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• M hyperkähler

• S1-action, fixes ω1 and rotates ω2,ω3

• ⇒ there is a natural U(1) hyperholomorphic principal bundle
P over M ....

• ... with a lifting of the S1 action.

• Then, if U ⊂ P is the open set on which S1 acts freely, U/S1

inherits a quaternionic Kähler structure
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• U(1) acts on the quaternionic Kähler manifold U/S1

• Any quaternionic Kähler manifold with a circle action arises
this way.
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• 1. THE HYPERHOLOMORPHIC LINE BUNDLE

• 2. THE CORRESPONDENCE
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THE HYPERHOLOMORPHIC LINE BUNDLE
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• S1-action on hyperkähler manifold M

• LXω1 = 0 LXω2 = ω3 LXω3 = −ω2

• moment map µ for ω1: iXω1 = dµ

• then ω2 = ddc2µ ω3 = ddc3µ

• Kähler potentials
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• M hyperkähler

• S1-action, fixes ω1 and rotates ω2,ω3

• ⇒ there is a natural U(1) hyperholomorphic principal bundle
P over M ....

• ... with a lifting of the S1 action.

• Then, if U ⊂ P is the open set on which S1 acts freely, U/S1

inherits a quaternionic Kähler structure

(ddc1f = dIdf, ddc2f = dJdf, ddc3f = dKdf)
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PROP: (Haydys) ω1 − ddc1µ is of type (1,1) with respect to all
complex structures.

• LXY = ∇XY − (∇X)(Y )

• ∇X acts trivially on each Kähler form, LX acts trivially on ω1

• so ∇X ∈ u(1) + sp(n)

• ∇X ∼ ddc1µ
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• Λ1dd
c
1µ = −∆µ

• Λ1ω1 = Λ2ω2 = Λ2dd
c
2µ = −∆µ

• so Λ1(ω1 − ddc1µ) = 0

(e.g. in C2, ω1 − ddc1µ = i(dzdz̄ − dwdw̄)/2)
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• If [ω1]/2π is an integral class F = ω1 − ddc1µ is the curvature
of a connection on a principal S1-bundle

• F type (1,1) wrt all complex structures ⇒ defines a
holomorphic C∗-bundle on Z

• “hyperholomorphic line bundle”

27

• F type (1,1) with respect to all complex structures

= hyperholomorphic

• S1-action, fixes ω1 and rotates ω2,ω3

• ⇒ there is a natural U(1) hyperholomorphic principal bundle
P over M ....

• ... with a lifting of the S1 action.

• Then, if U ⊂ P is the open set on which S1 acts freely, U/S1

inherits a quaternionic Kähler structure
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LIFTING THE CIRCLE ACTION

• principal bundle P →M

• vector field X on M

• iXF = df = infinitesimal lift LX = ∇X + if

• two lifts differ by fiber action p #→ einθ · p

∼ choices of f
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• F = ω1 − ddc
1µ

• iXF = dµ− iXddc
1µ = dµ− LXdc

1µ + d(iXIdµ)

• LXµ = 0,LXI = 0

• iXF = d(µ + iXIdµ) = d(µ + ω1(X, IX)) = d(µ + g(X, X))
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EXAMPLES

• the c-map

• monopole moduli spaces

• cotangent bundles
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THE C-MAP
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• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30



• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30

• M compact Calabi-Yau threefold, 3-form Ω = Ω1 + iΩ2

• [Ω1] ∈ H3(M,R)

flat coordinates x1, . . . , x2n of moduli space M

• skew intersection form ω

•

φ =
∫

M
Ω1 ∧Ω2

• circle action Ω #→ eiθΩ

30



• on M×R2n define

ω1 + iω2 =
∑

ωjkd(xj + iyj) ∧ d(xk + iyk)

ω3 = 2
∑ ∂2φ

∂xj∂xk
dxj ∧ dyk

• (indefinite) hyperkähler metric

• S1-action generated by Hamiltonian vector field of φ wrt ω1
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• ddc1φ =
∑

ωjkdxj ∧ dxk

• F = ω1 − ddc1φ =
∑

ωjkdyj ∧ dyk

• R2n/Λ = intermediate Jacobian of M

• S1-bundle = Heisenberg extension

32
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MONOPOLE MODULI SPACES
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• SU(2) Bogomolny equations on R3

• F = ∗∇φ

•

‖φ‖ ∼ 1−
k

2r
−

Q(x, x)

4r5
+ . . .

• 4k-dimensional hyperkähler moduli space, SO(3) action

rotating ω1,ω2,ω3

34

• SU(2) Bogomolny equations on R3

• F = ∗∇φ

•

‖φ‖ ∼ 1−
k

2r
−

Q(x, x)

4r5
+ . . .

• 4k-dimensional hyperkähler moduli space, SO(3) action

rotating ω1,ω2,ω3

34

• SU(2) Bogomolny equations on R3

• F = ∗∇φ

•

‖φ‖ ∼ 1−
k

2r
−

Q(x, x)

4r5
+ . . .

• 4k-dimensional hyperkähler moduli space, SO(3) action

rotating ω1,ω2,ω3

34

• SU(2) Bogomolny equations on R3

• F = ∗∇φ

•

‖φ‖ ∼ 1−
k

2r
−

Q(x, x)

4r5
+ . . .

• 4k-dimensional hyperkähler moduli space, SO(3) action

rotating ω1,ω2,ω3

34



• S1-action rotation about direction u

• moment map

µ =
4

(N +1)(N +2)

ϑ(N+2)(0)

ϑ(N)(0)
−

1

3
Q(u, u)

rotationally invariant

NJH, Integrable systems in Riemannian geometry, in Surveys
in Differential Geometry Vol. 4, C.-L. Terng and K. Uhlen-
beck, (eds.), International Press, Cambridge, Mass. (1999),
21– 80.
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ω1 = ddc1



 4

(N +1)(N +2)

ϑ(N+2)(0)

ϑ(N)(0)
−

1

3
Q(v, v)





• for v orthogonal to u

• F = ω1 − ddc1µ = −1
3dd

c
1(Q(u, u)−Q(v, v)) = −1

3dd
c
1Q(u, u)

• (Q(v, v) real part of an I-holomorphic function)
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36• trivial holomorphic bundle

• Hermitian metric exp(−Q(u, u)/3)

• ⇒ there is a natural U(1) hyperholomorphic principal bundle
P over M ....

• ... with a lifting of the S1 action.

• Then, if U ⊂ P is the open set on which S1 acts freely, U/S1

inherits a quaternionic Kähler structure

(ddc1f = dIdf, ddc2f = dJdf, ddc3f = dKdf)
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COTANGENT BUNDLES

37



THM. (Feix, Kaledin). Let M be a real analytic Kähler mani-
fold, then there is a unique S1-invariant hyperkähler metric on a
neighbourhood of the zero section extending the Kähler metric.

B. Feix, Hyperkähler metrics on cotangent bundles, J. Reine
Angew. Math. 532 (2001), 33-46.

THM. (Feix). Let A be a connection in a vector bundle over M

whose curvature is of type (1,1), then this extends to a unique
S1-invariant hyperholomorphic connection on a neighbourhood
of the zero section.
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• F = ω1 − ddc1µ restricts to ω1 on the zero section

• e.g. Eguchi-Hanson

• e.g. Higgs bundle moduli space, circle action (A,Φ) "→
(A, eiθΦ)

• M = moduli space of stable bundles

• the hyperholomorphic line bundle is the unique extension of
the determinant bundle
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• = determinant line of the ∂̄A-operator of the Higgs bundle

• Hermitian metric exp(−Q(u, u)/3)

• ⇒ there is a natural U(1) hyperholomorphic principal bundle
P over M ....

• ... with a lifting of the S1 action.

• Then, if U ⊂ P is the open set on which S1 acts freely, U/S1

inherits a quaternionic Kähler structure

(ddc1f = dIdf, ddc2f = dJdf, ddc3f = dKdf)

5



THE TWISTOR VIEWPOINT

7



• holomorphic principal C∗-bundle P → Z

• TP/C∗ bundle on Z: Atiyah algebroid A

• holomorphic extension

0→ O → A → T → 0

• classified by H1(Z, T ∗)

8



• S1-action, fixes ω1 and rotates ω2, ω3

• ζ ∈ CP1 ζ "→ eiθζ fixed points 0,∞

• fibres of Z over 0,∞, Z0, Z∞ are preserved
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• U(1) acts on the quaternionic Kähler manifold U/S1

• Any quaternionic Kähler manifold with a circle action arises
this way.

• (hyperholomorphic curvature ω1 − ddc1µ ⇒ holomorphically

equivalent by eµ to bundle with curvature ω1)
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• iXω1 = dµ: lift of action to L

• ⇒ holomorphic section X̃ of A

X̃

X

0→ O → A→ T → 0
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• twistor space Z → CP1

• cotangent bundle of Z on Z0

0→ O(−2)→ T ∗Z → T ∗Z0 → 0

• defined by (ω2 + iω3)−1ω1 ∈ Ω0,1(TZ0(−2))

• (ω2 + iω3) : TZ0 → T ∗Z0(2)

0 −→ O −→ A −→ TZ0 −→ 0"=

"∼=
"ω2+iω3

0 −→ O −→ T ∗Z(2) −→ T ∗Z0(2) −→ 0
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• X̃ ∈ A "→ θ0 ∈ T ∗Z(2) on Z0

• TP/C∗ bundle on Z: Atiyah algebroid A

• holomorphic extension

0→ O → A → T → 0

• classified by H1(Z, T ∗)

9

• X̃ ∈ A "→ θ0 ∈ T ∗Z(2) on Z0

• repeat at ∞

• holomorphic extension

0→ O → A → T → 0

• classified by H1(Z, T ∗)

9



• D = Z0 + Z∞ zero set of ζ, section of O(2)

• 0 → T ∗Z
ζ→ T ∗Z(2) → T ∗Z(2)|D → 0

• θ ∈ H0(D,T ∗Z(2)) → H1(Z, T ∗Z)

• defines the Atiyah algebroid of the hyperholomorphic line
bundle

12



THE CORRESPONDENCE

3



HAYDYS’S CONSTRUCTION (VIA TWISTORS)

• ZHK hyperkähler twistor space, C∗ action

• holomorphic C∗-bundle P → ZHK

• lift the action, take the quotient

• ZQK = P/C∗ quaternionic Kähler twistor space

20



• quaternionic Kähler twistor space is a contact manifold

• θ ∧ (dθ)n "= 0

• θ : T → O(2)

• holomorphic vector field X

• θ(X) section of O(2).

ζ = 0

19
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ZHK
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• F type (1,1) with respect to all complex structures

= hyperholomorphic

• S1-action, fixes ω1 and rotates ω2, ω3

• ⇒ there is a natural U(1) hyperholomorphic principal bundle
P over M ....

• ... with a lifting of the S1 action.

• Then, if U ⊂ P is the open set on which S1 acts freely, U/S1

inherits a quaternionic Kähler structure

complex quaternionic
15

complex quaternionic
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I
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THE CONTACT FORM

• we want a section of A∗(2) = invariant one-form on P

• 0→ T ∗(2)→ A∗(2)→ O(2)→ 0

• H0(Z, A∗(2))→ H0(Z,O(2))→ H1(Z, T ∗(2))→

• extension class for A came from

θ ∈ H0(D, T ∗Z(2))→ H1(Z, T ∗)
ζ→ H1(Z, T ∗(2))

• ⇒ ζ ∈ H0(Z,O(2)) lifts to A∗(2).
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QK TO HK

• S1 action on quaternionic Kähler M lifts to Swann bundle

• M̂ = hyperkähler quotient of Swann bundle

• value of moment map in R3 fixed by SO(2) ⊂ SO(3) acting
on Swann bundle

• ⇒ circle action on M̂
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EXAMPLE

• Eguchi-Hanson metric on T ∗S2

• circle action on cotangent fibres

• SO(3)-invariant metric

• S1 hyperkähler quotient of H2

(defines a hyperholomorpic line bundle)
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• curvature of line bundle on zero section S2 is SO(3)-invariant

• ⇒ multiple of ω1

• ⇒ by uniqueness of hyperholomorphic extension, this is the
natural line bundle associated to the circle action.

24



EXAMPLE: EGUCHI-HANSON METRIC ON T ∗S2

• C∗ bundle = {(v,α) ∈ V (1)⊕ V ∗(1) → P1 : α(v)− ζ = 0}

• lifted C∗ action (v,α) &→ (λv,λα,λ2ζ)

• quotient = P(V ⊕ V ∗), twistor space of HP1 = S4

• section of O(2) is α(v)

• complex structure on S4\S1 = CP1× hyperbolic plane

21
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QUESTIONS

• sign of scalar curvature ∼ sign of moment map

• completeness for HK ⇒ ? for QK

• which is more important, the quaternionic Kähler structure
or the complex quaternionic structure?

quaternionic Kähler

complex quaternionic
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