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RANDOM PATHS



Randomwalk andself-avoidingwalk with N stepson the
sguare lattice; mesh size

E(R%)n = Na?; E(R)n = eN#a?, N — o



Continuum Limit

SAW in plane - 1,000,000 steps

From random walk to self-avoiding wa(BLE,_g/3):
Complete change of statistical and geometrical properties

(here in two dimensions)

B. Nienhuis’82 : E(RZ) [] N3/2a27 Dyausdorfi= %,



Brownian Path

J. Perrin (1909), N. Wiener (1928gale invariance
P. Levy (1942)planar conformal invariance



Self-Avoiding Walk & SLE,_g/3

SAW in plane - 1,000,000 steps

j‘ 4 | i

(Courtesy of T. Kennedy)

4
DHausdorff= 3



Planar Brownian Frontier

e Mandelbrot conjecture ‘8D aysdorfi= 4/3
e The Brownian frontier is the scaling limit of a self-avoidin
walk [SLEK:8/3]

G.-F. Lawler, O. Schramm, W. Werner, 02006 Fields
Medal)



Percolation p; = 1/2)
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(Courtesy of R. Ziff, U. Michigan)
M. Aizenman; J. Cardy, '92; S. Smirnov, ‘q2010 Fields Medal)



Percolation Cluster Hull & Frontier

(Courtesy of R. Ziff, U. Michigan)
Duality o Hull: Dy = 4 (SLE«_¢)

o External PerimeteDgp = 3 (SLE(_g/3)



Schramm-Loewner Evolutio(SLE,, 2000

SAW in half plane - 1,000,000 steps
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0:0(2) = 2/[3r(2) — VKB

Simple path fok € |0,4], self-bouncing fok € (4,8), Kk > 8 space filling




SLE - GFF QG) COUPLING

(Dubédat,2009)
Sheffield,arXiv:1012.4797
D. & Sheffield, PRL107, 131305 (2011), arXiv:1012.4800



Bulk & Boundary Liouville Quantum Gravity

e GFF withfree boundary conditionsndD
e Circle averagebks(z),ze D
e Half-circle averagebg(z), z€ dD.



QUANTUM AREA MEASURE

dpe == exp|yhe(2)] £’ /2427

converges, as— 0 and fory < 2, to a random measure,
denoted byeY"?d?z.
QUANTUM BOUNDARY MEASURE

df ;= exp{% ﬁg(z)} e¥'/4dz

converges, as— 0 and fory < 2, to aboundaryrandom
measure, denoted &2 dz



Quantum fractal measures and KEX\e discuss
now Euclidean and quantufractal measuresi he
d-dimensionalEuclidearnor analogoushguantum measuiat
planarfractalsets is characterized by scaling properties:

e |If we rescale al-dimensional fractaK € » C C via the
mapz — Y(z) = bz, b € C (so that the Euclidean area of the
domain® is multiplied by|b|?) then thed-dimensional
Euclideanfractalmeasuref X is multiplied by

b|9 = |b|>~%, wherex (the Euclidean scaling weights
defined byd := 2 — 2x(< 2).

e If X is afractal subsebdf a random surface := (o ,h), and
we rescales so that its quantum area increases by a factor of
Ib|?, then thequantum fractal measure(X,h) of X is

multiplied by |b|>~%2, whereA is the analogouguantum
scaling weight




o Q(L|J(X h)) (X, h) whenevequ is conformal and

= (Y(?) —Qlog|y/'|) (1)
Y >
Q = §+\—/ (2)

This is because the pair= (2, h) describes the same
Liouville quantum surface (up to coordinate change) as the
conformally transformed paip(o, h).

e Then from (2) the relation

d=aQ—-0a?/2,
whered := 2 —2xanda :=y(1—A), is equivalent tKPZ

X=(YV/4A%+ (1-y*/4)A T



“Zipping-up” SLE Map

W= ft (2) ft (0)

/\ft(x’) f, (X) :
t

X 0 X 0
Let f; be the(reverse) SLE conformal map

ZzeH —w= ft(Z) EH\nt,

with tracen; and tip f;(0) [t = 0, fo(z) = Z. It satisfies the
stochastic differential equatioBy standard Brownian

motion)
d ft(Z) = —Zdt/ft(Z) — \/EdBt



(Reverse) SLE Martingale

Real stochastic process in the upper-half plane:

2
ho(2) = ﬁlog\z\,

hi(2) = hoo fi(2) +Qlog|f{(2)|.

This proces$:(z) is amartingalg(so thatlEht (z) = ho(2z)) for
the particular choice:

Q=kK/2+2/VK,
for whichdhi(z) = —0[2/ i (z)|dB.



It0 Calculus & Martingales
Real stochastic process fioe 0 andz € H:

o) = —=logl2
hi(z) = %Iog\ft(z)\+Qlog\ft’(z)\. (3)

By stochastidto calculudi.e., using theBrownian local
covariations (B, B;) = (dB)? = dt, d(By,t) = dBdt =0
andd(t,t) = (dt)? = 0), the particular choice in (3),

Q= +K/2+2/\/K, gives adriftless diffusion process
dht(z) = —R(z)dB, with Ri(z) := 0[2/f;(z)]. Thenbi(z) is
a time-changed Brownian motion (calledogal martingalg
with local covariatiord(b:(y),ht(z2)) = R(y)R:(z)dt, having
the furthermartingalgoropertylEh: (z) = ho(2).



SLE-GFF Coupling

i

h|ft Igwﬁoft +f)t
0 0

=N

Defineh := h+ hg, sum of the GFF on H with free
boundary conditionsn R, and of the deterministic function
ho. Given f;, the conditional law oh (denoted byh|f;) is

law) ~

h2) % "2 Ro f(2) + be(2),
whereho f; is the pullback of the free boundary GRF



SLE-GFF Coupling

This h can be couplediSheffield, 2010jnith the reverse
Loewner evolutionf; so that,given f;, the conditional law of
h (denoted byn| f;) is

)| "2 Ro f(2) + b (2), (4)

whereho f; is the pullback of the free boundary GRRn the
Image half-plane, and whefg is the martingale (3). This
means that to sample one can first sample thH& process
(which determined;), then sample independently the f.b.c.
GFFh and take (4). )

The conditional expectation of (4) w.rit.is themartingale

K [h(Z)‘ ft] = ht (Z)



Neumann Green function

Consider theNeumann Green functian H,

Go(y,2) ;= —log(ly — z|]|y — Z|), and define the
time-dependert®; (y, z) := Go( fi(y), fi(2)), i.e.,Go taken at
Image points undef;. A simple calculation of the Green
function’s variation shows thatdG;(y,z) = d(ht(y), bt(2))
(Hadamard'’s formula Integrating w.r.tt yields the
covariation of they; martingales

(Bt(Y), bt(2)) = Go(y,2) — Gi(Y,2).

Taking the limity — zin the latter, one obtains

(ht(2),bt(2)) = Co(2) — Ct(2),
whereCi(z) := —log [Ofi(2)|f{ (2)|].



SLE-GFF Coupling
Define thecovarianceCoVv|A, B| := E|AB| — E|A]E[B].

Recall that the Green’s functidBo(y, z) = Covih(y), h(z)],
thusGi(y, z) = Coviho fi(y),ho fi(2)]. The random
distributionho f; and the set of (time changed) Brownian
motionsh; areGaussiamprocesses, whose respective

covariancés; andcovariation(hi, bt) thus add to constay:

€ (y7 Z) + <ht (y)7 ht (Z)> — G()(y, Z)
Coviho fi(y),ho f(2)] + (h(y), bt(2)) = Covih
= Cov



Liouville Invariance

i

h | ft Igwﬁo ft + bt
0 0

=N

Sincely 1= hoo f; + Qlog|f/|, andh := h+ ho, we get

ho fi + b = ho f + Qlog| f/|. ForQ given by (2),
Q=y/2+2/y, this is precisely the transformation law (1) of
the GFFh under the conformal mafy *. Then the pair

(H, ho fy + bt) = f, 1(H\ n, h) describes the same random
surface as the paitl \ ni,h): Givenf;, the image undef; of
the measure™?d?z in H is a random measure whose law is
thea priori (unconditioned) law oMW d?w in H \ n);.



Liouville Quantum Measure
(eM@| ;) d?z 1aW) ¥h(W) 420 (conformal invariance)
ford=2=yQ—-V?/2,i.e,Q=y/2+2/y=/K/2+2/ /K
e Y= VRA(4/VE). Y =4y

e y < 2: KPZ predictiony = (/25— c—+/1—c)/v/6 for the
central charge = 7(6—K)(6— 16/k) < 1 of the SLE's CFT
coupled to gravity.

oY =4/y> 2: Duality property of Liouville quantum

gravity; the guantum measure develops atoms with localized
area.

Conformally welding twoy-Liouville quantum surfaces
produces SLE



Conformal Welding

W= ft (2) ft (0)

N
e fr ()
h(z) WO h(w)

X’ 0 X 0
h|f, Z'hof, +1,

Conformal weldingthe quantum boundary lengtleg any
pair of real segment®), x| and|[x’, 0] such thatf;(x) = f;(X)
on the SLE trace are.s. equafor h = h+ b [Sheffield,
2010].



Expected Liouville Quantum Area
Fory= /KA 16/k
da := d’zE[eM?|f] = dPwE[e"W)]
—  dw|w|>*/?(sing)*/% k < 4
— d?w(sing)¥K k>4

(¢ := argw)




Liouville Quantum Gravity & SLE

W= ft (2) ft (0)

Ny

e fr (%)
h(z) )R h(w)

X 0 X 0
h|ft Igwﬁoft +bt

e Conformally welding twoy-Liouville quantum boundaries
yields SLE for

Y= vKA (4/vK) = (vV25—c—+/1-c)/vV6 <2 (KPZII)
e Exponential martingales yield SLE quantum measures:
E[h/f] = b, E(e""f) =exp[abt — (a2/2)(ht,bt)]

[D. & Sheffield, PRL107, 131305 (2011)]



SLE Exponential Martingales & KPZ

Mo (z) = E(e"?|f), aeR
(eah(z)|ft) 42, &) ft/(Z)\d_z (W) 42,
d = aQ-a?/2 (KP2)

wherew = f(z), d°w = | f/(2)|%d’z



SLE Exponential Martingales
e Conditional expectation w.r.t. GRE E |h(z)|f;| = b (2).

e Conditional expectations of exponentials:
Mm% (2) = E(e"D|f), acR
= exp[aht(z) — (a®/2)Ci(2)]
= [H@)|" WP V¥(Ow) /2 d = aQ—0?/2
Ci(2) = (h(2),h(2) =log[Of (2| f{(2)]]

wherew = fi(2); M"(z) is anexponential martingaleith
respect to the Brownian motion driving the SLE process:

Ea6(2) = M (2) = [2**/V¥(0z) /2,



SLE Natural Length

Expected (w.r.t. the SLE o g law) lengthof an infiniteSLE
N in D (Lawler & Sheffield, 2009)

v(D) = / G(2)d%z
D
SLE Green'’s functiom H:

G(2) := |Z¥07°, a=1—-8/k, b=8/k+K/8—2.



SLE Quantum Length

h - ﬁ+ ho
Expected (w.r.tn, givenh) Liouville quantum length, in D

Vo (D, h) ::/De“h(Z)G(z)dzz,

a=+kK/2(=y/2fork <4, andy /2 for k > 4) satisfies
KPZ for the SLE Hausdorff dimensioth= 1+ K /8.
[Doob Meyer, second moment method.]



Expected SLE Quantum Length

w=T(2)

e SEET 1(D)

X’ 0 X 0
h|f, Z'hof, +b,

Eve (D0)If] = [ 97 (2G@d*z

Evg (D,h) — /D M3 (2)G(2)d?z = /D (sin9)®/K—2d?z

with 9 ;= argz. Itis finite fork € [0,8) and coincides with
the Euclidean areaof D for K = 4.



PERSPECTIVES

e Scaling limits of discrete models on random
planar graphs

e Quantum wedges and cones

e Quantum bubbles and foafyy’ = 4 duality)
e Geodesics random metrics

VARV



Quadrangulation with a loop modgi




