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Introduction — Quantum Mechanics

Free particle in 1D

t
Classical CC(t) — CB(O) + p_ ?
| m Energy: E=§—m
Quantum w(x) — Bpr
L
Particle on a circle: O EA

Y@+ D) =9() & p="1" necZ

Particle in a potential

Schrédinger equation (e.v. problem for a linear diff operator):
1
—%821#(33) + V(x)y(z) = Eny(x) E' X 7

For harmonic oscillator:

V(z) ~ 22
$$ En=w(n+1/2)
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Introduction - Quantum Field Theory

Infinite chain of oscillators:

b_2  H_1 b0 ®1 ®2

s s > < < s Spectrum: infinite order diff. operator.

NN ONNONNOVWNADNs Wave function is a function of all

<———> Coordinates:

a (..., -1, 00,1, ---)

Continuum limit;:

S
Cdd

0 €T

1) Define field ¢(z): ¢(na) =
2) The classical equations of motion become at d(x,t) — aa?qb(a:, t)=20

3) Wave function become a functional [ (x)].
4) More transparent approach — path integral:

/ D¢ eS¢l = / Do e ] dtdn((8:d)?+(8:8)2H nd?+26%)




Introduction - Perturbation theory
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One example which works nicely — QED. The expansion parameteris o ~ 1/137

Anomalous magnetic dipole moment g-2 is computed up to the order ot
(it takes more the 10years on numerical integration on supercomputers).
Experimentally: 0.00%31930436171(52).

First order is simple: e 0.002323




Introduction - Planar Limit

Yang-Mills for SU(Nc) gauge group:

1

a 49%’M

[ ===~ gy A'Vﬁ X“‘ﬁ @ ~ e

‘t Hooft coupling A = g%/MNc

S

[t T (B F®) . B = 0,4 - 04+ A A (A0 = A5 (T

1) Expand Nc is large 2) each order in Nc in perturbation theory in A

~ () NE = AN2 @

~ (@) NE = 22

~ (o) NE = X N2
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Introduction - Planar limit

Expansion in large N_ organized in 1/N_2 series. For real QCD 1/N_2=1/9.
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Guage/String duality

Introduction -




Toy model - N=4 SYM

The “simplest” generalization of QCD:

1
S = 5 d4$TI’(F,uyF”V + .. ) Plus extra scalar fields (131) coey (I)G
4gYM and fermions

Parameters: A = glz/MNc and N¢ = o0

Symmetries:

Lorentz: 30(3‘ 1)

Conformal: 30(4 2) SO 6) - rotation of the scalars
Sohnius, West 1981
su(2,2) su(4)
|

Super (graded) Lie algebra:

su(2,2]4) R3 xR — S3 xR .




Precise formulation - N=4 SYM

Ye+Y2E-Y2-YZ-Y2-V =l

Xe+ X3+ X3+X3+X3+X2=1

String in AdS.xS>

Symmetries:

Paramiter:

String tension: ' —

IS




Toy model - N=4 SYM

Still it is very nontrivial interacting theory. The simplest observable

<n (Z cpa(x)@a(x)) T (Z <I>a<y><1>a<y>)> - T

Is known in perturbation theory up to 4-loops:

b

ﬁ) Konishi dimention:
v (L AN = 24122-48)2+336)3+(-2496+576(3 - 1440(5) \*

Fiamberti, Santambrogio, Sieg, Zanon

Wig =
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Goal

* Solve the simplest 4D gauge theory

Tools:

* Gauge/String duality

* Integrability
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INTEGRABILITY




Classical Integrability

NN NS NB\NBNN/

4 The scalar fields are constrained
a

a=0

Integrability: infinitely many integrals of motion!




Quantum Integrability

The outgoing momenta are constrained:

An—an(k)—an(pz , n=1,...

1

The onlysolutlon m — m {k } — {pz}

i.e. no creation or annihilation of particles

e—zcn e'lCn

Yang-Ba




Asymptotic spectrum

* We can derive the momentum quantization condition

Particles on a ring: @L

\U(ZB]_-I—L,.’IJQ, . . ) — eiplLS(p17p2) c e S(pl,pn)\U(.’fl,xQ, . )

* From periodicity of the wave function

M
) 'L ™
ezpz — H S(pz,p]) (Before: v(z+L)=1y(z) ©p=27 nezZ )
j=1




Bethe ansatz - example

Heisenberg spin chain (just SU(2) symmetry group):
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Beisert, Staudacher;
Beisert, Hernandez, Lopez;
Beisert,Eden,Staudacher

Till Bargheer, Niklas Beisert, N. G.




Asymptotic spectrum
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Finite volume spectrum

For Konishi operator L=2 (the one with a® =2+12:3-482+33633+(-2496+576¢5- 144060 ),

Partition function of a relativistic model obeys:

Z(L,B) =3 e Enll)F = 3" = En(B)L
n n
Since it is given by a Path integral on the torus:

...,Matsubara, Zamolodchikov,...

Ye —En(L)R — 3 o—En(R)L
b

o~ LEo(L)R

l.e. from the asymptotical spectrum (infinite R) we can compute
the Ground state energy for ANY finite volume!




Y-system

1 Aa 1 N.G., Kazakov, Vieira

Ya—i_sYaTs L (1 + }/a,s—}-l)(l + Y;;L,s—l)

Ya+1,sYa—1,s (1 + Ya+1,s)(1 + Ya—l,s)

s
>
OO 0 du 560,
E= / 0g(1+Y
Z —o00 271 Ou . ( T a,O(U)>

Yio(ug,;) = -1
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Small A

=g (3 97 3a® + 12au? — 4a>2 1
a,0 = (a2 + 4u?)? Ya(u)y—o(u)

Ya(u) = 9a* — 36a® + 72u?a® + 60a? — 144ua — 48a + 144u* + 48u* + 16

©.@)

BE=2iY [Yiodu

a=1

Sieg, Torrielli;
Janik, Bojnok,; Velizhanin
N.G., Kazakov, Vieira

Reproduce!
AN = 24+1220—48)\% 4336134 (—2496+576(3—1440(5)\*




Intermediate A

Cavaglia, Fioravanti, Tateo' 10

Functional Y-system + analyticity conditions gives integral eqs./ Integrability

N.G., Kazakov, Vieira ‘09

10}
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i . ’ o Gubser, Klebanov, Polyakov 98
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A
The integral equations can be also derived using TBA Bombardelli, Fioravanti, Tateo'09

N.G., Kazakov, Vieira 09
Arutynov, Frolov'09




Intermediate A

N.G., Kazakov, Vieira ‘09
Integrability
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- & Gromov, Serban, Shenderovich, Volin'11; N.G., Valatka'11
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Large A analytically s

Answer is given in terms of the psu(2,2|4) characters (generalization of

Schur polynomials):

( det (S J,s+2 j—4—(a+2)8; 3+2)
5— Yi .
(_1)(a+1)s ( T3Ty ) 1<i,j<4 a > Isl

0 j—4—(04+2)60,; ) =

Y1Y2Y3Y4 det(S,-J’0+2yz (0+2) J,o+2)

_ 1<i,j<4
Ta,s =4 de 1;(Z(l GJ’G) 2—j+(s—2)(1— eja))
‘l
1<i,j<2 ~
B t(Z(l 9j,0)_2-i+(0-2)(1-0;, 0)) , §2 +a
\ B 1<i,j<2

Hirota equation:

Ta2,s — a+1,sTa—1,s + Ta,s—l—lTa,s—l

\% — Ta+1,sTa—1,s
@5 Ta,s+1Ta,s—1
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Less super-symmetries (N=1)
(Marginal deformations of N=4 SYM theory) N.G., F.Levkovich-Maslyuk 2010
The integrability structure is the same. Only the boundary conditions are different.

Interesting — less degenerate more parameters.

Agrees with perturbation theory at least up to 11 loops:

Fiamberti, Santambrogio, Sieg, Zanon "08

b, iy b, L

We derive the generating function for these groups of Feynman integrals:

—2
_ -1 a—1 B RO B -




3D Gauge theory - ABJM

1) Bethe ansatz is known and well tested:
N.G., P.Vieira

O

2) Y-system is known:

N.G., V.Kazakov, P.vieira 2009,
D.Bombardelli, D.Fioravanty,R.Tateo 2010
N.G., F.Levkovich-Maslyuk 2010

O

Prediction for some simples state:
Ewrapping - 32 - 16§ (2) N.G., V.Kazakov,P.Vieira' 0901

Confirmed later by a direct 4-loop calculation:
Minahan, Sax, Sieg' 0912

0%%%°
00
00

Recently Y-system was solved numerically:

14, FT T T T T

0.30 0.50 0.70 1.00 1.50 2.00 3.00
h(d)




CONCLUSIONS

We propose the system of functional equations for the spectral

problem of Y-system

Passes all possible tests so far

Hidden structures in the perturbation theory?
Simplify integral equations

What’s next? -- 3-point correlators




