a) €e V(1) & V*(1) = Pl : a(w) — ¢ =0}

lifted C* action (v,«a) — (Av,Aa,AQC)

quotient = P(V @ V*), twistor space of HP! = 54

section of O(2) is a(v)

complex structure on S4\S1 = CP1x hyperbolic plane



EXAMPLE: EGUCHI-HANSON METRIC ON T*5?

e C* bundle = {(v,0) e V(1) @ V*(1) = Pl : a(v) —¢ =0}

e lifted C* action (v,«a) — (Av,Aa,AQC)

e quotient = P(V @ V*), twistor space of HP! = §4
quaternionic Kahler

e section of O(2) is a(v)

e complex structure on S*\S! = CP1lx hyperbolic plane

complex quaternionic



QUESTIONS

e Sign of scalar curvature ~ sign of moment map

e completeness for HK = 7 for QK

e Which is more important, the quaternionic Kahler structure
or the complex quaternionic structure?



